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Preface 


In the past decade there has been a significant change in the freshman/ 
sophomore mathematics curriculum as taught at many, if not most, of our - 
colleges. This has been brought about by the introduction of linear algebra 
into the curriculum at the sophomore level. The advantages of using linear 
algebra both in:the teaching of differential equations and in the teaching 
of multivariate calculus are by now. widely recognized. Several textbooks 
adopting this point of view are now available and have been widely adopted. 
Students completing.the sophomore year now have a fair preumimary under- 
standing of spaces of many dimensions. - 

It should be apparent that courses on the junior level should draw upon 
and reinforce the concepts and skills learned during the previous year. 
Unfortunately, in differential geometry at least, this is usually not the case. 
Textbooks directed to students at this level generally restrict attention to 
2-dimensional. surfaces in 3-space rather than to surfaces of arbitrary 
dimension. Although, most. of the recent books do use linear algebra, it is 
only the algebra of R°. The student's preliminary understanding of higher 
dimensions is not cultivated. 

This book develops the geometry of n-dimensional surfaces in (n + 1)- 
space. It is designed for a 1-semester differential geometry course at the 
junior-senior level. It draws significantly on the contemporary student's 
knowledge of linear algebra, multivariate calculus, and differential equations, 
thereby solidifying the student's understanding of these subjects, Indeed, 
one of the reasons that a course in differential geometry is so valuable at 
this level is that it does turn out students with a thorough understanding 
of several variable calculus. 

Another reason that differential geometry regularly attracts students is 
that it contains ideas which are not only beautiful in themselves but are | 
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basic for both advanced mathematics and theoretical physics. It has been 
the author's experience that students taking his course have been more or 
less evenly divided between mathematics and physics majors. The approach 
adopted in this book, describing surfaces as solution sets of equations, 
seems to be especially attractive to physicists. 

The book considers from the outset the geometry of orientable hyper- 
surfaces in R"*!, exhibited as inverse images of regular values of smooth 
functions. By considering only such hypersurfaces for the first half of the 
book, it is possible to move rapidly into interesting global geometry without 
getting hung up on the development of sophisticated machinery. Thus, for 
example, charts (coordinate patches) are not introduced until after the 
initial discussions of geodesics, parallelism, curvature, and convexity. When 
charts are introduced, it is as a tool for computation. However, they then 
lead the development naturally into the study of focal points and surfaces 
of arbitrary codimension. 

One of the advantages of treating the geometry of n-dimensions from the 
outset is that one can then illustrate each concept simultaneously in each 
of the low dimensions. Thus, for example, the student's understanding of 
the Gauss map and its (spherical) image is aided by the possibility of 
studying 1-dimensional examples, where the spherical image is a subset of 
the unit circle. f 

The main tool used in developing the theory is that of the calculus of 
vector fields. This seems to be the most natural tool for studying differential 
geometry as well as the one most familiar to undergraduate students of 
mathematics and physics. Differential forms are not introduced until fairly 
late in the book, and then only as needed for use in integration. 

Students who have completed a good 2-year calculus sequence including 
linear algebra and differential equations should be adequately prepared to 
study this book. There are occasional places (e.g., in Chapter 13 on convexity) 
where some exposure to the ideas of mathematical analysis would be helpful, 
but not essential. 

There is probably more material here than can be covered comfortably 
in one semester except by students with unusually strong backgrounds. 
Chapters 1-12, 14, 15, 22, and 23 contain the core of basic material which 
should be covered in every course. Most instructors will probably also want 
to cover at least parts of Chapters 17, 19, and 24. 


Preface l ix 


Pal 


The interdependence of the chapters is as follows: 


A few concepts in the early part of Chapter 13 are used in later chapters 
but these may be studied, by those skipping Chapter 13, as needed. 

Like the author of any textbook, I owe a considerable debt to researchers 
and textbook writers who have preceded me and to teachers, colleagues, 
and students who have influenced me. While I cannot explicitly acknowledge 
all these, I must at least credit M. do Carmo and E. Lima whose paper, 
Isometric immersions with semi-definite second quadratic forms, Arch. Math. 
20 (1969) 173-175, inspired the treatment of convex surfaces in Chapter 13, 
and S. S. Chern whose paper, A simple intrinsic proof of the Gauss- Bonnet 
formula for closed Riemannian manifolds, Ann. of Math. (2) 45 (1944) 
747-752, inspired the treatment of the Gauss-Bonnet theorem in Chapter 21. 
In addition, special thanks are due to Wolfgang Meyer whose comments on 
the manuscript have been extremely helpful. 


Stony Brook, New York | JOHN A. THORPE 
November, 1978 
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Associated with each real valued function of several real variables is a collec- 
tion of sets, called level sets, which are useful in studying qualitative proper- 
ties of the function. Given a function f: U — R, where U c R"* !, its level sets 
are the sets f ^ ! (c) defined, for each real number c, by 


fe) = {Ce -- es Xar jc s U: fs»... Z Xa+ 1) = C£. 


The number c is called the height of the level set, and f ^ \(c) is called the level 
set at height c. Since f~'(c) is the solution set of the equation 
f (Mise X, Xaia) Cy the level set f ^ !(c) is often described as “the set 
f(x» -. ys y Xp 1) = c." 

The “level set” il s height” terminologies arise from the relation be- 
tween the level sets of a function and. its graph.: The asd: of a function 
f: UR is the subset of R"*? defined by 


| graph(f) = (pris xa) e ROT Qs s Has E U 
and x42 SS o -- Xi) J 


For c > 0, the level Woran M ura dero Mi rna udis 
domain of f over which the graph is at distance e (see Figure 1.1). For c « 0, 
the level set of f at height cis Tort isset oit poraa if te domain of f under 
which the graph lies at distance — c. - 

For example, the level sets f ^ (c) of the function f(x, ..., "WU x? + 

ob PL are empty for c < 0, consist of a single point (the origin) if c = 0, 
" for c >" consist of two points if n= 0, circles centered at the origin with 
radius \/c if n = 1, n M E etc 
(see Figures 1.1 and 12). = ^ 


2 1 Graphs and Level Sets 


graph of 5 5 
X3 f(x X2) = xit xj 


£9) bi 7 el f£ Ce) [xp tx} = c] 
(a): n=0 (b): n =1 
Figure 1.1 The level sets f~'(c) (c > 0) for the function 
Sf (X15 s Xanti) = XT + xL. 
£70 fo (4) 
£01) £a : 
£7 etn fig er 
£04 ||| O X) 
e| 
—9-9-9—9————e9— —9——e-9-9— 
ez epo) 1 2 2 X 
(a:n =0 (b):n=1 (c):n =2 
Figure 1.2 Level sets for the function f (x1, ..., x,41) = XP + °° + X244. 


For n = 1, level sets are (at least for non-constant differentiable functions) 
generally curves in R?. These curves play the same roles as contour lines on a 
topographic map. If we think of the graph of f as a land, with local maxima 
representing mountain peaks and local minima representing valley bottoms, 
then we can construct a topographic map of this land by projecting orthog- 
onally onto R?. Then all points on any given level curve f~ !(c) correspond 
to points on the land which are at exactly height c above “sea level” 
(x3 m 0). ' 

Just as contour maps provide an accurate picture of the topography of a 
land, so does a knowledge of the level sets and their heights accurately 
portray the graph of a function. For functions f: R?  R, study of the level 
curves can facilitate the sketching of the graph of f. For functions f: R? > R, 
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the graph lies in R*, prohibiting sketches and leaving the level sets as the best 
tools for studying the behavior of the function. 

One way of visualizing the graph of a function f: U > R, U c R?, given — 
its level sets, is as follows. Think of a plane parallel to the (x,, x2)-plane, 
moving vertically. When it reaches height c this plane, x, = c, cuts the graph 
of f in the translate to this plane of the level set f ^ !(c). As the plane moves, 
these sets generate the > graph of f (see: Figure 1.3). 


(5 


Figure 13 “Level sets id graphs ot functions f: ROR. The label on each level set 
indicates its height. (a)f 6 1X2) = —x1 xí. (b) A function with two local minima. 


The same principle can be ied to help visualize level sets of functions 
f: U >R, where U c R?. Each plane x; = constant will cut the level set 
f ^ (c) (c fixed) in some subset, usually a curve. Letting the plane move, by 
changing the selected value of the x;-coordinate, these subsets will generate 
the level set f ^ ! (c) (see. Figure 1.4). 
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x,72-2 x,7-1 x;70 [x71 x, =2 


(b) 


Figure 1.4 Level sets in R?, as generated by intersections with the planes 
x, = constant. (à) x? + x3 + x3 = 1. (b) x? — x3 + x3 = 0. 


EXERCISES 
In Exercises 1.1-1.4 sketch typical level curves and the graph of each 


function. 


1.1. S (1, X2) = Xi. 
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12. f(xi, x2) = x1 — x2. 


» 
1.3. f(x, x3) = xi — x}. 


1.4. f(x,, x5) = 3r? — 8r° + 6r* where r? = x? + x. [Hint: Find and identify the 
critical points of f as a function of r.] 


In exercises 1.5-1.9 sketch the level sets f~ ! (c), for n = 0, 1, and 2, ofeach 
- function at the heights indicated. 


1.5. Tre a EE ee S —1, 0, 1, 2. 

1.6. f(xi X2, ..., Xati) = Ox? + x3 +e + x24; c=0, 1, 4. 
17. f(xi X25 0005 X441) = X1 — x$ — 1 xea; C= —1, 0, 1,2. 
1.8., f(x X2, Xi) x? x8 7 — HA c= 1,0, 1. 


1.9. S (x, X25... Xn+1) = x? + x3 /4 E coo t x24. /(n+ 1); c=1, 


1.10. Show that the staph! of any function f: R" — R is a level set for some function 
F: R'^* 1 EM R. 


Vector Fields 


The tool which will allow us to study the geometry of level sets is the 
calculus of vector fields. In this chapter we develop some of the basic ideas. 

A vector at a point p € R"?! is a pair v = (p, v) where v e R"* +, Geomet- 
rically, think of v as the vector v translated so that its tail is at p rather than 
at the origin (Figure 2.1). The vectors at p form a vector space R7! of 


Figure 2.1 A vector at p. 


dimension n + 1, with addition defined by (p, v) + (p, w) = (p, v + w) 
(Figure 2.2) and scalar multiplication by c(p, v)=(p, cv). The set 
{(p, v1), .... (p, Un+1)} is a basis for R5* ! where {v,, ..., v,+1} is any basis for 
R"* !, The set of all vectors at all points of R"*! can be identified (as a set) 
with the Cartesian product R"*! x R"*! = R?"*?, However note that our 
rule of addition does not permit the addition of vectors at different points of 
R^* 1 

Given two vectors (p, v) and (p, w) at p, their dot product is defined, using 
the standard dot product on R"* +, by (p, v) + (p, w) = v * w. When (p, v) and 
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Figure 2.2 Addition of vectors at p. 


(p, "m e RÌ, pe RÀ, the cross product is also defined, using the standard 


cross product on R°, by (p, v) x (p, w) = (p, vx w). 
Using the'dót product; thé: ength vl Ofa vector v = (p, v) at p and the 
angle 6 between two Vectors v — (p, v) and w = (p, w) are defined by - 


s dM =: NN) Lig eee ETE 
cos =v: * w/lvi jwi [PTET 


A vector field X or on. U « gi is a function which assigns to each point 
SU vk ar that pont. Thus = SML a 


for some i o ge +1 Vector. fields on. Rt 7 are often most easily 
described ecifying tl is associated function X. Three typical vector fields 
NS t 
—mI ee zs 
wm o M ENT 
 — m E es vL 
—4 03 2, € 
o) xo- (1,0) . (b): X(p) = p — (c): ER x2) 2 (7x1, x1) 


Figute 23 . Vector fields on R°: X(p) = = (p, X(p)). 


We shall deal in this text mostly with fünctions and vector fields that are 
smooth. A function f: U >R (U an opent set in Ri is smooth if all its 
partial derivatives of all orders exist and are continuous. A function 
f UR is smooth if each component function f; UA R (f(p)= 
(fip). .... f(p)) for p € U) is smooth. A vector field X on U is smooth if the 
associated function X: U — Ri is smooth. 


t Recall that U c R**! is open if for each peU there is an e>0 such that qeU 
whenever ||q — p|| < e. 
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Associated with each smooth function f: U —> R (U open in R"*!) isa 
smooth vector field on U called the gradient Vf of f, defined by 
of of 
eno - (2. Lo) 2 
1 


b 3 
OXn+1 


We shall see that this vector field plays an important role in the study of the 
level sets of f. 

Vector fields often arise in physics as velocity fields of fluid flows. Asso- 
ciated with such a flow is a family of parametrized curves called flow lines. 
These “flow lines” are in fact associated with any smooth vector field and 
are important in geometry as well as in physics. In geometry these flow lines 
are called “integral curves ". 

A parametrized curve in R"* ! is a smooth function a: I > R"*!, where I is 
some open interval in R. By smoothness of such a function is meant that « is 
of the form a(t) = (x,(t), ..., X,+1(t)) where each x; is a smooth real valued 
function on I. | 

The velocity vector at time t (t e I) of the parametrized curve a: I > R"*'! 
is the vector at a(t) defined by 


da dx, AXn+1 


a(t) = (xt To) = bo di (t), ..., di o} 


This vector is tangent to the curve « at a(t) (see Figure 2.4.). If a(t) represents 


a (t) 
x 
a(t) 


I 


Figure 24 Velocity vector of a parametrized curve in R?. 


for each t the position at time t of a particle moving in R"*! then a(t) 
represents the velocity of this particle at time t. 

A parametrized curve a: I > R"*! is said to be an integral curve of the 
vector field X on the open set U in R"*! if a(t) e U and a(t) = X(a(t)) for 
all t € I. Thus « has the property that its velocity vector at each point of 
the curve coincides with the value of the vector field at that point (see 
Figure 2.5). 


Theorem. Let X be a smooth vector field on an open set U c R"*! and let 
p € U. Then there exists an open interval I containing 0 and an integral curve 
a: I— U of X such that 


(i) o0) = p. 
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_ Figure 2.5 An integral curve of a vector field. 


(ii) If B: T — U is any other integral curve of X with B(0) = p, then I c I and 
A(t) = a(t) for all t e T. 


Remark. The integral curve « is called the maximal integral curve of X 
through P, or simply the integral curve of X through p. 


Proor. This theorem is a reformulation of the fundamental existence and 
uniqueness theorem for solutions of systems of first order differential equa- 
tions. X, being a smooth vector field on U, has the form 


X(p) = (P, X1(D), .... Xue 1(p)) 


where the X;: U >R are smooth functions on U. A parametrized curve 
a: I => R"+! has the fotm 


v a(t) = (x(t), .... Xa+ (t) 
where the x;: I -— R are smooth functions on I. The velocity of a is 
| dx os 
at) = (00, FEO)... 55) 

The requirement that be an integral curve of X as that a(t) = X(a(t)), or 
e dx dx, | 

aO X (x(t) .. X8 i(t)) | 

(E) 


a X, ant) +> xt) 
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This is a system of n+ 1 first order ordinary differential equations in 
n+ 1 unknowns. By the existence theorem for the solutions of such 
equations,f there exists an open interval J, about 0 and a set x;: I, > R of 
smooth functions satisfying this system subject to the initial conditions 
x,(0) = p; for ie (L ..., n+ 1}, where p = (pi, ..., Pa+i)- Setting B,(t) = 
(x,(t), ..., X,41(t)) for this choice of functions yields an integral curve 
Bı: L, > U of X with B,(0) = p. 

By the uniqueness theorem for the solutions of first order ordinary differ- 
ential equations,f if x;: I; — R is another set of functions satisfying the 
system (E) together with the initial conditions X,(0) = p;, then x,(t) = x,(t) 
for all t € I, ^ Iz. In other words, if f;: I} > U is another integral curve of 
X with B,(0) = p then B,(t) = B;(t) for all t e I, ^ I;. It follows from this 
that there is a unique maximal integral curve « of X with a(0) = p (its 
domain is the union of the domains of all integral curves of X which map 0 
to p) and that if 8: 1 — U is any other integral curve of X with B(0) = p then 
B is simply the restriction of « to the smaller interval I. o 


EXAMPLE. Let X be the vector field X(p) = (p, X(p)) where X(x,, x2) = 
(—x4, xı) (Figure 2.3.(c)). A parametrized curve a(t) = (x,(t), x2(¢)) is an 
integral curve of X if and only if the functions x,(t) and x;(t) satisfy the 
differential equations 


The general solution of this pair of equations is 
x(t) 2 C, cos t + C; sint 
x(t) = C, sin t — C; cos t. 


Thus the integral curve of X through the point (1, 0) (with x,(0) = 1 and 
x 2(0) = 0) is 


a(t) = (cos t, sin t), 


whereas the integral curve through an arbitrary point (a, b) (with x,(0) =a 
and x,(0) = b) is 


p(t) = (a cos t — b sin t, a sin t + b cos t) 


(see Figure 2.6). 


tSee e.g; W. Hurewicz, Lectures on Ordinary Differential Equations, Cambridge, Mass.: 
M.LT. Press (1958), p. 28. 
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AX, 


integral curve through (1, 1) 


Xi 


integral "e through (1, 0) 


Figure 2.6 Integral curves of the vector field X(xi, x2) = (x1, x2, —X2, x1). 


EXERCISES 


2.1. 


2.2. 


2.3. 


2.4. 
2.5. 
2.6. 


2.7. 
6 


Sketch the following vector fields on R?: X(p) = (p, X(p)) where 


(a) X(p) = (0, 1) (d) X(xi, x3) = (x2, x1). 

(b) X(p) = —p (e) X(x1, x3) = (—2x2, 1x1). 

(c) X(x1, x2) = (x2, —X}) 

Find and sketch the gradient field of each of the following functions: 


(a) f (x1, x3) = x1 + X2 
(b) f(x, x2) = x1 + x3 
(c) f(x, x3) = x1 — x3 


(4) fe x2) = GE- xA. 


The divergence of a smooth vector field X on U c R"*!, 


X(p) = (p, X1(p), .... Xn+i(p)) for peU, 


is the function div X: U >R defined by div X = 17:1 (@X,/éx,). Find the 
divergence of each of the vector fields in Exercises 2.1 and 2.2. 


Explain why an integral curve of a vector field cannot cross itself as does the 
parametrized curve in Figure 2.4. | 


Find the integral curve through p — (1, 1) of each of the vector fields in Exer- 


cise 2.1. 


Find the integral curve through p - (a, b) of each of the vector fields in Exer- 
cise 2.1. 


A smooth vector field X on an open set U of R"*! is said to be complete if for 
each p € U the maximal integral curve of X through p has domain equa to R. 
Determine which of the following vector fields are complete: 


(a) X(xi, x3) = (x1, x2, 1, 0), U = R7. 

(b) X(x1, x3) = (x1, x2, 1,0, U = R? — ((0, 0). 

(c) X(x1, x3) = (x1, x2, 7x4, x3) U = R? — ((0, 0)}. 
(d) X(xi, x2) = (x, x2, 1 + xj, 0), U = R7. 
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2.8. 


2.9. 


2.10. 


2.12. 


2 Vector Fields 


Let U be an open set in R"* !, let p e U, and let X be a smooth vector field on 
U. Let æ: I — U be the maximal integral curve of X through p. Show that if 
B: 1 U is any integral curve of X, with B(to) = p for some to e I, then £(t) = 
a(t — to) for all t e T. [Hint: Verify that if B is defined by P(t) = B(t + to) then p 
is an integral curve of X with B(0) = p.] 


Let U be an open set in R"*! and let X be a smooth vector field on U. Suppose 
a: I U is an integral curve of X with «(0) = a(to) for some to € I, to #9. 
Show that a is periodic; i.e., show that a(t + to) = a(t) for all t such that both t 
and t + to € I. [Hint: See Exercise 2.8.] 


Consider the vector field X(x1, x2) = (x1, x2, 1, 0) on R?. For te R and 
p € R?, let o,(p) = «,(t) where a, is the maximal integral curve of X through p. 


(a) Show that, for each t, o, is a one to one transformation from R? onto itself. 
Geometrically, what does this transformation do? 
(b) Show that 


Po = identity 
Ont. = Pn ° Pr, lorallt, t; E€ R 
9-,—75 9! forallteR. 


[Thus t — q, is a homomorphism from the additive group of real numbers into 
the group of one to one transformations of the plane.] 


. Repeat Exercise 2.10 for the vector fields 


(a) X(x1, x2) = (xi, X3, — X2, xı) 
(b) X(xi, x3) = (x1, X2, Xis x3) 
(c) X(x1, x2) = (x1, x2. X2. xi). 


Let X be any smooth vector field on U, U open in R"*?. Let g,(p) = a,(t) where 
a, is the maximal integral curve of X through p. Use the uniqueness of integral 
curves to show that o,,(o.(P)) = Pn +:2(p) and e-.(p) = or ' (p)for all t, tı, and 
t; for which all terms are defined. [o, is called the local 1-parameter group 
associated to X.] 


The Tangent Space 


Let f: U + R be a smooth function, where U c R"*' is an open set, let c e R 
be such that f ^ ! (c) is non-empty, and let p e f ^ ! (c). A vector at p is said to 
be tangent to the level set f ^ 1(c) if it is a velocity vector of a parametrized 
curve in R"*! whose image is contained in f ^ ! (c) (see Figure 3.1). 


f^ (o) 


(a): n=1 (b):n =2 
Figure 3.1 Tangent vectors to level sets. 
bana The gradient of f at p ef^ ' (c) is orthogonal to all vectors tangent to 
f^ '(c) at p. 


Proor. Each vector tangent to f ^ !(c) at p is of the form à(t9) for some 
parametrized curve a: I + R"*! with a(to) = p and Image a c f^ !(c). But 
Image a c f M implies f (a(t)) = c for all t e I so, by the chain rule, 


- dt P Us a)(to) = Vf (a(to)) * &(to) = Vf (p) * (to). O 
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If Vf (p) = 0, this lemma says nothing. But if Vf (p) + 0, it says that the set 
of all vectors tangent to f ^ ! (c) at p is contained in the n-dimensional vector 
subspace [Vf (p)] of R%*! consisting of all vectors orthogonal to Vf (p). A 
point p e R^*! such that Vf (p) + 0 is called a regular point of f. 


Theorem. Let U be an open set in R"* ! and let f: U + R be smooth. Let p € U 
be a regular point of f, and let c = f (p). Then the set of all vectors tangent to 


f" (c) at p is equal to [Vf (p)|. 


Pnoor. That every vector tangent to f ^ ! (c) at p is contained in [Vf (p)]* was 
proven as the lemma above. Thus it suffices to show that, if v — (p, v) € 
[V/(p)|, then v 2 à(0) for some parametrized curve « with Image 
a c f - ! (c). To construct a, consider the constant vector field X on U defined 
by X(q) = (q, v). From X we can construct another vector field Y by sub- 
tracting from X the component of X along Vf: 


X(q) ` Vf (a) or 
= X(q)— ————u j 
Y(a) (a) IVA (I? Vf (a) 
The vector field Y has domain the open subset of U where Vf + 0. Since p is 
a regular point of f, p is in the domain of Y. Moreover, since X(p)=ve 
[Vf (p)}+, Y(p) = X(p). Thus we have obtained a smooth vector field Y such 
that Y(q) L Vf (q) for all q € domain (Y), and Y(p) = v. 
Now let a be an integral curve of Y through p. Then ao(0)- p, 
&(0) = Y(a(0)) = Y(p) = X(p) = v and 


chain since a is since Y L Vf 
rule an integral 
curve of Y 
for all t € domain o, so that f («(t)) = constant. Since f (a(0)) = f (p) = c, this 
means that Image « c f7 ! (c), as required. o 


Thus we see that at each regular point p on a level set f~ ! (c) of a smooth 
function there is a well defined tangent space consisting of all velocity vectors 
at p of all parametrized curves in f ^ ! (c) passing through p, and this tangent 
space is precisely [Vf (p)]* (see Figure 3.2). 


EXERCISES 


3.1. Sketch the level sets f ^ !(— 1), f ^ !(0), and f ^ ! (1) for f (x1, ..., Xn+1) = xi + 
e x2 — x241; n = 1, 2. Which points p of these level sets fail to have tangent 
spaces equal to [Vf (p)]? 
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tangent space 
at p 


tangent space 


vi (Pp) 12 


f£) SA) 
(a):n=1 (b):n=2 


Figure 3.2 Tangent space at a typical point of the level set f~ !(1), where 
f (x1, eses Xn4 1) = x? +e Xp 


32. Show by example that 


(a) The set of vectors tangent at a point p of a level set need not in general bea 
vector subspace of R^* !. 
(b) The set of vectors tangent at a point p of a level set might be all of R^* !. 


3.3. Sketch the level set f^ !(0) and typical values Vf (p) of the vector field Vf for 
pef (0) when 


(a) f(xi, x3) =x? +x3-1 
(b) f(x, x2) =x? — xà— 1 
(c) f(xi x3) = x} 3 x3 


(d) f (x1, x2) = x1 — xj. 


3.4. Let f: U 2 R be a smooth function, where U c R"*! is an open set, and let 
a: I — U be a parametrized curve. Show that f o a is constant (i.e., the image of a 
is contained in a level set of f) if and only if æ is everywhere orthogonal to the 
gradient of f (i.e., if and only if &(t) L Vf (a(t)) for all t e I). 


3.5. Let f: U — R bea smooth function and let a: I + U be an integral curve of Vf. . 


(a) Show that (d/dt)(f » «)(t) = | Vf (a(t))||? for all t e I. 

(b) Show that for each to € I, the function f is increasing faster along a at a(to) 
then along any other curve passing through a(to) with the same speed (i.e., 
show that if 8: J— U is such that fi(so) — a(to) for some so € T and 


| B(so)]| = llatto)] then (d/dt)(f » a)(to) = (d/dt\(f > B){to)). 


Surfaces 


A surface of dimension n, or n-surface, in R"*! is a non-empty subset S of 
R^*! of the form S = f ^ ! (c) where f: U > R, U open in R"*!, is a smooth | 
function with the property that Vf (p) # 0 for all p e S. A 1-surface in R? is 
also called a plane curve. A 2-surface in R? is usually called simply a surface. 
An n-surface in R"*! is often called a hypersurface, especially when n > 2. 

By the theorem of the previous chapter, each n-surface S has at each point 
p € S a tangent space which is an n-dimensional vector subspace of the space 
R^5*! of all vectors at p. This tangent space will be denoted by S,. It is 
important to notice that this tangent space S, depends only on the set S and 
is independent of the function f which is used to define S. Indeed, S, is 
characterized as the set of all vectors at p which can be obtained as velocity 
vectors of parametrized curves in R"* ! with images lying completely in S. If f 
is any smooth function such that S = f ^ !(c) for some c e R and Vf (p) #0 
for all p e S (by definition of n-surface, there must exist one such a function; 
in fact there are many such functions for each n-surface S) then S, may also 
be described as [Vf (p)]. 


EXAMPLE 1. The unit n-sphere x? +++: + x2,,— 1 is the level set f ^! (1) 
where f (x,, ..., X441) = X2 + +: x2,4 (Figure 3.2). It is an n-surface be- 
cause Vf (xy, ..., Xn¢1) = (X15 o X1» 2X1 +++» 2Xn41) i$ not zero unless 
(xy, ---, Xn+1) = (0, ..., 0) so in particular Vf (p) # 0 for p e f^ ' (1). [Warn- 
ing! Beware that for a vector (p, v) € R5* ! to be zero it is only necessary that 
v = 0; thus (x,, ..., X444, 2X4, ...,2x,41) = O implies 2x; = + = 2x,4, —0 
so (xy, ..., X441) = 0.] When n = 1, the unit n-sphere is the unit circle. 


EXAMPLE 2. For 0#(aj,...,4,41)€R"*' and beR, the n-plane 
A,X; +t Sua XS = b is the level set f^! (b) where f(x,, ..., X441) = 


16 
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A,X, T 7 0,44 X344. It is an n-surface for each b e R since 

Vf (x1, e Xii) = (x1, iro, Xanti p, Ses 0,41) 
is never zero. A 1-plane is usually called a line in R?, a 2-plane is usually 
called simply a plane in R?, and an n-plane for n » 2 is sometimes called a 


hyperplane in R^*!. Two different values of b with the same value of 
(ai. ..., an+ 1) define parallel n-planes (see Figure 4.1). 


f'(-2 
S (-1) 
f 


F0) 


Xi 


à 
vf(p-(»-1,-2 


vf(p)-(,-1,72,-3 


(b:n»2 
Figure 4.1 Parallel n-planes f 7 1(b), b= —2, —1, 0, 1, where 
f(xy,... Xn+1)= — X1 — 2x, = 3x4 are —(n+ 1)». 1. 


EXAMPLE 3. Let f: U > R be a smooth function on U, U open in R". The 
graph of f, | 


graph(f) = ((xi, ..., 441) € R'E: Xati =S (Xi <-s Xn) 
is an n-surface in R"*! since graph (f) = g^! (0) where - 


g(xy X31) = Xa — S (Xis -s Xp) 
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and Vg(x,, ..., Xn+1) = (Xis o X0. —Of/OX1, ..., —0f/0x,, 1) is never 
Zero. 


EXAMPLE 4. Let S be an (n — 1)-surface in R", given by S = f~ ! (c), where 
f: UR (U open in R”) is such that Vf(p) #0 for all p e f ^! (c). Let 
g: U, >R, where U, = U x R= f(xy, ..., x41) € R*!: (Xi, ..., Xn) E UJ, 
be defined by 


G(X1, <--> Xi) =S (X1 -+> Xn). 
Then g^ !(c) is an n-surface in R"*! because 


ð ð 
Valen mam (t f D o) 


n+1» »ttt5 , 
Ox, OX, 


and  Of/óx,,...,0f/Óx, cannot be simultaneously zero when 
(X15 Xi) =J (X1 -<-> Xx) = because Vf(x,,..., Xn) #0 whenever 
(xy... Xn) ef^ (c). The n-surface g` *(c) is called the cylinder over S (see 
Figure 42). 


X5 
g (1) 
Xj Xj 
O-sphere 1-sphere 
in R! (unit circle) 
in R? 
(a): n7 0 (b:n21 


n* 


Figure 4.2 The cylinder g^ ! (1) over the n-sphere: g(xy, ..., Xq41) = X1 oc X; 


EXAMPLE 5. Let C be a curve in R? which lies above the x,-axis. Thus 
C — f" !(c) for some f: U > R with Vf(p) #0 for all p e C, where U is 
contained in the upper half plane x; 0. Define $—g (c) where 
g: Ux ROR by g(x1, x2, x3) =f (x, (x2 + x3)"?). Then S is a 2-surface 
(Exercise 4.7). Each point p = (a, b) e C generates a circle of points of S, 
namely the circle in the plane x,- a consisting of those points 
(x1, X2, x3) € R? such that x, = a, x} + x$ = b*. S is called the surface of 
revolution obtained by rotating the curve C about the x,-axis (see Figure 
43). 
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X3 


Figure 4.3 The surface of revolution S obtained by rotating the curve C about the 
X,-axis. 


Theorem. Let S be an n-surface in R"* !, S = f ^ !(c) where f: U > R is such 
that Vf (q) + 0 for all q € S. Suppose g: U — R is a smooth function and p € S 
is an extreme point of g on S; i.e., either g(q) < g(p) for allq € S or g(q) = g(p) 
for all q € S. Then there exists a real number A such that Vg(p) = AVf (p). (The 
number 4 is called a Lagrange multiplier.) 


Proor, The tangent space to S at p is S,= [Vf (p)]-. Hence 57 is the 1- 
dimensional subspace of R*+! spanned by Vf (p). It follows, ‘then, that 
Vg(p) = AVf (p) for some A € Rif (and only if) Vg(p) € S}; i.e., if (and only if) 
Vg(p) : v = 0 for all v e S,. But each v e S, is of the form v = &(to) for some 
parametrized curve a: I > S and tọ € I with afto) = p. Since p = a(t,) is an 
extreme point of g on S, tọ is an extreme point of g » a on J. Hence 


om (f » a)(to) = Vg(a(to)) * (to) = Vg(p) 2 
for all v e S, and so Vg(p) = AV/f (p) for some A, as required. o 


Remark. Yf S is compact (closed and bounded?) then every smooth function 
g: U => R attains a maximum on S and a minimum on S. The above theorem | 
can then be used to locate candidates for these extreme points. If S is not 
compact, there may be no extrema. 


EXAMPLE. Let S be the unit circle x? + x3 = 1 and define g: R? 2 R by 
g(xi, x2) = ax? + 2bx x2 + exi where a bbceR ties Figure 4.4). Then 
S=f~*(1) RESE x2) = xi + x3, 
Vf (x1, xj)- E (xi, X25 2X15 2x2), ] 
and 
Vg(xi, x2) = (x1, x2, 2ax, + 2bx;, 2bx, + 2ex5), 


+S is closed if R^*! — S is open; S is bounded if there exists M e R such that |p| < M 
for all p e S. 
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X) 


Figure 44 Level curves of the function | g(x,, x2) = ax? + 2bx,x4 + cx? 
(ac — b? > 0). The four points where these curves are tangent to the unit circle $ 
are the extreme points of g on S. 


so Vg(p) = AVf (p) for p = (x1, x2) € S if and only if 


2ax, + 2bx; = 2Àx, 
2bx, + 2cx; = 24x3 


a b\(x,\_ i Xi 

b cx] | xa] 
Thus the extreme points of g on S are eigenvectors of the symmetric matrix 
(e ^). Note that if 


or 


is an eigenvector of (7 ^) then 


a b\{x 
ax? + 2bx, x, + cx} = eux Js) 


- exi - A(x? +x3)=A 


so the eigenvalue 4 is just g(p), where p = (xı, x2). Since a 2 x 2 matrix has 
only two eigenvalues, these eigenvalues are the maximum and minimum 
values of g on the compact set S. 
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EXERCISES 


4.1. 


42. 


4.3. 


44. 


4.5. 


4.6. 
4.7. 
4.8. 


4.9. 


4.10. 


4.12. 


For what values of c is the level set f ^ (c) an n-surface, where 


(a) S (xi sss Xn+1) = X1 PENR + xyi 
(b) f(x1, RED Xn+1) = X1 qose + Xe — Xe 
(c) f(x1, ... Xa+) = X1X2 7 Xup + 1 


Show that the cylinder x? + x2 = 1 in R? can be represented as a level set of 
each of the following functions:. 


(a) f(x x2, x3) = x} + xi 

(b) f(x1, x2, x3) = —x1 — x 

(c) f (x1, x2, x3) = 2x1 + 2x} + sin(x? + x). 

Show that if an n-surface S is represented both as f ^! (c) and as g^ ! (d) where 
Vf (p) # 9 and Vg(p) + 0 for all p e S, then for each p e S, Vf (p) = AVg(p) for 
some real number 4 Æ 0, 


Sketch the graph of the function f: R? 2 R given by f (x1, x2) = x$ — 3x1x;. 
[Hint: First find the level set f ^ ! (0). In what region of the plane is f > 0? Where - 
is f « 0?] The 2-surface graph (f) is called a monkey saddle. (Why?) 
Sketch the cylinders f ^ ! (0) where 


(a) f (xi, x2) = xi 

(b) f (xi, x2, x3) = xı — x} 

(c) f (xi, x2, x3) = (x1/4) + (x2/9) — 1 

Sketch the cylinder over the graph of f (x) = sin x. 

Verify that a surface of revolution (Example 5) is a 2-surface. 


Sketch the surface of revolution obtained by rotating C spout the x,-axis, 
where C is the curve 


(a) x.=1 (cylinder) 

(b) —x?+x3=1,x,>0 (I-sheeted hyperboloid) 

(c) x? +(x,—2)?=1 (torus) 

Show that the set S of all unit vectors at all points of R? forms a 3-surface in R*. 
[Hint: (x1, x2, X3, x4) € S if and only if x3 + x2 = 1] 


Let S = f ^! (c) be a 2-surface in R? which lies in the half space x, > 0. Find a 
function g: U + R (U open in R*) such that g` ! (c) is the 3-surface obtained by 
rotating the 2-surface S about the (x,, x;)-plane. 


. Let a, b, c € R be such that ac — b? > 0. Show that the maximum and mini- 


mum values of the function g(x;, x2) = x1 + x3 on the ellipse ax} + 2bx, x2 + 
cx2 ='1 are of the form 1/4, and 1/A, where A, and 4; are the eigenvalues of the 
matrix (§ ^ 


Show that the maximum and minimum values of the function 
g(xy X441) = 1 jiiajxix, on the unit n-sphere x? +--+ + x41 1, 
where (a;;) is a symmetric n x n matrix of real numbers, are eigenvalues of the 
matrix (a;;). 
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4.13. Show that if S is an n-surface in R"*', g: R"*! > R is a smooth function, and 
p € S is an extreme point of g on S, then the tangent space to the level set of g 
through p is equal to S,, the tangent space to S at p, provided Vg(p) # 0 (see 
Figure 4.4). 


4.14. Let S be an n-surface in R"*! and let py € R"*!, po £ S. Show that the shortest 
line segment from po to S (if one exists) is perpendicular to S; i.e., show that if 
p € S is such that |po — p||? x |po — q||? for all q € S then (p, po — p) L Sp. 
[Hint: Use the Lagrange multiplier theorem.] Show also that the same conclu- 
sion holds for the longest line segment from po to S (if one exists). 


4.15. Rt may be viewed as the set of all 2 x 2 matrices with real entries by identifying 
the 4tuple (x1, x2, X3, x4) with the matrix 


Xi X2 
X3 X4 j 
The subset consisting of those matrices with determinant equal to 1 forms a 


group under matrix multiplication, called the special linear group SL(2). Show 
that SL(2) is a 3-surface in R*. 


4.16. (a) Show that the tangent space SL(2), to SL(2) (Exercise 4.15) at p = (å 9) can 
be identified with the set of all 2 x 2 matrices of trace zero by showing that 


b 
L(2 zi 5 : = 01. 
[ Hint: Show first that if 


a(t) = a oH 
X3(t)  x4(t) 
is a parametrized curve in SL(2) with a(to)— (4 ?) then (dx,/dt) 
(to) + (dx4/dt)(to) = 0. Then use a dimension argument.] 
(b) What is the tangent space to SL(2) at q = (2 1)? 


4.17. (a) Show that the set SL(3) ofall3 x 3 real matrices with determinant equal to 
1 is an 8-surface in R?. 
(b) What is the tangent space to SL(3) at 


10 0 
p-[01 0p 
0 0 1 


Vector Fields on Surfaces; 
Orientation 


A vector field X on an n-surface S c R"* ! is a function which assigns to each 
point p in S a vector X(p).e R5*! at p. If X(p) is tangent to S (i.e, X(p) € S,) 
for each p.e S, X is said to be a tangent vector field on S. If X(p) is orthogonal 
to S (ie., X(p) e S2) for each p e S, X is said to be a normal vector field on S 
(see Figure 5.1). l 


(a) p (b) 


Figure 5.1 Vector fields on the 1-sphere: (a) a tangent vector field, (b) a normal 
vector field. 


As usual we shall work almost exclusively with functions and vector 
fields which are smooth. A function g: S — R*, where S is an n-surface in 
R"*!. is smooth if it is the restriction to S of a smooth function g: V —^ R*- 
defined on some open set V in R"* ! containing S. Similarly, a vector field X 
on S is smooth if it is the restriction to S of a smooth vector field defined on 
some open set containing S. Thus, X is smooth if and only if X: S + R"*! is 
smooth, where X(p) = (p, X(p)) for all p e S. 
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The following theorem extends to n-surfaces the theorem of Chapter 2 on 
the existence and uniqueness of integral curves. 


Theorem 1. Let S be an n-surface in R"*!, let X be a smooth tangent vector 
field on S, and let p € S. Then there exists an open interval I containing 0 and a 
parametrized curve a: I — S such that 


(i) «(0) = p 
(ii) a(t) = X(a(t)) for all t e I 


(iii) If B: 1 — S is any other parametrized curve in S satisfying (i (1) and (ii), then 
I c I and B(t) = a(t) for all t e T. | 


A parametrized curve a: I — S satisfying condition (ii) is called an inte- 
gral curve of the tangent vector field X. The unique « satisfying conditions 
(i)-(iii) is the maximal integral curve of X through p e S. 


Proor. Since X is smooth, there exists an open set V containing S and a 
smooth vector field X on V such that X(q) = X(g)forallqe S. Let f: U > R 
and c € R be such that S = f^ ! (c) and Vf (q) # 0 for all q € S. Let 


W —íqeU ^ V: Vf(qg) - 6. 


Then W is an open set containing S, and both X and fare defined on W. Let 
Y be the vector field on W, everywhere tangent to the level sets of f, defined 
by 

Y(a) = X(a) — (a): Vf (ay/I Vf (a)] Vf (a) 
Note that Y(q) = X(q) for all q € S. Let a: I —^ W be the maximal integral 
curve of Y through p. Then « actually maps I into S because 


(f « a) (t) = Vf (alt) - à(t) = Vf felt) * Yo) = 0. 


and f » «(0) = f (p) = c, so f » a(t) = c for all t € I. Conditions (i) and (ii) are 
clearly satisfied, and condition (iii) is satisfied because any fl: I — S satisfy- 
ing (i) and (ii) is also an integral curve of the vector field Y on W so the 
theorem of Chapter 2 applies. gog 


Corollary. Let S = f ^ ! (c) be an n-surface in R"* !, where f: U — R is such that 
Vf (q) # 0 for all q € S, and let X be a smooth vector field on U whose restric- 
tion to S is a tangent vector field on S. If a: I> U is any integral curve of X 
such that afto) € S for some to € I, then a(t) € S for all t € I. 


Proor. Suppose a(t) é S for some t e I, t > to. Let t, denote the greatest 
lower bound of the set 


(t € I: t > to and a(t) € S] 


Then f(a(t))=c for to x t «t, so, by continuity, f(a(t,)) = c; that is, 
a(t,) € S. Let f: 1 — S be an integral curve through a(t,) of the restriction of 
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X to S. Then fj is also an integral curve of X, sending 0 to a(t,), as is the curve 
& defined by &(t) = a(t + tı). By uniqueness of integral curves, a(t) = 
&(t — tı) = f(t — t,) € S for all t such that t — t, is in the common domain 
of & and fl. But this contradicts the fact that a(t) ¢ S for values of t arbitrarily 
close to t,. Hence a(t) e S for all t € I with t > to. The proof for t < tg is 
similar. o 


A subset S of R"*! is said to be connected if for each pair p, q of points in 
S there is a continuous map a: [a, b] —^ S, from some closed interval [a, b] 
into S, such that o(a) = p and a(b) = q. Thus S is connected if each pair of 
points in S can be joined by a continuous, but not necessarily smooth, curve 
which lies completely in S. Note, for example, that the n-sphere (Figure 5.2) 
is connected if and only if n > 1 (Exercise 5.1). 


(2:n = 0 (ob): n = 1 = @n=2 
Figure 5.2 The n-sphere x? pee + Xn 171 is connected if and only if n 2 1. 


In this book, we shall deal almost exclusively with connected n-surfaces. 
As we shall see in Chapter 15 (see Exercise 15.13), given any n-surface S and . 
any p € S, the subset of S consisting of all points of S which can be joined to 
p by a continuous curve in S is itself an n-surface, and it is connected. Hence 
we can study S by studying Separate each of these “connected compon- 
ents” of S. 
Theorem 2. Let S c R"*! be a connected n-surface in R"* !. Then there exist 
on S exactly two smooth unit normal vector fields N, and N,, and N2(p)= 
—N,(p) for all pe S. | 


Proor. Let f: U ^ R and c € R be such that S = f ` ! (c) and Vf (p) + 0 for all 
p € S. Then the vector field Ni on S defined by 
| n. WO): | 
p pes 
N07 Ter] 
clearly has the required properties, as does the vector field N, defined by 


N;(p) = —N,(p) for all p e S. 
To show that these are the only two such vector fields, suppose N, were 
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another. Then, for each p € S, N3(p) must be a multiple of N;(p) since both 
lie in the 1-dimensional subspace S4 c R5* !. Thus 


N,(p) = g(P)Ni(P) 


where g: S > R is a smooth function on S (g(p) = Na(p)  Ni(p) for p e S). 
Since N,(p) and N,(p) are both unit vectors, g(p) = +1 for each p e S. 
Finally, since g is smooth and S is connected, g must be constant on S (see 
Exercise 5.2). Thus either N, = N, or N; = N3. [J 


A smooth unit normal vector field on an n-surface S in R"* lis called an 
orientation on S. According to the theorem just proved, each connected 
n-surface in R"*! has exactly two orientations. An n-surface together with a 
choice of orientation is called an oriented n-surface. 


Remark. There are subsets of R"* ! which most people would agree should be 
called n-surfaces but on which there exist no orientations. An example is the 
Möbius band B, the surface in R? obtained by taking a rectangular strip of 
paper, twisting one end through 180^, and taping the ends together (see 
Figure 5.3). That there is no smooth unit normal vector field on B can be 


Figure 5.3 The Móbius band. 


seen by picking a unit normal vector at some point on the central circle and 
trying to extend it continuously to a unit normal vector field along this 
circle. After going around the circle once, the normal vector is pointing in 
the opposite direction! Since there is no smooth unit normal vector field on 
B, B cannot be expressed as a level set f ! (c) of some smooth function 
f: U > R with Vf (p) + 0 for all p € S, and hence B is not a 2-surface accord- 
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ing to our definition. B is an example of an “ unorientable 2-surface ”. Until 
Chapter 14, we shall consider only “orientable” n-surfaces in R"* !. 


A unit vector in R^*! (p e R"*!) is called a direction at p. Thus an 
orientation on an n-surface S in R"*! is, by definition, a smooth choice of 
normal direction at each point of S. 

On a plane curve, an orientation can be used to define a tangent direction 
at each point of the curve. The positive tangent direction at the point p of the 
oriented plane curve C is the direction obtained by rotating the orientation 
normal direction at p through an angle of —7/2, where the direction of 
positive rotation is counterclockwise (see Figure 5.4). 


(a) (b) 


Figure 5.4 Orientation on a plane curve: (a) the chosen normal direction at each 
point determines (b) a choice of tangent direction at each point. 


On a 2-surface in R?, an orientation can be used to define a direction of 
rotation in the tangent space at each point of the surface. Given 0 e R, the 
positive 0-rotation at the point p of the oriented 2-surface S is the linear 
transformation Ry: $, — S, defined by R,(v) = (cos Oy + (sin 0)N(p) x v 
where N(p) i is the orientation normal direction at p. R, is usually described 
as the “right-handed rotation about N(p) through the angle 6” (see Figure 
5.5). 


R,/2(v) = N(p) x v 


Figure 5.5 Orientation on the 2-sphere: at each point the chosen normal direction 
determines : a sense of positive rotation in the tangent space. The satellite figure is an 
enlarged view of one tangent space. 
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On a 3-surface in R^, an orientation can be used to define a sense of 
“handedness” in the tangent space at each point of the surface. Given an 
oriented 3-surface S and a point pe S, an ordered orthonormal basis 
(e;, e;, e3} for the tangent space S, to S at p is said to be right-handed if the 
determinant 


N(p) 


is positive, where N(p) — (p, N(p)) is the orientation normal direction at p 
and e; = (p, ej) for i e (1, 2, 3}; the basis is left-handed if the determinant is 
negative. 

On an n-surface in R"*! (n arbitrary), an orientation can be used to 
partition the collection of all ordered bases for each tangent space into two 
subsets, those consistent with the orientation and those inconsistent with the 
orientation. An ordered basis {v,, ..., v,) (not necessarily orthonormal) for 
the tangent space S, at the point p of the oriented n-surface S is said to be 
consistent with the orientation N on S if the determinant 


v4 
det 
Un 
N(p) 


is positive; the basis is inconsistent with N if the determinant is negative. 
Here, as usual, v; = (p, v;) and N(p) = (p, N(p)). 


EXERCISES 
5.1. Show that the unit n-sphere x? ++ + x2,, = 1 is connected if n > 1. 


5.2. Show that if S is a connected n-surface in R"*! and g: S > R is smooth and 
takes on only the values + 1 and — 1, then g is constant. [Hint: Let p € S. For 
q € S, let a: [a, b] > S be continuous and such that o(a) = p, a(b) = q. Use the 
intermediate value theorem on the composition g » a.] 


5.3. Show by example that if S is not connected then Theorem 2 of this section fails. 


5.4. Show that the two orientations on the n-sphere x? +--+ x24, = r° of radius 
r > 0 are given by N,(p) = (p, p/r) and N2(p) = (p. — p/r). 


5.5. R" may be viewed as the n-surface x,,, = 0 in R"*'. Let N be the orientation 
on R"c R"*! defined by N(p) = (p, 0, ..., 0, 1) for each p e R”. (This N is 
called the natural orientation on R".) Show that, given this orientation for each 
n, 


(a) the positive tangent direction at p € R' is the direction (p, 1, 0), 
(b) the positive 0-rotation in R2, p € R?, is counterclockwise rotation through 
the angle 0, and 


5 Vector Fields on Surfaces; Orientation 29 


5.6. 


5.7. 


5.8. 


5.9. 


(c) the ordered orthonormal basis {(p, 1, 0, 0, 0), (p, 0, 1, 0, 0), (p. 0, 0, 1, 0) 
for R2, p e R?, is right-handed. 


Let C be an oriented plane curve and let v be a nonzero vector tangent to C at 
p € C. Show that the basis (v) for C, is consistent with the orientation on C if 
and only if the positive tangent direction at p is v/|v||. [Hint: Let 0 denote the 
angle measured counterclockwise from (p, 1, 0) to the orientation direction 
N(p), so that N(p) = (p, cos 0, sin 0). Express both v and the positive tangent 
direction at p in terms of 0.] 


Recall that the cross product v x w of two vectors v = (p, vi, v2, v3) and 
w = (p, w1, W2, w3) in Rẹ (p € RÌ) is defined by 


VXwW- (p, U2W3 — U3W2, Va Wi — 04W3, U4W2 E vw). 


(a) Show that v x w is orthogonal to both v and w and that |v x w|| = 
- [vl |w]| sin 0, where 0 = cos" * (v - w/|v|| | w||) is the angle between v and w. 
(b) Show that if u = (p, u,, u2, u3) then 


Uy Uy Uy 
0; v Us|. 


u.: (v oie eee es 


(c) Show that the only vector x in R? such that u- x is equal to the determi- 
nant above (part b) for all ue RÌ is x =v x w. 
Let S be an oriented 2-surface in R? and let (v, w} be an ordered basis for the 


tangent space S, to S at p e S. Show that the consistency of (v, w} with the 
orientation N of S is equivalent with each of the following conditions: 


(a) N(p)- (vx 20 


(b) w/|w|| = Re(v/|vil) for some 0 with 0 < 0 < z, where R, is the positive 
0-rotation in S, . 


Let S be an oriented 3-surface in R* and let p e S. 


(a) Show that, given vectors v = (p, v) and w = (p, w) in S,, there is a unique - 
vector v X w€ S, such that 


u 
v 


N(p) 


for all u = (p, u) e Sp, where N(p) = (p, N(p)) is the orientation direction 
at p. This vector v x w is the cross product of v and w. 
(b) Check that the cross product in S, has the following properties: 


u+ (v x w) = det 


(i) (V+w)xx=vxx+wWwxx ; 
(ii) vx (wx) vx w-vxx | | 
(iii) (cv) x w = c(v x w) l 
(iv) v x (cw) = c(v x w) 
(v) vxw-2-wxv 

(vi) u- (vx w)=v- (wxu)=w- (ae) 
(vii) v x w is orthogonal to both v and w 


r 
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(viii) u + (v x w) = 0 if and only if {u, v, w} is linearly dependent 
(ix) An ordered orthonormal basis {e;, e;, €3} for S, is right-handed if 
and only if e * (e; x e;) > 0. 


5.10. Let S be an oriented n-surface in R"* !, with orientation N, and let p € S. 


(a) Show that an ordered basis for S, is inconsistent with N if and only if it is 
consistent with — N. 

(b) Suppose {v,, ..., v,) is an ordered basis for S, which is consistent with N 
and suppose {w,,..., W,} is another ordered basis for S,. Show that 
{w, ..., Wa} is also consistent with N if and only if the matrix (a;j), where 
w; = Y; a; Vj, has positive determinant. [Hint: Complete each basis to a 
basis for R^*! by adjoining N(p). What is the relationship between (a;;) and 
the two matrices which determine the consistency of the given bases with 
N?] 


The Gauss Map 


An oriented n-surface in R"*! is more than just an n-surface S, it is an 
n-surface S together with a smooth unit normal vector field N on S. The 
function N: S — R"*! associated with the vector field N by N(p) = (p, N(p)), 
p € S, actually maps S into the unit n-sphere S" c R"* !, since ||N(p)|| = 1 for 
all p e S. Thus, associated to each oriented n-surface S is a smooth map 
N: S — S", called the Gauss map. N may be thought of as the map which 
assigns to each point p € S the point in R"* ! obtained by “translating” the - 
unit normal vector N(p) to the origin (see Figure 6.1). | 


Figure 6.1 The Gauss map of a 1-surface in R?. 


The image of the Gauss map, 
N(S) = {q € S": q = N(p) for some p e S] 
is called the spherical image of the oriented n-surface S (see Figure 6.2). 
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(9:n71 


(b): n = 2 


Figure 6.2 The spherical image of one sheet of a 2-sheeted hyperboloid xi — x3 - 
+ x2,,=4, x,>0, oriented by N= —Vf/|Vf| where f(x1,....%+1)= 
2 2 2 
Xi— X2— t — Xn+1- 


The spherical image of an oriented n-surface S records the set of direc- 
tions which occur as normal directions to S. Hence its size is a measure of 
how much the surface curves around in R"*!. For an n-plane, which doesn't 
curve around at all, the spherical image is a single point. If an n-surface is 
compact (closed and bounded) then it must curve all the way around: the 
spherical image will be all of S". Although we do not yet have enough 
machinery to prove this theorem in full generality, we can already prove an 
important special case, namely the case in which S is a level set of a smooth 
function defined on all of R"* !. 


Theorem. Let S be a compact connected oriented n-surface in R"* ! exhibited 
as a level set f ^! (c) of a smooth function f: R"* ! > R with Vf (p) + 0 for all 
p € S. Then the Gauss map maps S onto the unit sphere S*. 
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Pnoor. The idea of the proof is as follows. Given v e S", consider the n-plane 
vt. By moving this n-plane far enough in the v-direction, it will have null 
intersection with S. Bringing it back in until it just touches S at some point p, 
it will be tangent there (see Figure 6.3). Hence at this point, N(p) = +v. If 


Figure 6.3 The Gauss map of a compact oriented n-surface is onto. 


N(p) = —v, then N(q) = v where q is obtained similarly, by moving the 
n-plane in from the opposite direction. 

More precisely, consider the function g: R"*! >R defined by g(p) = 
p'v;ie., g(x}, -. wees Xn+1) = 41 X1 o7 + 0444 X444 Where 

, | i v 26 (a4. t.3 Gy 41): 
The level sets of g are the n-planes parallel to vt. Since S is compact, the 
restriction to S of the function g attains its maximum and its minimum, say 
at p and q respectively. By the Lagrange multiplier theorem (Chapter 4), 
(p. v) = Volp) = AVS (p) = AVS PINI) 


for some å € R. Hence v and N(p) are multiples of one another. E both 
have unit length, it follows that N(p) = +v. Similarly, N(q) = 

It remains only to check that N(q) # N(p). For this, it ne to con- 
struct a continuous function a: [a, b] ^ R"* !, differentiable at a and b, such 
that 


(i) (a) =p, o(b) - q, à(a)— (p, v à(5)- (a v), and 
(ii) a(t) ¢ S fora «t «b. 


For then, by (i), if N = vf Ivi - | | | 
(fo ayla) = Vf (a(a)) à) — 
= || Vf (P)IIN(p) * (p, v) = VF DINO: v 
and similarly 


(f ° a)'(b) = Iv (aN (q) v 
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so the derivative (f^ «) has the same sign at both endpoints. If 
N = -Vf/|Vf|, the same conclusion holds. Thus, if N(p) were equal to 
N(q) (= +v) then f° a would either be increasing at both end points or be 
decreasing at both end points. Since f » a(a) = f > a(b) = c, this would imply 
that there exist t, and t; between a and b with f » a(t,) > c and f » a(t;) < c. 
But then, by the intermediate value theorem, there would exist t4 between t, 
and t, such that f » a(t3) = c, contradicting (ii). 

To construct «a, enclose S in the interior of a large sphere S,. This is 
possible since S is compact. Set (see Figure 6.4) «,(t) = p + tv (0 < t x a4), 


a1 (aj) = a3 (b1) 
Image a, 


Image «3 


| Image a, 


a (a2) = a; (b3) 


Figure 6.4 N(q) = —N(p). 


where a, is such that «,(a,) e S,, and set a,(t) = q — tv (0 < t < a2), where 
a, is such that æ (a2) € S,. Let a4: [b,, b2] > S, be such that «3(b,) = «,(a,) 
and «3(b,) = «,(a,). Such an a3 exists because the n-sphere S, is connected 
for n> 1. Then the function « defined by 


e(t) (0x tx a) 
a(t) = a3(t + b, = a4) (a, sts a4 + b, = bi) 
æla, +a, +b, — b, — t) (a, -b;—b, xt 
Xd, +a, t b, — bi) 
has the required properties, where a = 0, b = a, + a; + b, — b,. Continuity 
and condition (i) are easy to check, and condition (ii) is satisfied because 
(1) a(t) ¢ S for t > 0 since (g » a, X(t) = Vg(a,(t)) - a,(t) = v * v» 0sog 
is increasing along «,, and the maximum value of g on S is attained at 
a (0) = p; 
(2) a(t) € S for t > 0 since (g » a,)'(t)=v- (v) <0 so g is decreasing 
along a,, and the minimum value of g on S is attained at «,(0) = q; and 
(3) a3(t) € S for t e [b,, b2] since a3(t)e S; and S, ^ S= Ø. o 


Remark. Some insight into the general case of this theorem can be gained 
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from the following intuitive argument. Suppose S is compact and connected. 
Then S divides R"*! into two parts, a part inside S and a part outside S. 
Let S = f ^ ! (c) where-f: U — R. Then, for small enough e > 0, the level set 
f^ (c + e) will be an n-surface S, gotten by pushing each point of S a 
short distance out from S along Vf (see Figure 6.5). | 


V. =f! (ce) 


S, =f (cte) 
S2f^l(c) 
S.-f(c-e)- 


Figure 6.5 Given a compact connected n-surface S = f ^ ! (c), the nearby level sets 
f^ !(c — &) and f ^ ! (c + e) are slightly inside and slightly outside S. 


(Possibly, f 7 ! (c + e) might also contain some points far away from S but we. 
can ignore such points in the present argument.) Similarly, for small enough 
e > 0, the level set f^ !(c — £) will be an n-surface S_ on the other side of S, 
gotten by pushing each point of S a short distance out along — Vf. Denoting 
by V the set of points between S_ and S,, by V, the set of. points in 
R^*! — V which lie on the same side of S as S, , and by V- the set of points 
in R"*! — V which lie on the other side of S, we can define J: R"*! > R by 


f(p forpeV 
F(p)={cte forpeV, 
c—& forpeV.. 


Then 7 is continuous on R"+1 smooth on the open set V about S, and 
J^! (c) = S. The above proof can now be applied, with f replaced everywhere 
by J, to show that the Gauss map is onto. 


EXERCISES 


In Exercises 6.1-6.5, describe the spherical image, when n = 1 and when 
n= 2, of the given n-surface, oriented by Vf/|Vf|| where f is the function 
defined by the left hand side of each equation. 


61. The cylinder x +++: + x2,1— 1. 

62. The cone —x? + x3 +: + x24; =0,x,>0. 
63. The sphere x? + x4: + x24, =r? (r > 0). 
64. The paraboloid —x, + xf ++ + x241=0. 
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6.5. 


6.6. 


6.7. 


6.8. 


6.9. 
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The 1-sheeted hyperboloid 
— (xi/a?) + x ++ + x2, =1 (a» 0). 
What happens to the spherical image when a — oo? When a > 0? 


Show that the spherical image of an n-surface with orientation N is the 
reflection through the origin of the spherical image of the same n-surface with 
orientation — N. 


Let a = (aj, ..., a441) € R"*!, a 4 0. Show that the spherical image of an n- 
surface S is contained in the n-plane a, x, + °** + an+1Xn+1 = 0 if and only if 
for every p € S there is an open interval J about 0 such that p + ta e S for all 
t € I. [Hint: For the “only if” part, apply the corollary to Theorem 1, Chapter 
5, to the constant vector field X(q) = (q, a).] 


Show that if the spherical image of a connected n-surface S is a single point then 
S is part or all of an n-plane. [Hint: First show, by applying the corollary to 
Theorem 1, Chapter 5, to the constant vector fields W(q) = (q, w), where w L v, 
{v} = N(S), that if Bis an open ball which is contained in U and p € S ^ B then 
H ^ Bc S where H is the n-plane (x e R"*!: x - v = p* v}. Then show that if 
a: [a, b] ^ S is continuous and a(t) e B for t, < t € t; then a(t4) v = a(t.) * v 
by showing that if, e.g, a(tj) - v « a(t;) v then S contains the open set 
{x e B: a(tı) * v < x * v < a(t) * v], which is impossible (why?).] 


Let S = f ^! (c), where f: R^*! — R is a smooth function such that Vf (p) + 0 for 
all p e S. Suppose a: R > R"*! is a parametrized curve which is nowhere tan- 
gent to S (i.e., Vf (a(t)) + &(t) #0 for all t with a(t) € S; see Figure 6.6). 


Image « 


x (ty) 


Figure 6.6 The curve « must cross the compact n-surface S an even number of times. 
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(a) Show that at each pair of consecutive crossings of S by a, the direction of 
the orientation Vf/|Vf|| on S reverses relative to the direction of a [i.e., 
show that if a(t;)¢S and a(t;) e S, where t, « t;, and a(t) £ S for 
t, € t € tz, then Vf (a(t,)) + &(t,) > 0 if and only if Vf (a(t2)) * à(t2) < 0.] 

(b) Show that if S is compact and a goes to oo in both directions [i.e., 
lim,- o |a(t)]| = lim... ||a(t)]| = o0] then a crosses S an even number of 
times. 


6.10. Let S be a compact n-surface in R"*!. A point p e R"*! — S isoutside S if there 
exists a continuous map a:[0, oo) —^ R"*! — S such that a(0) — p and 
lim, |a(t)]| = oo. Let ©(S) denote the set of all points outside S. 


(a) Show that if f: [a, b] + R"*! — S is continuous and B(a) e O(S) then A(t) e 


€ (S) for all t e [a, b]. 
(b) Show that (S) is a connected open subset of R"* +. 


Geodesics 


Geodesics are curves in n-surfaces which play the same role as do straight 
lines in R". Before formulating a precise definition, we must introduce the 
process of differentiation of vector fields and functions defined along pa- 
rametrized curves. In order to allow the possibility that such vector fields and 
functions may take on different values at a point where a parametrized curve 
crosses itself, it is convenient to regard these fields and functions to be 
defined on the parameter interval rather than on the image of the curve. 

A vector field X along the parametrized curve a: I> R"*! is a function 
which assigns to each t € I a vector X(t) at a(t); i.e., X(t) € Ra! for all t e I. 
A function f along « is simply a function f: I > R. Thus, for example, the 
velocity & of the parametrized curve a: I > R"*! is a vector field along « 
(Figure 7.1); its length ||: I > R, defined by ||&|(t) = ||&(t)| for allt e I, isa 
function along a. ||| is called the speed of a. 


& (tp) 


à (ty) 


Figure 7.1 The velocity field along a parametrized curve a. Note that a(t;) = a(t2) 
does not imply that &(t,) = à(t;). 
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Vector fields and functions along parametrized curves frequently occur as 
restrictions. Thus if X is a vector field on U, where U is an open subset of 
R"*! containing Image «, then X » x is a vector field along o. Similarly f » a 
is a function along « whenever f: U + R, where U > Image a. 

Each vector field X along « is of the form 


| X(t) = («(t) X(t) <- Xi) — 
where each component X; is a function along a. X is smooth if each X;: I> R 


is smooth. The derivative of a smooth vector field X alonga a is the vector field 
X along « defined by 


X()- (xt a os Heri o} 


X(t) measures the rate of change of the vector part (X ,(t), ..., Xn+1(t)) of 
X(t) along a. Thus, for example, the acceleration & of a parametrized curve « 
is the vector field along a obtained by differentiating the velocity field & 
[& = (x)] (see Figure 7.2). 


à (tg) 


Figure 7.2. The acceleration &(to) is the derivative at to of the velocity vector field à. 


It is easy to check (Exercise 7.4) that differentiation of vector fields along 
parametrized curves has the following properties. For X and Y smooth 
vector fields along the parametrized curve a: I > R"*! and fa smooth func- 
tion along ax, i 


(i) (X - Y)- X- Y 
(ii) (fX) = f’X + fX ! 
(iii) (X- YY =X-Y+X-¥ 


where X + Y, fX, and X - Y are defined along a by 
(X + Y)(t) = X(t) + Y(t) 
(FX)(t) = f (t)X(t) 
(X - ¥)(t) = X(t) - Y(t) 
for all t e I. 
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A geodesic in an n-surface S c R"*! is a parametrized curve «: I >S 
whose acceleration is everywhere orthogonal to S; that is, &(t) € Sz; for all 
t € I. Thus a geodesic is a curve in S which always goes “straight ahead " in 
the surface. Its acceleration serves only to keep it in the surface. It has no 
component of acceleration tangent to the surface. 

Note that geodesics have constant speed, because à(t) € S,,, and 
&(t) € Szq for all t e I implies that 


4, late? = 5 (0) - à) = 25(0) - àv) = 0. 


ExAMPLE 1. If an n-surface S contains a straight line segment a(t) = p + tv 
(t € I) then that segment is a geodesic in S. Indeed, à(t) = 0 for all t € I so in 
particular &(t) L Sa for allt eI. — 


EXAMPLE 2. For each a, b, c, de R, the parametrized curve a(t) = 
(cos(at + b), sin(at + b), ct + d) is a geodesic in the cylinder x? + x2 = 1 in 
R?, because - 


à(t) = (a(t), — a? cos(at + b), — a? sin(at + b), 0) = x a?N(o(t)) 
for all t e R (see Figure 7.3). 


Image x X3 


(a) (b) 


Figure 7.3 Geodesics a(t) = (cos(at + b), sin(at + b), ct +d) in the cylinder 
xj + x4 = 1. (a) a = 0, (b) c = 0, (c) a + 0, c + 0. 


EXAMPLE 3. For each pair of orthogonal unit vectors {e,, e2} in R? and each 
a € R, the great circle (or point if a = 0) a(t) = (cos at)e, + (sin at)e, is a 
geodesic in the 2-sphere x? + x3+x3=1 in R?, because à(t)- (a(t), 
— a’a(t)) = +a*N(a(t)) for all t e R (see Figure 7.4). 


Intuitively, it seems clear that given any point p in an n-surface S and any 
initial velocity v at p (v € S,) there should be a geodesic in S passing through 


7 Geodesics | | 41 


Image a 


Figure 7.4 Great circles are geodesics in the 2-sphere. 


p with initial velocity v. After all, a racing car travelling on S, passing 
through p with velocity v, should be able to continue travelling "straight 
ahead” on S at constant speed ||v|, thereby tracing out a geodesic in S. The 
following theorem shows that this is the case, and that the geodesic with 
these properties is essentially unique. 


Theorem. Let S be an n-surfáce in R"* !, let p € S, and let v € S,. Then there 

exists an open interval I containing 0 and a geodesic a: I — S such that 

(i) «(0) = p and a(0) = v. 

(ii) If B: [+S is any other geodesic in S with B(0) = p and B(0) = v, then 
I c I and B(t) = a(t) for all t € T. 


‘Remark. The geodesic « is called the maximal jendeei in S passing dian 
p with initial velocity v. 


Proor. S = f~ +(c) for some c € R and some smooth function f: U ^ R (U 
open in R"* !) with Vf (p) # 0 for all p € S. Since Vf (p) # 0 for all p in some 
open set containing S, we may assume (by shrinking U if necessary) that 
Vf (p) # 0 for all p e U. Set N = Vf/|Vf ||. 

By definition, a parametrized curve a: I — S is a geodesic of S if and only 
if its acceleration is everywhere perpendicular to S; that is, if and only if &(t) 
is a multiple of N(a(t)) for all t € I: 


&(t) = g(t)N(a(¢)) 


for all t € I, where g: I > R. Taking the dot product of both sides of this 
equation with N(a(t)) we find 


g-àü:Noa-(x:Noay—à-N5?a 
- —&:N?a, | 


since & + N oa = 0. Thus a: I > S is a geodesic if and only if it satisfies the 
differential equation 


(6) à + (a° Nè a)(N o a) = 0. 
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This is a second order differential equation in a. (If we write a(t) = 


(x (t), ..., X,+3(t)), this vector differential equation becomes the system of 
second order differential equations 
dix, o" ON, dx; dx 
t+ N(x., X E nia X = 
dt? P ( 1 "e Ox, ( 1 sed) di dt 


where the N, (j e (1, ..., n + 1}) are the components of N.) By the existence 
theorem for the solutions of such equations,t there exists an open interval I, 
about 0 and a solution f,: I, — U of this differential equation satisfying the 
initial conditions f,(0) = p and P,(0) = v (that is, satisfying x;(0) = p; and 
(dx/dt(0) 2 v; for ie{1,...,n +1}, where p= (Pı,..-,Pn+1) and 
v = (p, vi, ..., 0,4 1)). Moreover, this solution is unique in the sense that if 
B2: I; > U is another solution of (G), with B,(0) = p and f;(0) = v, then 
B,(t) = B,(t) for all te I, ^ I. It follows that there exists a maximal open 
interval I (I is the union of the domains of all solutions to (G) which map 0 
into p and have initial velocity v) and a unique solution a: I > U of (G) 
satisfying «(0) = p and à(0) = v. Furthermore, if $: I > U is any solution of 
(G) with B(0) = p and B(0) = v then 7 c I and f is the restriction of a to I. 

To complete the proof, it remains only to show that the solution « to (G) 
is actually a curve in S. For, if so, it must be a geodesic since it satisfies the 
geodesic equation (G), and the rest of the theorem follows from the uni- 
queness statements above. 

To see that « is in fact a curve in S, note first that for every solution 
a: I > U of (G), à: N o æ = 0. Indeed, 


(à Noay-2à-Noacà:N5a-0 
by (G), so & + N o a is constant along a, and | 
(«> N»a)0)— v: N(p)=0 
since v e S, and N(p) L S,. It follows then that 


(f > a) (t) = Vf (a(t)) = |Vf(«(t))IN((t)) * a(t) = 0 
for all t € I so f o & is constant, and ix ) = f (p) = c so f(a(t)) = c for all 
t e I; that is, Image « c f7 !(c) — S. g 


It follows from the theorem just proved that each maximal geodesic on 
the unit 2-sphere in R? (Example 3) is either a great circle (parametrized by a 
constant speed parametrization) or is constant (a(t) — p for all t, some p) 
since such a curve can be found through each point p with any given initial 
velocity. Similarly, each maximal geodesic on the cylinder x? + x = 1 in R? 
(Example 2) is either a vertical line, a horizontal circle, a helix (spiral), or is 
constant. 


t See e.g. W. Hurewicz, Lectures on Ordinary Differential Equations, Cambridge, Mass.: MIT 
Press (1958), pp. 32-33. See also Exercise 9.15. 
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EXERCISES 


7.1. 


72. 


7.3. 


7.4. 


7.5. 


7.6. 


7.1. 


7.8. 


Find the velocity, the acceleration, and the speed of each of the following 
parametrized curves: 


(a) a(t) = (t, t?) 

(b) a(t) = (cos t, sin t) 

(c) a(t) = (cos 3t, sin 3t) . 

(d) a(t) = (cos t, sin t, t) A 
(e) a(t) — (cos t, sin t, 2 cos t, 2 sin t). 


Show that if à: I — R"*! is a parametrized curve with constant speed then 
&(t) L &(t) for all t e I. 


Let a: I > Rr ! be a parametrized. curve with &(t) # 0 for all t e I. Show that 
there exists a unit speed reparametrization £ of a; i.e., show that there exists an 
interval J and a smooth function h: J > I (onto) such that h' > 0 and such that 
B = a» h has unit speed. [Hint: Set h = s^! where s(t) = fi, ||a(t)| dt for some 
to € I ] 


Let X and Y be smooth vector fields along the parametrized curve a: I > R"*! 
and let f: I — R be a smooth function along a. Verify that 


(a) (X Y)-X 4 Y 
(b) (/X)- FX*-fX — 
(c) (X- YI 2 X- Y - X Y. 


Let S denote the cylinder x} + x3 = r?° of radius r > 0 in R°. Show that a is a 
geodesic of S if and only if « is of the form 


a(t) = (r cos(at + b), r sin(at + b), ct + d) 
for some a, b, c, d e R. 


Show that a parametrized curve a in the unit n-sphere x? +e +x [= lisa 
geodesic if and only if it is of the form 


a(t) = (cos at)e, + (sin at)e; 


for some orthogonal pair of unit vectors (e;, e2} in R"*! and some ac R. (For 
a + 0, these curves are “great circles" on the n-sphere.) 


Show that if a: I + S is a geodesic in an n-surface S and if B = x ° his a repar- 
ametrization of a(h: T — I) then f is a geodesic in S if and only if there exist 
a, b € R with a » 0 such that h(t) = at + b for all t € T. 


Let C be a plane curve in the upper half plane x. > 0 and let S be the surface of 
revolution obtained by rotating C about the x,-axis (see Example 5, Chapter 4). 

Let a: 1 > C, a(t) = (x (t), x2(t)), be a constant speed parametrized curve in C. 

For each 0 e R, define aj: I > S by | 


as(t) = (xi1(t), x2(t) cos 6, x2(t) sin 8) 
and, for each t e I, define f,: R — S by the same formula: 
B8) = (xi (t), x2(t) cos 6, x2(t) sin 0). 
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X) 


meridians parallels profile curve C 


Figure 7.5 Geodesics on a surface of revolution: all meridians are geodesics; a 
parallel is a geodesic if it cuts the “ profile curve" C at a point where the slope of C is 


7.9. 


7.10. 


7.12. 


Zero. 


The curves a, are called meridians of S, and the circles fj, are parallels of S (see 
Figure 7.5). 


(a) Show that meridians and parallels always meet orthogonally; i.e., 
&(t) : B,(0) = 0 for all te I, 6c R. 

(b) Show that each meridian a is a geodesic of S. [Hint: Note that (a,(t), B,(8)} 
spans $, , where p = a,(t). Hence it suffices to check that à,(t) is perpendicu- 
lar to both à&(t) and ,(8).] 

(c) Show that a parallel fj, is a geodesic of S if and only if the slope x;(t)/xi(t) 
of the tangent line to C at a(t) is zero. 


Let S be an n-surface in R"*!, let v e Sp, p € S, and let a: I + S be the maximal 
geodesic in S with initial velocity v. Show that the maximal geodesic f in S with 
initial velocity cv (c € R) is given by the formula A(t) = a(ct). 


Let S be an n-surface in R^*!, let p e S, let ve Sp, and let a: I > S be the 
maximal geodesic in S passing through p with velocity v. Show that if 8: [> S 
is any geodesic in S with B(to) = p and B(to) = v for some to € I then A(t) = 
a(t — to) for all t e T. 


. Let S be an n-surface in R"*! and let f: I — S be a geodesic in S with B(to) = 


B(O) and B(to) = B(0) for some to € I, to # 0. Show that f is periodic by show- 
ing that B(t + to) = A(t) for all t such that both t and t + to € I. [Hint: Use 
Exercise 7.10.] 


An n-surface S in R"*! is said to be geodesically complete if every maximal 
geodesic in S has domain R. Which of the following n-surfaces are geodesically 
complete ? 


(a) The n-sphere x7 +: + x2,1- 1. 

(b) The n-sphere with the north pole deleted: x? + +: + x21 = 1, X41 #1. 
(c) The cone x? + x — x3 = 0, x > 0 in R°. 

(d) The cylinder x? + x3 = 1 in R?. 

(e) The cylinder in R? with a straight line deleted: x1 + x3 = 1, x; #1. 
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Parallel Transport 


A vector field X along a parametrized curve «: I — S in an n-surface S is 
tangent to S along « if X(t) € Say for all t € I. The derivative X of such a 
vector field is, however, generally not tangent to S. We can, nevertheless, 
obtain a vector field tangent to S by projecting X(t) orthogonally onto Ss) 
for each te I (see Figure 8.1). This process of differentiating and then 


X() 


N(a(t)) 


Sy (0 . 


Figure 81 The covariant derivative X'(t) is the orthogonal projection onto the 
tangent space of the ordinary derivative X(t). 


projecting onto the tangent space to S defines an operation with the same 
properties as differentiation, except that now differentiation of vector fields 
tangent to.S yields vector fields tangent to S. This operation is called covar- 
iant differentiation. 

Let S be an n-surface in. gti, let æ: I > S be a parametrized cutve in S, 
and let X be a smooth vector field tangent to S along a. The covariant 
derivative of X is the vector field X' tangent to S along « defined by 


X'(t) = X(t) - X(t) © NEON) 
E Md - 
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where N is an orientation on S. Note that X'(r) is independent of the choice 
of N since replacing N by —N has no effect on the above formula. 

It is easy to check that covariant differentiation has the following proper- 
ties: for X and Y smooth vector fields tangent to $ along a parameterized 
curve «: I — S and f a smooth function along a, 


(i) (X-Yy2X +Y 
(ii) ((/Xy 2f'X -fX 
(iii) (X-Yy- X Y e X- Y. 


These properties follow immediately from the corresponding properties of 
ordinary differentiation. For example, the following computation verifies 
(iii): 
(X-Y)=X-Y+xX-Y 
=[X +(X- Nsa)Noeoa]- ¥+X:[Y'+(Y°Noa)Nog] 
=X’-Y+X-Y’, 


since N is perpendicular to S and X and Y are tangent to S. 

Intuitively, the covariant derivative X’ measures the rate of change of X 
along a as seen from the surface S (by ignoring the component of X normal 
to S). Note that a parametrized curve a: I — S is a geodesic in S if and only if 
its covariant acceleration (x) is zero along a. 

The covariant derivative leads naturally to a concept of parallelism on an 
n-surface. In R"* !, vectors v = (p, v) € R^*! and w = (q, w) € Rz*! are said 
to be Euclidean parallel if v = w (see Figure 8.2(a)). A vector field X along a 


n 


(a) (b) 


Figure 8.2 Euclidean parallelism in R?: (a) parallel vectors; (b) a parallel vector 
field. 


parametrized curve a: I > R"*! is Euclidean parallel if X(t,) = X(t;)for all 
ti, t; € I, where X(t) = (a(t), X(t)) for t e I (see Figure 82(b)). Thus X is 
Euclidean parallel along « if and only if X — 0. 

Given an n-surface S in R"*! and a parametrized curve «a: I —> S, a- 
smooth vector field X tangent to S along « is said to be Levi-Civita parallel, 
or simply parallel, if X' = 0. Intuitively, X is parallel along « if X is a constant 
vector field along a, as seen from S. 


LI 
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Note that Levi-Civita parallelism has the following properties: 


(i) If X is parallel along a, then X has constant length, since 


d 


d 2 
HP = He 


X: X)=2X'-X=0. 
(ii) If X and Y are two parallel vector fields along o, then X - Y is constant 
along a, since 


(X-Y)=X’-Y+X- Y’=0. 


(ii) If X and Y are parallel along a, then the angle cos +(X - Y/|X|| |Y]) 
between X and Y is constant along a, since X - Y, |X||, and || Y| are each 
constant along a. 

(iv) If X and Y are parallel along « then so are X + Y and cX, for all c € R. 

(v) The velocity vector field along a parametrized curve « in S is parallel if 
and only if « is a geodesic. 


Theorem 1. Let S be an n-surface in R"* !, leta: I > S bea parametrized curve 
in S, let to € I, and let v € Saag. Then there exists a unique vector field V, 
tangent to S along a, which is parallel and has V(to) = v. 


Proor. We require a vector field V tangent to S along « satisfying V' = 0. 
But 


V 2V—(V:Noa)N»a 
-V-[(V-Neay-V-Nóa]N»« 
=V+(V°Néa)Noa 

so V'20if zd only if V satisfies the differential equation 
(P) V -F(V:N?a)N»a-0. 


This is a first order differential equation in V. (If we write V(t) = (a(t), 
V,(t), ..., Vas1(t)), this vector differential equation becomes the system of 
first order differential equations 


an Xw > a)(N » ay V, 


where the N; (j € (1, ..., n + 1}) are the components of N.) By the existence 
and uniqueness theorem for solutions of first order differential equations, 
there exists a unique vector field V along « satisfying equation (P) together 
with the initial condition V(tg) 2 v (that is, satisfying V,(to) — v; for 
ie(1,...,n-- 1, where v= (a(to),v1,...,0,41)). The existence and 
uniqueness theorem does not guarantee, however, that V is tangent to S 
along a. 
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To see that V is indeed tangent to S, simply note that, by (P), 
(V- Noa’ =V-NoatV-Nea 

[-(V-Noa)Noa]:-NoatV-Noa 

=-V-Noa+V°-Noa=9, 


so V * N e ais constant along « and, since (V * N » a)(to) = v * N(a(to)) = 0, 
this constant must be zero. Finally, this vector field V, tangent to S along a, 
is parallel because it satisfies equation (P). Oo 


Remark. We have implicitly assumed in the above proof that the solution 
V of (P) satisfying V(t)) = v is defined on the whole interval J and not just on 
some smaller interval containing t, . That this is indeed the case can be seen 
from the following argument. Suppose 7 c I is the maximal interval on 
which there exists a solution V of (P) satisfying V(to) = v. If 7 + I, there 
exists an endpoint b of 7 with b € I. Let {t} be a sequence in I with 
lim;.... t; = b. Since | V|| is constant on 7, | V(tj)| = |v|| for all i, so the 
sequence (V(t;)) of vector parts of (V(t;)) takes values in a compact set, the 
sphere of radius |v|| about the origin in R"*'. It follows that (V(t;)) must 
have a convergent subsequence {V(t;,)}. Let w = lim, V(t;,), and let W be 
a solution of (P), on some interval J containing b, with W(b) = (a(b), w). 
Then W — V is also a solution of (P), on T ^ J, and in particular |W — V || is 
constant on I ^ J. But 


lim W(t) — V) = lw - wl = 


so |W — V|| 20 on J oT; that is, W = V on J ^ T. Hence the vector field 
on I u I which is equal to V on J and to W on J extends V to a solution of 
(P) on an interval larger than 7, contradicting the maximality of J. Hence 
I = I, as claimed. 


Corollary. Let S be a 2-surface in R? and let a: I — S be a geodesic in S with 
à #0. Then a vector field X tangent to S along « is parallel along « if and 
only if both | X|| and the angle between X and à are constant along a (see 
Figure 8.3). 


Figure 8.3 Levi-Civita parallel vector fields along geodesics in the 2-sphere. 
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Proor. The “only if” statement is immediate from properties (i) and (iii) 
above. So suppose both |[X|| and the angle 0 between X and « are constant 
along a, Let tọ € I and let v € S$,,,, bea unit vector orthogonal to à(to). Let V 
be the unique parallel vector field along a such that V (tọ) = v. Then ||V|| = 1 
and V - & = 0 along a so {a(t), V(t} is an orthogonal basis for S., for each 
t € I. In particular, there exist smooth functions f, g: I— R such that 
X = fà + gV. Since 


cos 6 = X - á/|X|| l| —flal/IXI 
and 
IXI? —f* la]? + 9°, 
the constancy of 6, |X|, and ||«|| along « implies that f and g are constant 


along «. Hence X is parallel along a, by property (iv) above. m 


Parallelism can be used to transport tangent vectors from one point of an 
n-surface to another. Given two points p and q in an n-surface S, a par- 
ametrized curve in S from p to q is a smooth map a: [a, b] + S, from a closed 
interval [a, b] into S, with a(a) = p and a(b) = q. By smoothness of a map « 
defined on a closed interval we mean that a is the restriction to [a, b] of a 
smooth map from some open interval containing [a, b] into S. Each par- 
ametrized curve a: [a, b] + S from p to q determines a map P,: S, S, by 


| Pv) = V(b) 
where, for v € S,, V is the unique parallel vector field along a with V(a) = v. 
P,(v) is called the parallel transport (or parallel translate) of v along a to q. 


ExAMPLE. For 6 € R, let a,: [0, 21] S? be the parametrized curve in 
» unit 2-sphere S?, from the north pole p = (0, 0, 1) to the south pole 
= (0, 0, — 1), defined by 


a(t) = = (cos 6 sin t, sin @ sin t, cos t). 


Thus, for each 0, x is half of a great circle on S? (see Figure 8.4). Let 
v = (p, 1, 0, 0) e S2. Since a, is a geodesic in S?, a vector field tangent to S? 
along a, will be parallel if and only if it has constant length and keeps 
constant angle with «,. The one with initial value v is 


Volt) = (cos 6)(t) — (sin €)N(as(t)) x A(t), 
where N is the outward orientation on S?. Hence | 
Pv) = Vo(n) 
= (cos 0)(g, —cos 0, —sin 0, 0) — (sin 0)(q, —sin 0, cos 0, 0) 
= — (q, cos 26, sin 20, 0). 
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Image a9 
Image ay 4 


Image a, /5 


Pa, (v) 


Paya (v) 


Figure 8.4 Parallel transport along geodesics in the 2-sphere. 


Note that parallel transport from p to q is path dependent; that is, if « and 
B are two parametrized curves in S from p to q and v € S,, then, in general, 
P,(v) # P,(v). 

Tangent vectors v € S,, p € S, may also be transported along piecewise 
smooth curves in S. A piecewise smooth parametrized curve « in S is a contin- 
uous map a: [a, b] — S such that the restriction of « to [t;, t;, ,] is smooth 
for each i e (0, 1, ..., k}, where a = to < t «€ < tk+1 = b (see Figure 8.5). 


Figure 8.5 A piecewise smooth curve « in a 2-surface. 


The parallel transport of v € S, along a to a(b) is obtained by transporting v 
along « to a(t,) to get v, € Saq, then transporting v, along a to a(t;) to get 
V2 € Saqa» and so on, finally obtaining P,(v) by transporting v, € S,,,, along 
a to a(b). | 


Theorem 2. Let S be an n-surface in R"* +, let p, q € S, and let a be a piecewise 
smooth parametrized curve from p to q. Then parallel transport P,: S, S, 
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along « is a vector space isomorphism which preserves dot products; that is, 


(i) P, is a linear map 
(ii) P, is one to one and onto 
(iii) P,(v) © P.(w) = v + w for all v, we S,. 


Proor. Property (i) is an immediate consequence of the fact that if Vand W 
are parallel vector fields along a parametrized curve in S, then so are V + W 
and cV, for all c € R. Similarly, property (iii) follows from the fact that if V 
and W are parallel then V - W is constant. Finally, the kernel (null space) of 
P, is zero because ||P,(v)|| = 0 implies |v|| = 0, by (iii), so P, is a one to one 
linear map from one n-dimensional vector space to another. But all such 
maps are onto. : L1 


EXERCISES . 


8.1. Let S be an n-surface in R"* !, let a: I + S be a parametrized curve, and let X and 
Y be vector fields tangent to S along a. Verify that 


(a) (X + YY = X' + Y', and 
(b) (fX) =f'X + fX, 


for all smooth functions f along «.. 


82. Let S be an n-plane a4x1 ^  a,41X,4*1 = b in R"*!, let p, qe S, and let 
v = (p, v) e Sp. Show that if. is any parametrized curve in S from p to q then 
P,(v) = (4, v Conclude tiat, in an n-plane, parallel transport is path 
independent. 


83. Let a: [0, n] S? be the half great circle in S?, running from the north pole 
p = (0, 0, 1) to the south pole q = (0, 0, — 1), defined by a(t) = (sin t, 0, cos t). 
Show that, for v = (p, vi, v2, 0) € S2, P,(v) = (q, — 01, v2, 0). [Hint: Check this 
first when v = (p, 1, 0,0) and when v = (p, 0, 1, 0); then use the linearity of P, .] 


84. Let p bea point in the 2-sphere $? and let v and we S2. be such that ivi = |w]. 
Show that there is a piecewise smooth parametrized curve a: [a, b] > S?, with 
a(a) = a(b) = p, such that P,(v) = w. [Hint: Consider closed curves a, with 
&(a) = v, which form geodesic triangles with ale) L p for t in the “middle 
segment” of [a, b].] 


8.5. Let a: I > R"*! be a parametrized curve with a(t) € S, ^ S; for allt e I, where 
S, and S, are two n-sutfaces in R"* +. Suppose X is a vector field along « which is 
tangent both to S, and to S, along a. 


(a) Show by example that X may be parallel along «a viewed as a curve in S, but 
not parallel along a viewed as a curve in S3. | 

(b) Show that if S, is tangent to S; along a (that is, (S1), = (S2)aq for all t € I) 
then X is parallel along « in S, if and only if X is parallel along « in S3. 

(c) Show that, if S; and S; are n-surfaces which are tangent along a par- 
ametrized curve a: I > S, ^ S;,thena is a geodesic in S, if and only ifa isa 
geodesic in S;. 
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8.6. 


8.7. 


8.8. 
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Let S be an n-surface and let a: I > S be a parametrized curve in S. Let $: 15 S 
be defined by B = a » h where h: 1 > I is a smooth function with h'(t) # 0 for all 
t € I. Show that a vector field X tangent to S along « is parallel if and only if 
X oh is parallel along ff. Conclude that parallel transport from p e $toqeS 
along a parametrized curve « in S is the same as parallel transport from p to q 
along any reparametrization of a, and that parallel transport from q to p along 
a o h, where h(t) = —t, is the inverse of parallel transport from p to q along a. 


Let S be an n-surface in R"*!, let p e S, and let G, denote the group of non- 
singular linear transformations from S, to itself. Let 


H, = (T € G,: T= P, for some piecewise smooth a: [a, b] > S with 
a(a) = a(b) = pj. 
Show that H, is a subgroup of G, by showing that 


(i) for each pair of piecewise smooth curves « and f in S from p to p there is a 
piecewise smooth curve y from p to p such that 


P, = P, » P,, and 
(ii) for each « in S from p to p there is a £ in S from p to p such that P; = P; '. 
(The subgroup H, is called the holonomy group of S at p.) 


Let a: I > S bea unit speed curve in an n-surface S, and let X be a smooth vector 
field, tangent to S along a, which is everywhere orthogonal to a (X(t)) : &(t) = 0 
for all t e I). Define the Fermi derivative X’ of X by 


X’(t) = X'(r) — [X'(t) - a(r)](t). 


(a) Show that if X and Y are smooth vector fields along « which are tangent to S 
and orthogonal to « then 


ü)(X4-Yy2X +Y 
(ii) (f£ Xy 2 f'X +fX for all smooth functions f along «, and 
(iii) (X-Yy2X'-Y- X-Y.. 


(b) Show that if a € I and v € S, is orthogonal to à(a) then there exists a 
unique vector field V along a, tangent to S and orthogonal to a, such that 
V’ = 0 and V(a) = v. (V is said to be Fermi parallel along a.) 

(c) For a: [a, b] > S a parametrized curve in S and v € Sq), with v 1 à(0), let 
F,(v) = V(b) where V is as in part b). Show that F, is a vector space isomor- 
phism from à(a)* onto (b)+, where a(t)* is the orthogonal complement of 
&(t) in S44. Also show that F, preserves dot products. (F,(v) is the Fermi 
transport of v along a to a(b).) 


The Weingarten Map 


We shall now consider the local behavior of curvature on an n-surface. The 
way in which an n-surface curves around in R"* ! is measured by the way the 
normal direction changes as we move from point to point on the surface. In 
order to measure the rate of change of the normal direction, we need to be 
able to differentiate vector fields on n-surfaces. . — 

Recall that, given a smooth function f defined on an open set U in R"*! 
and a vector v e R5* !, p e U, the derivative of f with respect to v is the real 
number 


NV f 9 (f » a) (to) 


where a: I > U is any parametrized curve in U with à(t5) = v. Note that, 
although the curve « appears in the formula defining V, f, the value of the 
derivative does not depend on the choice of «. Indeed, by the chain rule, 


V, f= (f ° ay (to) = Vf (a(to)) * (to) = Vf (p) * v. 


This formula, expressing V, f in terms of the gradient of f, shows that the 
value of V, f is independent of the choice of curve « passing through p with 
velocity v. It is frequently the most useful formula to use in computations. 
This formula also shows that the function which sends v into V, f is a linear 
map from R5*! to R; that is, 


Ve £7 V, f Vf | 
-and 

| V. f 2 cV, f 

for all v, we R^*'! and ce R. 
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Note that V, f depends on the magnitude of v as well as on the direction 
ofv. The formula V}, f= 2V, f, for example, expresses the fact that if we move 
twice as fast through p, the observed rate of change of f will double. 

When ||v|| = 1, the derivative V, f is called the directional derivative of f at 
p in the direction v. 

Given an n-surface S in R"*! and a smooth function f: S > R, its deriva- 
tive with respect to a vector v tangent to S is defined similarly, by 


V, f= (f ° a) (to) 


where a: I > S is any parametrized curve in S with a(t 9) = v. Note that the 
value of V, f is independent of the curve « in S passing through p with 
velocity v, since 


V, f= (Fo a) (to) = Vf (a(to)) * &(to) = VF (p) + v 


where f: U > R is any smooth function, defined on an open set U containing 
S, whose restriction to S is f. It also follows from this last formula that the 
function which sends v into V, f is a linear map from S, to R. 

The derivative of a smooth vector field X on an open set U in R"*! with 
respect to a vector v e R5 !, pe U, is defined by 


VX = (X 5 a)(to) 


where a: I > U is any parametrized curve in U such that à(t;) = v. For Xa 
smooth vector field on an n-surface S in R"*! and v a vector tangent to S at 
p € S, the derivative V,X is defined by the same formula, where now a is 
required to be a parametrized curve in $ with a(t.) = v. Note that, in both 
situations, V,X € R5*! and that 


V.X = (a(to), (X4 » a) (to), ..., (Xn+1 ° a) (to)) 
= (p, V, Xi» tery Vv Xn+1) 


where the. X; are the components of X. In particular, the value of V,X does 
not depend on the choice of a. 

It is easy to check (Exercise 9.4) that differentiation of vector fields has the 
following properties: 


(i) V(X + Y) 2 V,X 4 V,Y 
(ii) V(£X) = (V, f)X(p) + f(P(V,X) 
(ii) V(X - Y) = (V,X) - Y(p) + X(p) + (VY) 


for all smooth vector fields X and Y on U (or on S) and all smooth functions 
f: U >R (or f: S ^ R). Here, the sum X + Y of two vector fields X and Y is 
the vector field defined by (X + Y)(q) = X(q) + Y(a), the product of a func- 
tion f and a vector field X is the vector field defined by (f X)(q) = f.(q)X(q), 
and the dot product of vector fields X and Y is the function defined by 
(X - Y)(q) = X(a) : Y(a), for all q € U (or for all q € S). Moreover, for each 
smooth vector field X, the function which sends v into V,X is a linear map, 
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from R^*! into R^* ! if X is a vector field on an open set U, and from S, into 
Rr! if X is a vector field on an n-surface S. 

"Note that the derivative V,X of a tangent vector field X on an n-surface S 
with respect to a vector v tangent to S at p e S will not in general be tangent 
to S. In later chapters we will find it useful to consider the tangential com- 
ponent D,X of V,X: 


D,X = V,X — (V,X : N(p))N(p), 


where N is an orientation on S. D,X is called the covariant derivative of the 
tangent vector field X with respect to ve S,. Note that D,X = (X © a)'(to) 
where a: I >S is any parametrized curve in S with (to) = = v. Covariant 
differentiation has the same properties ((i)- (iii) above, with V replaced by D) 
as ordinary differentiation (see Exercise 9.5). Moreover, for each smooth 
tangent vector field i on S, the function which sends v into D,X is a linear 
map from S, into S,. 


We are now ready to study the rate of change of the normal direction N 
on an oriented n-surface S in R"*!. Note that, for p e S and ve S,, the 
derivative V,N is tangent to S (ie. V,N L N(p)) since 


0 = V,(1) = V(N : N) = (VN) : N(p) + N(p) : (VIN) 
= 2(V,N) : N(p). 
The linear map L,: S, > S, defined by. 
L,(v) = VN 


is called the Weingarten map of S at p. The geometric meaning of L, can be 
seen from the formula 


VN = -(N 2 a)(to) 


where a: I — S is any parametrized curve in S with à(to) = v: L,(v) measures 
(up to sign) the rate of change of N (i.e, the turning of N since N has 
constant length) as one passes through p along any such curve a. Since the 
tangent space $,,, to S at a(t) is just [N(a(t))]*, the tangent space turns as the 
normal N turns and so L,(v) can be interpreted as a measure of the turning 
of the tangent space as one passes through p along « (see Figure 9.1). ps 
L, contains information about the shape or S; for this reason L, 
sometimes called the shape operator of S at p. 

For computational purposes, it is important to note that L,() can be 
obtained from the formula | 


L,(v) = -VN = —(p, V, N,, ..., Ve Nps 1) 
| — (p. VN (p): ME o VR, (p): v) 


where N is any smooth vector field defined on an open set U containing S 
with N(q) = N(q) for all q e S. Note that N(q) need not be a unit vector for 
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Figure 9.1 The Weingarten map. L,(v) = —(N © «)(to) measures the turning of the 
normal, hence the turning of the tangent space, as one passes through p along the - 
curve a. 


a S. When f: U > R is such that S 2f ^ !(c) for some c e R and N(q) = 

(ay/|Vf(q)|| for all q € S, it is natural to take Ñ = V//|Vf ||. Sometimes, 
AM another choice of N is more convenient, as the following example 
shows. 


EXAMPLE. Let S be the n-sphere x? +-:-+x2,,=r7 of radius r>0, 
oriented by the inward unit normal vector field N: 


N(a) = (a. —4/llal|) = (a, —4/r) 
for q € S. Setting N(q) = (q, —q/r) for qe R"*! (i.e. 


Pe X1 Xn 1 
N(x;, "n Xn+1) = (s. nmm Xp 1» uo. 9 77 ], 


we have, for p e S and ve $,, 
L,(v) = -VN = — (p, V. Ni Vg ,V N41) 


But, for each i e (1, ..., n + 1}, 
V, x; = Vx(p): v = (p, 0, ...,1,...,0)* (p vi, ..., Un+1) = ti 


SO 
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Thus the Weingarten map of the n-sphere of radius r is simply multiplication 
by 1/r. Note however the dependence on the choice of orientation: if S is 
oriented by the outward normal — N, the Weingarten map will be multipli- 
cation by — 1/r. 


The following two theorems exhibit important properties of the Weingar- | 
ten map. i 


Theorem 1. Let S be an n-surface in R"* !, oriented by the unit normal vector 

field N. Let p € S and v € S,. Then for every parametrized curve a: I > S, with 
- &(tg) = v for some ty E I, | | 
(ta) © N(p) = L,(v) * v. 

This theorem says that the normal component (to) + N(p) of acceleration 
is the same for all parametrized curves « in S passing through p with velocity 
v. In particular, if the normal component of acceleration is non-zero for 
some curve « with &(toọ) = v then it is non-zero for all curves in S passing 
through p with the same velocity (see Figure 9.2). This component of acceler- 


Image a Image 8 Image y 


-————— KF | SS 


v 


Figure 9.2 All parametrized curves in S passing through p with the same velocity 
will necessarily have the same normal component of acceleration at p. In the figure, 
&(t1) = B(t2) = &(t3) = v; B is a geodesic. 


ation is forced on every such curve in S by the shape of S at p and, according 
to the above formula, it can be computed directly from the value of the 
Weingarten map L, on v. | | | 

Note that when « is a geodesic, its only component of acceleration is 
normal to the surface, and this acceleration is forced on a by the shape of the 
surface. 

For $ the n-sphere of radius r, the computation in the example above 
shows that every unit speed curve « in S has normal component of accelera- 
tion pointing inward with magnitude 1/r. 
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PROOF OF THEOREM 1. Since « is a parametrized curve in S, à(t) e Sam) = 
[N(a(t))]- for all t e I; ie. & - (N oa) = 0 along a. Hence 


0 = [& - (N °- a)]' (to) 
= &(to) * (N © a)(to) + &(to) * (N è a)(to) 
= ğ(to) - N(a(to)) + v V,.N 
= &(to) * N(p) — v * L,(v) 
so &(to) © N(p) = L,(v) : v as claimed. o 


Theorem 2. The Weingarten map L, is self-adjoint; that is, 


L(y): w =v: L,(w) 
for all v, we S,. 


Proor. Let f: U >R nz i in R"*') be such that S — f ^! (c) for some 


c € R and such that N(p) (p)/||Vf (p)| for all p e S. Then 
Vf 
"modo ete “(isn 


E. [ii 9 m uM 


v [ssi orm : mE I vf [V(V£)]  w 


Since Vf (p) - w = 0, the first term drops out. Thus 


Lj) “w= — ggg [1 w 
=~ parol” V Jo v — UL 
zu DIC] Ç > E 2) TE e) m: 
p ocn ou 


EL 21 x ax, Pre 


where v = (p, U4, ...,U V,+1) and w= (p, Wis ss., Wat): 
The same computation, with v and w interchanged, shows that 
1 n+1 âf 


L,(w) Dos 7 ivf (p)| =F óx, ax, (p)wiv;. 
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Since ô?f/ôx; ôx; = 0^fJOx; Ox; for all (i, j), we can finally conclude that 


1 nti Qf 
Lv) > w= — p 
Pv) Ol., 8x, dx PMY 
1 nt+1 of. 
-ON a fea Ox; Ox; 
1 nti a7f 
p)w;v O 
- WO., ode wi; m L,(w yey 
EXERCISES 
9.1. Compute V, f where f: R*! Rand ve R?* ', p E R"+1, are given by 
(a) f (x1, x2) = 2x1 + 3x4, v = (1, 0, 2,1) — (n= 1) 
(b) f(x, x2) = x? — x3, v=(1, 1, cos 0, sin 6) |» (n=1) 
(c) f(x» x2, X3) = X1 x2 x3, v = (1, 1, 1, a, b, c) (n = 2) 
(d) f(4)= a * à, v= (p, v) (arbitrary n). 
92. Let U bean pes set in R"*' and let f: U — R bea smooth function. Show that 
if e; = (p, 0,. ., 0) where p € U and the t is in the (i + 1)th spot (i spots 
after the p) us Y. rs (0f/0x,)(p)- 
93. Compute V,X where v e R5*!, p e R"*!, and X are e given by 
(a) X(x1, x2) = (x1, x2, X1 X2, x2), v = (1, 0, 0, 1) (n = 1) 
(b) X(x,, x2) = (x1, x2, —X2, 2 v = (cos 0, sin 0, —sin 0, cos 0) (n= 1) 
(c) X(a) = (q, 24). v = (0, .. Lol (arbitrary n). 


9.4. 


9.5. 


9.6. 


9.7. 


Verify that differentiation of vector fields has the properties (i)- (iii) as stated on 
page 54. 


Show that covariant differentiation of vector fields has the following proper- 
ties: for pe S and ve S,, 


(i) D(X + Y) = D,X + D,Y . | 
(ii) D,(£X) = (V, f)X(p) + f(p)D,X | 
(iii) V(X - Y) = (DX) - Y(p) + X(p) - (D,Y) 


for all smooth tangent vector fields X and Y on S and all smooth functions 
f:S >R. 


Suppose X is a smooth unit vector field on an n-surface S in R"*!; ie. 
IX(q)| = 1 for all q € S. Show that V,X L X(p) for all ve S,, p e S. Show 
further that, if X is a unit tangent vector field on S, then D,X L X(p) 


A smooth tangent vector field X on an n-surface S is said to be a geodesic vector 

field, or geodesic flow, if all integral curves of X are geodesics of S. 

(a) Show that a smooth tangent vector field X on S is a geodesic field if and 
only if DX = 0 for all pe S. 

(b) Describe a geodesic flow on a 2-surface of revolution in R?. 
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9.8. 


9.9. 


9.10. 


9.11. 


9.12. 


9.13. 


9 The Weingarten Map 


Compute the Weingarten map for 


(a) the hyperplane a; x, t: + an+1Xn+1 =b [(a5 ..., 541) # (0, .... 0)] 
(b) the circular cylinder x2 + x$ = a? in R? (a 7: 0) 


(Choose your own orientations). 


Show that if S is an n-surface and N is a unit normal vector field on S, then the 
Weingarten map of S oriented by —N is the negative of the Weingarten 
map of S oriented by N. 


Let V be a finite dimensional vector space with inner product or product). 
Let L: V > V be a linear map. 

(a) Show that there exists a unique linear map [*: V-+V such that 
L*(v) © w = v + L(w) for all v, w e V. [Hint: Choose an orthonormal basis 
{e1, ..., e) for Vand compute I*(e;) for each i]. (I* is the adjoint of L.) 

(b) Show that the matrix for I* relative to an orthonormal basis for V is the 
transpose of the matrix for L relative to that basis. Conclude that L is 
self-adjoint (L* = L) if and only if the matrix for L relative to any orthonor- 
mal basis for V is symmetric. 


Let S = f !(c) be an n-surface in R"* !, oriented by Vf/|Vf |. Suppose p e S is 
such that Vf (p)/||Vf (p)| = e,+1, where e; = (p, 0, ..., 1, ..., 0) with the 1 in the 
(i + 1)th spot (i spots after the p) for i e (1, ..., n + 1}. Show that the matrix for 
L, with respect to the basis (e, e;, ..., e,} for S, is 


1 ^f 
(- KOCE w) 


Let S be an n-surface in R"*!, oriented by the unit normal vector field N. 
Suppose X and Y are smooth tangent vector fields on S. 


(a) Show that 


(Vx) Y) * N(p) = (VX) - N(p) 
for all p e S. [Hint: Show that both sides are equal to L,(X(p)) * Y(p).] 
(b) Conclude that the vector field [X, Y] defined on S by [X, Y](p) 


= Vx, Y — VypX is everywhere tangent to S. ([X, Y] is called the Lie 
bracket of the vector fields X and Y.) 


The derivative at p e U (U open in R"*!) of a smooth map F: U > R"*' is the 
linear transformation F'(p): R"* ! — R"*! such that for every e > 0 there exists 
a ô > 0 guaranteeing that 


|F(p + v) — F(p) — F(pYv)|/|v| <€ whenever [v|| < ô. 


Show that if X: U — R"*! is smooth and X is the vector field on U given by 
X(q) = (q, X(q)) for all q € U then the derivative of X with respect to a vector 
v = (p, v) e R"* t, where p e U, can be computed from the formula 


X = (p, [X (P) (v) 
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9.14. Show that the. Weingarten map at a point p of an n-surface S in R"*! is 
essentially equal to the negative of the derivative at p of the Gauss map of S by 


showing that 
L,(p, v) = (p, —[N'(p))»)) 


for (p, v) € Sp, where Ñ: U > R"*! is any smooth function, defined on an open 
set U containing S, whose restriction: to S is the Gauss map N of S. [For the 
definition of the derivative, see Exercise 9.13.] 


9.15. Let f: U9 R,S=f- 1(c), and N = Vf/||Vf | be as in the proof of the theorem of 
Chapter 7. Let X be the vector field on U x R"*! defined by 


X(w) = X(q, w) = (q, w, w, — (W - VeN)N(q)) 


where N(q) is the vector part of N(q) (N(q) = (q, N(q)). For each parametrized 
curve a: I — U, define the natural lift & of a to be the parametrized curve 
&: I— U x R"*! given by &(t) = à(t). 


(a) Suppose a: I > S. Show that « is a geodesic of S if and only if its natural lift 
& is an integral curve of X. [Hint: Show that &(t) = X(&(t)) for all t € I if and 
only if a satisfies the geodesic equation (G).] Conclude that if a: 7 — S and 
B: T — S are geodesics in S with a(0) = B(0) and à(0) = (0) then a(t) = B(r) 
forallteInf. 

(b) Given v = (p, v) e U x R"*!, let 8: 1— U x R"*! be the integral curve of 
X through v. Then £(t) is of the form A(t)  (Bi(t), B2(t)) where By: I > U 
and f;: 1 + R"*'. Show that if p e S and v e S, then f, is a geodesic of S 
passing through p with initial velocity v. [Hint: First check that f, satisfies 
the geodesic equation (G), then proceed as in the proof of the theorem of 
Chapter 7 to verify that f, actually maps J into S.] 


Remark. Exercise 9.15 verifies the existence and uniqueness of a maximal geodesic 
a in S with initial conditions a(0) = p and à(0) — v using only the existence and 
uniqueness theorem for integral curves of vector fields. The introduction of the 
natural lift & of a curve a is the geometric analogue of the substitution u; = dx,/dt 
which reduces the 2nd order differential system 


d EOM ON, dx j 4X aX dx; 
apt ht a ah 
(in n+ 1 variables x) to the first order differential system 
NM 
dt C 
du, ON j 


3 T l 
(in 2n + 2 variables x; and u;). This first order system of differential equations is just 
the differential equation for the integral curves of X in U x R^"*! c Rr The 
vector field X is called a geodesic spray. 


Curvature of Plane Curves 


Let C =f ^ (c), where f: U > R, be a plane curve in the open set U c R?, 
oriented by N = V//||Vf ||. Then, for each p € C, the Weingarten map L, isa 
linear transformation on the 1-dimensional space C,. Since every linear 
transformation from a 1-dimensional space to itself is multiplication by a 
real number, there exists, for each p e C, a real number x(p) such that 


L,(v) = k(p)v for all v e C,. 


K(p) is called the curvature of C at p. 
If v is any non-zero vector tangent to the plane curve C at p e C then 


Ly(v): v = (p)||v||? 
so the curvature of C at p is given by the formula 

k(p) = L,(v) < v/||v||’. 
In particular, if «: I — C is any parametrized curve in C with à(t) + 0 for all 
t € I then, by Theorem 1 of Chapter 9, 

L,(a(t)): &(t) — &(t) - N(a(t) 

K(a(t)) = > = a a. 
CO) "mop ~ EOP 


If « is a unit speed parametrized curve in C, this formula reduces to 


(a(t)) = à(t) - N(o(t)). 
Thus the curvature of C at p e C measures the normal component of acceler- 
ation of any unit speed parametrized curve in C passing through p. 
Note in particular the significance of the sign of x(p): if x(p) > 0 then the 
curve at p is turning toward its normal N(p), and if «(p) < 0 the curve is 
turning away from N(p) (see Figure 10.1). 
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Figure 10.1 The curvature of C is positive at points where C is bending toward its 
normal and is negative where C is bending away from its normal. 


One way to compute the curvature of a plane curve is to use the formula 
K o æ = (X- Neay||?* (or the equivalent formula in Exercise 10.1), where a 
is any parametrized curve in C whose velocity is nowhere zero. If such an « is 
oriented consistently with the orientation on C, it is called a local parametri- 
zation of C. 

Given an oriented plane curve C and a point p € C, a parametrization of a 
segment of C containing p is a parametrized curve a: I — C which 


(i) is regular; ie., has a(t) # 0 for all t € I, 
(ii) is oriented consistently with C; i.e., is such that for each t € I the basis 
(&(t)) for Cam is consistent with the orientation N of C, and 
(iii) has p € Image a. 


If a is onto; i.e, if a(l )=C, wis called a global parametrization of C. In 
general, « is.called a local parametrization of C. 

Local parametrizations of plane curves are, in principle, easy to obtain. 
If C 2f ^'(c) is oriented by N = Vf/|Vf|, then Vf(a) — (q, (0f/0xi)(a). 
(0f/0x; Y(a)) is orthogonal to C, for each q€ C, and the vector field X 
given by X(q) = (q, (0f/0x;)(a), ~ (0f/óx,Yq)) i is everywhere orthogonal to 
Vf (X(q) is obtained by rotating Vf (q) through an angle of —7/2), so X is 
a tangent vector field on C. Further, X(q) # 0 for q € C and {X(q)} is con- 
sistent with the orientation N. Hence, given any point p e C, the maximal 
integral curve a: I + C of X through p will be a parametrization of a seg- 
ment of C containing p. 

Note that if, in this construction, the vector field Vf is replaced by the 
vector field N = Vf/||Vf ||, then « becomes a unit speed parametrization of a 
segment of C containing p, since 


Voy = |X) = IN(@(e))|| = 1 


for all t € I. 

Local parametrizations of plane curves are unique up to reparametriza- 
tion: given any parametrization B: 1 — C of a segment of C containing p, 
there exists a smooth function h: 1 — R, with h'(t) > 0 for allt € 7, such that 
p(t) = a(h(t)) for all t € I, where « is the unit speed local parametrization 
constructed above. Indeed, since {X(A(t))} is a basis for the 1-dimensional 
vector space Cg, Bit) is necessarily a multiple of X(A(t)). In fact, 
Bit) = IBOX) since |X|| = 1 and since {B(e)} and (X(4(t)) are both 
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consistent with the orientation N of C. Setting 


i) = | IRON ae 


where t, is such that B(to) = p, we obtain a monotone increasing smooth 
function h: T— R (h'(t) = ||B(t)|| > 0 for all t € T) which sends t, to 0. The 
parametrized curve Bo h^! has velocity 


(B 5 h-*)(t) = Blh-*(t)\(h-*Y(0) 
= ho (yat) 
= Bo (yb E) = XBR e) 
and so is an integral curve of the vector field X, with B » h^ !(0) = p = a(0). 
By the uniqueness of integral curves, domain B » h^! c I and B» h !(t) — 
a(t) for all t € domain f » h^ !. In other words, f(t) = a(h(t)) for all t e I, as 


claimed. Note in particular that if B: 1 — C is a unit speed local parametriza- 
tion of C with B(to) = p then h(t) = t — to and B(t) = a(t — to) for all t e T. 


EXAMPLE. Let C be the circle f^ !(r2) where f(x, x;) 2 (x1 — a + 
(x, — b}, oriented by the outward normal Vf/|Vf|. Since Vf(p)— 
(p 2(x,— a) 2(x; —b)) for p= (x,, x;)e R?, the integral curves of 
X(p) = (p, 2(x; — b), —2(x, — a)) will be local parametrizations of C. The 
integral curve through (a + r, b) gives the global parametrization a(t) = 
(a + r cos 2t, b — r sin 2t). Hence 


_ (t): N(@(t)) — ätt) , VF (0) 
"(07 Rep O TOI 
|... (—4r cos 2t, 4r sin 2t) + (2r cos 2t, —2r sin 2t) 
— |(-2r sin 2t, —2r cos 2t)||?||(2r cos 2t, —2r sin 2t)| 
-8r 1 


» (4r?)(2r) ~ 


If C had been oriented by the inward normal, the curvature would have been 
+1/r at each point. 


For C an arbitrary oriented plane curve and p € C such that «(p) + 0, 
there exists a unique oriented circle O, called the circle of curvature of C at p 
(see Figure 10.2), which 


(i) is tangent to C at p (ie, C, = O;) 
(ii) is oriented consistently with C (ie., N(p) = Ni(p) where N and N, are 
respectively the orientation normals of C and O), and 
(iii) whose normal turns at the same rate at p as does the normal to C (ie., 
V, N 2 V, N, for all ve C, =O,). 
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Figure 10.2 The circle of curvature at two points of an oriented plane curve C. 


This circle of curvature is the circle which hugs the curve C closest among 
all circles containing p (see Exercises 10.8 and 10.9). Condition (i) says that 
the center of O is on the normal line to C at p, condition (iii) says that its 
radius r satisfies the equation 1/r = |x(p)|, where x(p) is the curvature of C 
at p, and condition (ii) says that N(p) points toward the center of O if 
k(p) > 0 and away from the center of O if x(p) < 0. The radius r = 1/|x(p)| 
of the circle of curvature is called the radius of curvature of C at p; its center 
. is the center of curvature of C at p. 


EXERCISES 


10.1. 


10.2. 


10.3. 


10.4. 
10.5. 


Let a(t) = (x(t), y(t)) (t€ I) be a local aatia of the oriented plane 
curve C. Show that 


K oa = (x'y” — yx")(x? + y*y^^. 
Let g: I — R be a smooth function and let C denote the graph of g. Show that 


the curvature of C at the point (t, au is g'eya + (g'(t))?)??, for an appro- 
priate choice of orientation. 


Find global parametrizations of each of the following plane curves, oriented 
by Vf/|Vf || where f is the function defined by the left side of each equation. 


(a) ax, + bx: = c, (a, b) + (0, 0). 

(b) x? /a? + xi /b? = 1, a + 0, b#0. 

(c) x -axi-6a*0. 

(d) x? —x3 =1,x,>0. 

Find the curvature x of each of the oriented Fit curves in Exercise 10.3. 
Let C be an oriented plane curve. Let p e C and let N(p) = (p, N(p)) denote 
the orientation unit normal vector at p. Show that if a: I —^ C is any unit speed 
local parametrization of C with a(to) = p, and h(t) = (a(t) — p) > N(p) (see 
Figure 10.3), then h(to) = h'(to) = 0 and h"(to) = x(p). 
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Figure 10.3 h(t) is the projection of a(t) — p along N(p). h(t) may be thought of as 


the “height of a(t) above the line tangent to S at p." 


10.6. Let C be a plane curve oriented by the unit normal vector field N. Let 


10.7. 


10.8. 


10.9. 


a: I — C be a unit speed local parametrization of C. For t € I, let T(t) = &(t). 
Show that 


T=KN 
N= —xT 
or, more precisely, 
T = (ko a)(No a) 
(Noa) 2 —(k » a)T. 
These formulas are called the Frenet formulas for a plane curve. 


Let a: 1—^ R? be a unit speed parametrized curve in R? such that 
&(t) x a(t) #0 for all t e I. Let T, N, and B denote the vector fields along a 
defined by T(t) = &(t), N(t) = à(t)/||&(t)|, and B(t) = T(t) x N(t) for all t e I. 


(a) Show that (T(t), N(t), B(t)) is orthonormal for each t e I. 
(b) Show that there exist smooth functions x: I > R and v: I > R such that 


T -xN 
N = —xT + :B 
B= —«N. 


These formulas are called the Frenet formulas for parametrized curves in 
R°. The vector fields N and B are respectively the principal normal and the 
binormal vector fields along «. The functions x and 7 are called the curva- 
ture and torsion of a. 


Show that the circle of curvature O at a point p of an oriented plane curve C, 
where x(p) # 0, has second order contact with C at p; i.e., show that if « and f 
are unit speed local parametrizations of C and of O, respectively, with «(0) = 
B(0) = p, then à(0) = $(0) and &(0) = B(0). 


Let C be an oriented plane curve, let p e C, and let a: I —^ C be a unit speed 
local parametrization of C with «(0) = p. Assume x(p) # 0. For q € R? and 
r > 0, define f: I — R by f(t) = |a(t) — q|? — r?. Show that q is the center 
of curvature and r the radius of curvature of C at p if and only if 


f0)=f'0) - ^t) - o. 
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Figure 10.4 Inclination angle of a unit speed curve in R?. 
10.10. Let a: I > C be a unit speed local parametrization of the oriented plane curve 
C. Suppose 0: I > R is smooth and is such that 
&(t) = (a(t), cos O(t), sin 0(t)) 


for alltel (see Figure 10.4). (We shall, in the next chapter, be able to prove 
` that such a function exists; see Exercise 11.15.) Show that d0/dt = x » a. 


Arc Length and Line 
Integrals 


Before analyzing the Weingarten map for n-surfaces (n > 1) we shall pause 
to see how parametrizations of plane curves can be used to evaluate integrals 
over the curve. 

The length l(x) of a parametrized curve a: I > R"*! is defined to be the 
integral of the speed of a: 


io) = | là] ae 


where a and b are the endpoints of I (possibly + oo). Note that /(x) may be 
+œ. Also note that the length of a parametrized curve is the total “ distance 
travelled." Whenever a retraces itself then that portion of the image which is 
covered more than once is counted more than once. 

Note that if f: [> R"*! is a reparametrization of a, then I($) = I(a). 
Indeed, if B = «oh where h: 1 — I is such that h'(t) > 0 for all t e T, then 


NB) = [ IBON ac = f NHONHO ar 


c c 


= | lato du = ip) 


where c and d are the endpoints of I. 
If a is a unit speed curve, then for t,, t; € I with t, < t;, 


t2 t2 
| l&(t)]| dt = | 1dt—-t,—t, 
t1 t1 


so the length of any segment of « is just the length of the corresponding 
segment of the parameter interval. For this reason, unit speed curves are 
often said to be parametrized by arc length. 
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In order to apply the concept of length of a parametrized curve to define 
the length of an oriented plane curve, we need two preliminary results. 


Theorem 1. Let C be an oriented plane curve. Then there exists a global 
parametrization of C if and only if C is connected. 


Proor. It is immediate from the definition of connectedness that any 
oriented plane curve which has a global parametrization must be connected. 

Conversely, suppose C is connected. Let p e C and let a: 1 — C be the 
local parametrization of C obtained as in the previous chapter. Recall that « 
is the maximal integral curve through p of the vector field X obtained by 
rotating through an angle of — 7/2 the vector field Vf, where C = f ^ !(c) and 
N = Vf/|Vf |. Let p, € C. We shall show that p, € Image a, hence that « is a 
global parametrization of C. 

Since C is connected, there exists a continuous map $: [a, b] + C with 
B(a) = p and f(b) = p,. The proof will be complete if we can show that 
p(t} € Image « for all t e [a, b]. To see that this is the case, let tp denote the 
least upper bound of the set (t e [a, b]: f([a, t]) = Image a) and let y bean 
integral curve of X with y(0) = B(to). We shall construct Misi open rectangle B 
about po = B(to) with the property that C ^ B c Image y. Assume for the 
moment that such a B exists. Then, by continuity of f, there exists a ô > 0 
such that A(t) € B (and hence A(t) € C ^ B c Image y) for all t € [a, b] with 
|t — to | < à. Since f(t) e.Image « for a < t < to (and for t = to if tp = a), 
p(t) € (Image y) ^ (Image a) for some t e [a, b] (t x to). Therefore y and a 
are integral curves of X passing through a common point. x being maximal, 
it follows that Image y c Image a (and, in fact, that there exists a t € R such 
that y(t) = a(t — x) for all t in the domain of y.) Hence f(t)eC ^ Bc 
Image y c: Image a for all t e [a, b] with |t — to| < ô. But this can only 
happen if tp = b and Alto) € Image a, so A(t) e Image a for all t e [a, b] as 
claimed. 

Now to complete the proof we need only to construct B. For this, let 
u = (8f/6x2)(Po), —(0f/0x,)(po)) and v = (8f/0x1)(po), (0f/0x;)(po)) so that 
(Po, u) € Cp, and (po, v) L C,,, and let A denote the rectangle 


A = (po + ru + sv: |r| < e, and |s| < e2} 


where e, 7 0 and £, > 0 are chosen small enough so that A is contained in 
the domain of f and so that Vf (q) - (q, v) > 0 for all q € A (see Figure 11.1). 
That this last condition can be satisfied is a consequence of the continuity 
of (0f/óx, 0f/óx;)*v and the fact that  ((0//0x,, 0f/0x;) * vc (po) = 
((2f/0x (po). + ((2f/0x; po) > 0. The condition Vf (a) - (q, v) > 0 for all 
qe A guarantees that, for |r| < c, the function g,(s) = f (Po + ru -- sv) is 
strictly increasing on the interval —6; < s < e; (g/(s) > 0) and hence that for 
each r with |r| <€, there is at most one s with |s| « €, such that 
g-(s) = f (po + ru + sv) = c. In other words, for each r with |r| < e, there is at 
most one s with |s| < e; such that po + ru + sv € C. Now y(t) = po + hy(t)u + 
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Figure 11.1 The rectangle A about po is chosen so that each line segment és) = 
(po + ru) + sv (r fixed, — £2 < s < £2) meets C at most once. In the shaded rectangle 
B, each such line segment meets C exactly once. 


h,(t)v, where h,(t) = (y(t) — po) * u/|u|? and h;(t) = (y(t) — po) * v/|vl? are 
smooth functions of t with ^, (0) = h;(0) = 0. Using the continuity of y and of 
i» together with the fact that 


hi (0) = ?(0) - (Po, u/|u|?) = X(po) ` X(Po)/||X(Po) |? =1, 


we can choose t, < 0 and t, > Oin the domain of y so that both y(t) € A and 
h (t) > 0 for all t € (t, t2) (Figure 11.1). Setting r, = h, (tı) and rz = hy(t,) it 
follows that for each r e (r4, r2) there is exactly one t € (t,, t2) with h,(t) =r 
(since h,(t) is continuous and strictly increasing) and that s = h(t) for this t 
is an s (and therefore the unique s) with |s| < e; such that po + ru + sve C. 
In other words, if B is the rectangle 


B= (po + ru + sv: ri «rro, |s| < £2} 


then pg + ru + sve B ^ C if and only if r = h,(t) and s = h;(t) for some 
t€ (t, tj; ie, if and only if po + ru + sv e Image y. Thus C ^ Bc 
Image y, as required. [] 


The proof of Theorem 1, with X replaced everywhere by the unit vector 
field X/|X||, also shows the existence of a global unit speed parametrization 
of any connected oriented plane curve. 


Theorem 2. Let C be a connected oriented plane curve and let B: I+ C bea 
unit speed global parametrization of C. Then B is either one to one or periodic. 
Moreover, B is periodic if and only if C is compact. 


PRoor. Suppose B(t,) = B(t;) for some t, t; € I with t, + t2. Let X be the | 
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unit tangent vector field on C constructed as in the previous chapter and let « 
be the maximal integral curve of X with «(0) = B(t,) = f(t;). Then, since f is 
also an integral curve of X, uniqueness of integral curves implies that 


B(t) = a(t — 5) 


and, at the same time, 
B(t) = a(t — t;) 
for all t € I. Setting t = t; — t,, we have 
p(t) = a(t — t1) = a((tx) — t2) = B(t + 1) 


for all t such that both t and t + x € I. Thus if f is not one to one then it is 
periodic. — 

If B is periodic then C must be compact because C is the image under the 
continuous map f of a closed interval [to , to + t]. On the other hand, if $ is 
not periodic, then f must be one to one so C cannot be compact because the 
function f^ !: C > R is continuous on C yet attains no maximum value. The 
continuity of f^! can be checked as follows. Given tọ € I and e > 0, set 
y(t) = B(t + to) for t such that |t| < e and t + to € I, and choose an open 
rectangle B about po = B(to) = y(0) as in the proof of Theorem 1. Then 
C ^ Bc Image yso |B^!(p) — to] = |v ^! (p)| < £ whenever p e C ^ B, as 
required for continuity. go 


Recall that the period of a periodic function f is the smallest t such that 
B(t + x) = B(t) for all t such that both t and t + t are in the domain of f. If t 
is the period of B then any subset of the domain of B of the form [to , to + 1) 
is called a fundamental domain of B. Note that the restriction of any periodic 
global parametrization f of a compact plane curve to a fundamental domain 
maps that fundamental domain one to one onto Image f. Hence, if we allow 
half-open intervals as well as open intervals as domains of parametrized curves, 
every connected. oriented plane curve admits a one to one unit speed global 
parametrization. Moreover, any two such parametrizations a: I — C and 
B: I C have parameter intervals I and T of the same length. Indeed, « and 
B are related by (t) = a(t — to) for some tọ € R so J is simply a translate of 
I. Hence we can define the length of a connected oriented plane curve C to be 
the length of I where a: I > C is any one to one unit speed global parametri- 
zation of C. . l 

Since the length of B is the same as the length of « where a is any 
reparametrization of f, it follows that the length of a connected oriented 
plane curve can be computed from the formula 


NC)= Ha) = | BON à 


where a: I — C is any one to one global parametrization of C and a and b 
are the endpoints of I. 


| 
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EXAMPLE. Let C denote the circle (x, — a)? + (x; — b)? = r? oriented by 
its outward normal Then a: I— C, defined by a(t)- (a + r cos 2t, 
b — r sin 2t) is a global parametrization of C, as we saw in the previous 
chapter. æ is periodic with period z so the restriction of « to the interval (0, 7) 
is a one to one global parametrization of C. Hence 


(C) = I lja(e)|| dt = i |(—2r sin 2t, —2r cos 2t)|| dt = 27r. 


The remainder of this chapter will be devoted to a discussion of differen- 
tial 1-forms and their integrals. 

A differential 1-form, usually called simply a 1-form, on an open set 
U c R"*! is a function œ: U x R"*! 2 R such that, for each p e U, the 
restriction of œ to R^*! c U x R"*' is linear. 


EXAMPLE 1. Let X be a vector field on U and let coy: U x R"*! 2 R be 
defined by : 

c x(p, v) =S X(p) 5 (p, v). 
Then ox is a 1-form on U, called the 1-form dual to X. 


EXAMPLE 2. For f: U > R a smooth function, define df: U x R"** > R by 
df (v) 2 V, f 2 Vf(p): v (v = (p v) e R;*, peU) 
Then df is a 1-form on U, called the differential of f. 


EXAMPLE 3. For each i e (1, ..., n + 1}, let x;: U > R (U c R"*!) be defined 
by 


xi(a;, s s 1) — di. 


The function x, is called the ith Cartesian coordinate function on U. The 
1-form dx; simply picks off the ith component of each vector in its domain: 


dx;(v) = Vxi(p)* v = (p, 0, ..., 1,...,0): V 5 v; 
for v = (p, v, ..., M41) e Re’, pe U. 


Remark. As is common in mathematics, we are using a single symbol in 
different situations to represent different quantities. We have used the 
symbol x; to denote a real number when describing a point (x1, ..., Xn+ ,)in 
R"*!. we have used x; to denote a function with domain an interval when 
describing a parametrized curve a(t) = (x (t), ..., Xn+1(t)) in R"**, and now 
we are using x; to denote a function whose domain is an open set in REE 
These various uses of the symbol x; are all standard. We could of course 
introduce extra notation to avoid overworking any given symbol but only 
at the cost of mushrooming symbology and non-conformity with common 
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usage. We will continue to use the symbol x, in each of these situations; 
. the meaning in each given situation will always be clear in context. 


A 1-form œ on U c R*+! is smooth if it is smooth as a function œ: U x 
R"*! c R*+2_, R. Note that if f: U > R is a smooth function on U then its 
differential df is a smooth 1-form on U. 

The sum of two 1-forms œw, and c on an open set U c R^*! is the 1-form 
O4 + œw, defined by 

(9, + 05)lv) = w (v) + extv). 


The product of a function f: U — R and a 1-form c on U is the 1-form fw on 


U defined by 
(cop, v) = f (pyo(p, v). 
Note that the sum of two smooth 1-forms is smooth and that the product of 


a smooth function and a smooth 1-form is smooth. | 22 
Given a 1-form œ and a vector field X on U c R"*!, we can define a 


function o(X): U> Rby 
| (OXP) = oX(p)) 


Note that if œ and X are both smooth then so is w(X). 


Proposition. For each 1-form œ on U (U open in R"* !) there exist unique 
functions fi: U — R (ie (1, ..., n + 1}) such that: 


nti 


w = È f; dx. 


i=1 


Moreover, w is smooth if and only if each f, is smooth. 


PRoor. For éach je{1,..., n + 1) let X j denote the smooth vector field on 
U defined by X,(p) = (p, 0, ..., 1, ..., 0), with the 1 in the (j + 1)th spot 
(j spots after the p). Then | 
l 1 ifi=j 
du b if i 4. 


Thus if œ = $724 f, dx, then, for each j e (1, ..., n + 1}, 


f= (En ax,)X) = w(X,). 


This formula shows that the functions Jj, if they exist, are unique and also 
that they are smooth if c is smooth. On the other hand, if we define func- 
tions f, by the above formula, then the 1-forms c and 1771 f, dx; have the 
same value on each of the basis vectors X,(p) for R,** and hence by linearity 
they have the same value on all vectors in R5* !, pe U, so œ = S72} f; dx;. 
Clearly w is smooth if each f; is smooth. m 
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Corollary. Let f: U — R (U open in R"**) be a smooth function. Then 


n+1 
df = Y U dos 
i 


zi Ox; 


Proor. df (Xj) = Vf © X; = óf/óx;. o 


Now let œ be a smooth 1-form on the open set U c R"*! and let 
a: [a, b] ^ U be a parametrized curve in U. The integral of c over a is the 
real number 


b 
[o= | ole) at. 
Integrals of this type are called line integrals. 
Note that if f: [c, d] > U is any reparametrization of a, B = ach where 
h: [c, d] > [a, b] has derivative everywhere positive, then 


[o (ot) 4 - [ ooi) à 
" [ ea) 0) à - | oàtu)) du = fo. 


a a 
In particular, if U is an open set in R? and C is a compact connected oriented 
plane curve in U then we can define the integral of w over C by 


[o= fo 


a 


where a: [a, b] ^ C is any parametrized curve whose restriction to [a, b)isa 
one to one global parametrization of C; the result will be independent of the 
choice of a. 

Also note that the line integral f, œ can be defined for a a piecewise 
smooth parametrized curve. If a: [a, b] ^ U c R"*! is continuous and such 
that the restriction of a to [t;, t;,.,] is smooth for each i e {0, 1, ..., k}, where 
a= to «t, «7 <t,+1 b, then the integral of the smooth 1-form œw on U 
over a is 


where a; is the restriction of a to [t;, ti+1]. 


Remark. We have insisted, in defining the line integrals f, œ and fc @, that 
the parametrized curve a have domain a closed interval and that the plane 
curve C be compact. This is done to assure the existence of the integrals. 
Note that it is not necessary to make these assumptions in defining the 
length integral because, the integrand being non-negative, this integral 
always either exists or diverges to + oo. 
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EXAMPLE 1. Let U be open in Rh and let f: U > R be smooth. Then, for 
a: [a, b] ^ U any parametrized curve in U, 


[4 [ d (4) dt [UF a) eae =S) - Fela) 
In particular, if a(a) = a(b) then f, df = 0. 


A 1- form which is the differential of a smooth function is said to be exact. 
A parametrized curve a: [a, b] ^ R^*! with «(a) = a(b) is said to be closed. 
The above computation shows that the integral of an exact 1-form over a 
closed curve is always zero. In particular, the integral of an exact 1-form over 
a compact connected oriented plane curve is always zero. 


EXAMPLE 2. Let r denote the L-form on R? — {0} defined by 


nose t a adn 


and let C denote the ellipse (x1 /a?) + (x2/b?) = 1, oriented by its inward 
normal The parametrized curve a: [0, 21] — C defined by a(t) = (a cos t, 
b sin t) restricts to a one to one global parametrization of C on the interval 
[0, 2x) so 


eir [ "ne d | 
side 2, (ot) dx t) r5 60) dns) a 


21 ES 
m m —bsint (à dide 
| 70 


a? cos? t b sin? t 


acost 
NN fase rera Pme 
» BEP M d W (b/a) sec? tt 
— Jo a? cos? t +b? sin? t o 1+ (b/a)? tan? t 


Since i its integral over the compact curve C is not zero, the 1-form y of 
Example 2 cannot be exact. However, its restriction to V (or, more precisely, 
to V x R?), where V is the complement i in R? of any ray through the origin, 
is exact. Indeed, for v any unit vector in R? and 


V =R — {rv: r > 0}, 


n= doy where 0,: V > R is defined as follows. Let 0, denote the unique real 
number with O0 < 0, « 2x such that v = (cos 0,, sin 0,). Then, for each 
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(x, y) € V, define 6,(x, y) to be the unique real number with 0, < 0,(x, y) < 
0, + 27 such that 


x y 
[err rpg] = e tn him y 

(see Figure 11.2) In order to verify that 40, — nl, simply note that 
tan 0, (x, y) = y/x and cot 0,(x, y) = x/y so in each sufficiently small open 
set we can solve one or the other of these equations for 6, and compute 
00, d 00, X2 


dx; = 


x 
d0, = dx,  L— dx; = — —— dx, + -y de. 
dE us xi-x$ | xitxÀ ^ 


"ma 


(x, y) 


Xi 


Figure 11.2 0,(x, y) is the inclination angle of the line segment from the origin 
to (x, y), 0, € 0, < 0, + 2n. 


Theorem 3. Let 5 be the 1-form on R? — {0} defined by 
1-124 ux E ; 4e 


Then for a: [a, b] ^ R? — {0} any closed piecewise smooth parametrized curve 
in R? — {0}, 


| n = 2nk 
for some integer k. 
Pnoor. Define o: [a, b] » R by 
(t) - e(a) + | n 
where a, is the restriction of a to the interval [a, t] and g(a) is chosen so that 
«(ay |a) = (cos (a), sin e(a)) 


f 
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We claim that 


(*) a(t)/||a(t)|| = (cos e(t), sin e(t) 

for all t e [a, b]. Indeed, let tọ denote the least upper bound of the set 
{t e [a, b]: (*) holds for a x t < t}. By continuity, (*) must hold at t = tọ. 
Setting v = —a(to)/|a(to)] and defining Oy as above we find that 
(cos 6y(a(to)), sin Oy(a(to))) =  a(toylle(to)] = (cos (to) sin o(to)) so 
@(to) — 9y(a(to)) = 2nm for some integer m. Choosing ô > 0 so that a(t) € V 
for all t e [a, b] with |t— to | <ô we find further that, for te [a, b], 
|t — to| < ô, and t # t, (t; a point where a fails to be smooth), 


di * (o(t) — 0y(«(t))) = n(&(t)) — 40, (&(t)) = 0, 
so p(t) — 0,(a(t)) = 27m for all t e [a, b] with |t — to | < ô. But then 


(cos e(t), sin e(t)) = (cos Oy(a(t)), sin 6,(a(t))) = alt)/la(e)| 
for all such t, which is possible only if tọ = b. Thus tọ = b and (*) holds for 
all t € [a, b], as claimed. 
Finally, since «(a) = a(b), (*) implies that 
(cos g(a), sin g(a) = (cos p(b), sin o(b)). 
so (b) — (a) = 2xk for some integer k, and 


[n= [ ntt) dt olb) — ofa) = 2xk " 


The integer k(x) = (1/2) f, n is called the winding number of « since it 
counts the number of times the closed curve x winds around the origin. 


EXERCISES . 


In Exercises 11.1-11.4, find the length of the given IPSE curve 
a: I Rt), 


11.1. a(t) = (t?, tê} I= [0,2] n 5 1. 

112. a(t) = (cos 3t, sin 3t, 4t I = [- 1, 1], n = 2. 

113. a(t) = (,/2 cos 2t, sin 2t, sin 2t), I = (0, 2r], n = 2. 
11.4. a(t) = (cos t, sin t, cos t, sin t), I = [0, 2n], n = 3. 


In Exercises 11.5-11.8, find the length of the connected siai plane 
curve f ^ ! (c), oriented by Vf/||Vf |, where f: U — R and c are as given. 


11.5. f(xi x3) = 5x, + 12x2, U = {(x4, x2): x? + x$ < 169}, c = 0. 
11.6. f(x, x2) = 4x? + 4(x2 — 1}, U = R2, c =2. 


78 


11 Arc Length and Line Integrals 


11.7. f(x, x2) 2 x? 2 xà, U = {(x1, x2): 0 < x4 < 2}, c= 1. [Set up, but do not 


evaluate, the integral.] 


11.8. f(x, x2) = —9x? + 4x3, U = (xs, x2): x1 > 0, 0< x2 < 3, c= 0. [Hint: 


11.9. 


11.10. 


11.11. 


11.12. 


11.13. 


11.14. 


11.15. 


11.16. 


Note that there is a parametrization a(t) = (x(t), x2(t)) of f~'(0) with 
x,(t) = £] 


Show that if C is a connected oriented plane curve and C is the same curve 
with the opposite orientation, then I(C) = I(C). 


Let C be a connected oriented plane curve, let «: I > C be a one to one unit 
speed parametrization of C, and let x: C — R denote the curvature of C. 


(a) Show that (^ |x » o(t)| dt, where a and b are the endpoints of I, is 
independent of the choice of one to one unit speed parametrization a of C. 

(b) Show that (5 |x » o(t)| dt = I(N » a), where N: C ^ R? is the Gauss map 
of C. 


[f |x » a(t)| dt is called the total curvature of C-] 


Let f and g be smooth functions on the open set Uc R"*!. Show that 


(a) d(f + g) = df + dg. 
(b) d(fg) = gf + fag. 
(c) If h: R> R is smooth then d(h» f) = (k » f) df. 


Compute the following line integrals. 


(a) fa (x2 dx, — x1 dx2) where a(t) = (2 cos t, 2 sin t, O < t < 2r. 

(b) fc (—x2 dx, + xı dx;) where C is the ellipse (x2/a?) + (x$/b?) = 1, 
oriented by its inward normal. 

(c) fa Xrti x; dx, where a: (0, 1] R"*' is such that «(0) = (0, 0, ..., 0) 
and a(1)= (1, 1, ..., 1). [Hint: Find an f: R^*! — R such that df= 
y i Xi dx;.] 

Let w= Ji} f,dx; be a smooth 1-form on R"t! and let a(t)= 

(eit), ..., 2n+1(t)), where the z; are smooth real valued functions on [a, b]. 

Show that 


b n+1 dz; 
E - f Y. (hon) or dt. 
Let C 2 f ^!(c) be a compact plane curve oriented by Vf/ | Vf ||, let X be the 
unit vector field on U = domain (f) obtained by rotating Vf/||Vf || through 
the angle —7/2, and let wx be the 1-form on U dual to X. Show that 
fc Ox = (C). 


Let a: I > R? be a unit speed curve, let to € I, and let 09 € R be such that 
&(to) = (a(to), cos 0o, sin 05). Show that there exists a unique smooth function 
0: 1 R with 0 = 0, such that &(t) = (a(t), cos A(t), sin 0(t)) for all t e I. 
[Hint: Set O(t) = 0o + ft, n(B(x)) dr where s is the 1-form of Theorem 3 and 
B = da/dt.] 


Let a: [a, b] + R? — {0} be closed piecewise smooth parametrized curve. 
Show that the winding number of a is the same as the winding number of fa 
where f: [a, b] ^ R is any piecewise smooth function along a with f(a) = f (b) 
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and f (t) > 0 for all t e [a, b]. Conclude that « and o/||a|| have the same wind- 
ing number. 


1117. Let a= to < tı €: < tj44 =b and let o: [a, b] x [0, 1] > R? — (0) be a 
continuous map such that, for each u e [0, 1], the map 9,: [a, b] ^ R defined 
by ¢,(t) = g(t, u) is smooth on each interval [t;, t; ;]. Assume that q,(a) = 
¢,(b) for all u e [0, 1]. Show that the winding number k(o,) is a continuous 
function of u and hence that k(g,) is constant and, in particular, k(o) = = k(o). 
[The map o is called a homotopy between po and @;.] 


11.18. The winding number of da/dt (which is the same, by Exercise 11.16, as the 
winding number of da/dt/||da/dt||), where a: [a, b] + R? is a regular (à(t) # 0 
for all t) parametrized curve with à(a) — à(b), is called the rotation index of a. 


(a) Show by example that for each integer k there is an « with rotation index 


(b) Show that if « is the restriction to [a, b] of a periodic regular parametrized 
curve with period t = b — a and if a is one to one on [a, b) then the 
rotation index of a is +1. [Hint: See Figure 11.3. Let u € R?, u + 0, and 
choose to so that h(t) — a(t) u has an absolute minimum at to. For 


a (t) 


(a (t), V (t, t2) ) 


(Ca (t1), v (t, t1)) 
= &(t,)/Il &(t)ll 


a (ty) 


(a (t9), V (tg, to+t)) 
= — à (to)/lla (toll 


a (to) 


(to, to +7) 
(tg tr, to t 1) 


Pr Ede 


(to, to) E | | 


Figure 11.3 To show that the rotation index of xis +1, to is chosen so that Image « 
lies completely on one side of the tangent line at a(to), V is the normalized secant map 
(ti, t2) = (a(t2) — a(t1))/|a(t2) — a(t1)|| extended continuously to the closed 
triangle T, and @: [to, to + t] x [0, 1] > T is the homotopy which maps horizontal 
line segments to piecewise smooth curves in T, as indicated. 
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11.19. 


11.20. 
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to € t4 < t; € to + 7, let 


da da 

FoF 
y (t, t2) = da da 
mir (| dt (to) 


(a(t2) — a(t,))/||a(t2) — a(t1)| otherwise, 


define a homotopy 9: [to, to +t] x (0, 115 R? — {0} by e-v»^ó 
where 


if t, = t; 


if t, = to and t— to +T 


qd (to, to) + (t — to)(1 — u, 1 + u) 
if tg € t € to +4 


MOS (to + T, to + 1) — (to 2 — t)(1 + u, 1 — u) 


if to -- 3c X t € to +7, 


calculate the winding number of q,, and apply Exercise 11.17. In calculat- 
ing the winding number of 9, note that Image @4|¢,1.+2/2) and Image 
1 |¢o+2/2,to+2 are each contained in a region where the 1-form y is 
exact.] 


Let C be a compact connected oriented plane curve with curvature x every- 
where positive and let a: R — C be a unit speed global parametrization of C. 


(a) Show that if ue S! and h: RO R is defined by h(t) — a(t)  u then 
h'(to) = 0 if and only if N(a(to)) = +u, and h"(to) = K(a(to))u * N(a(to)) 
for all such to. Conclude that the Gauss map N of C is onto. 

(b) Show that if [to, to + t) is a fundamental domain of a then the rotation 
index (Exercise 11.18) of aliro, t+ is equal to (1/27) fio** (x » a)(t) dt. 
[Hint: Use Exercises 11.15 and 10.10.] 

(c) Show that if c € (to, to + 1] is such that N(c) = N(to) and N(t)  N(to) 
for to < t < c then fẹ (x » &)(t) dt = 2n. [Use Exercise 10.10.] Conclude 
that c — to -- t and that the Gauss map of C is one to one. [Use Exercise 
11.18(b).] 


A function f: C 2 € (C = (complex numbers}) may be viewed as a function 
from R? to R? by identifying each complex number a + bi with the point 
(a, b) e R2. In particular, we may view each polynomial function f(z) = 
A,Z" + - d4Z + do (do, ..., a, € C) as a smooth map from R? into itself. 
Given such a polynomial f, let ap: (0, 2r] ^ R? be defined by 


a (t) = f (cos t, sin t) = f (cos t + i sin t) 


and let k(f) denote the winding number of ap. 


(a) Show that if f(z) = ao # 0 for all z then k(f) = 0. 

(b) Show that if f(z) = a, z" with a, # 0 then k(f) =n. 

(c) Show that if f is any polynomial with f(z) # 0 for all z e C with |z| <1 
then k(f) 2 0. [Apply Exercise 11.17 to g: [0, 2z] x [0, 1] > R? — {0}, 
y(t, u) =f (u(cos t + i sin t)).] 
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11.21. 


11.22. 


(d) Show that if f is any polynomial with f(z) * 0 for all z e C with |z| > 1 
then k(f) =n. [Apply Exercise 11.17 to o: [0, 2x] x [0, 1] ^ R? — {0}, 


5 1 PA " 
stus uf (1 os t isin n) if u #0 


a,(cos t + i sin ty" if u = 0, 


where a, is the leading coefficient of f (z).] 

(e) Conclude that if f is a polynomial with f(z) # 0 for all z e C then the 
degree of f must be zero. (This exercise proves the fundamental theorem of 
algebra: every non-constant polynomial with complex coefficients must 
have a root in C.) 


Let a: [a, b] >. R? — {0} be smooth and such that a(a) = a(b). Suppose « hits 
the positive x,-axis only finitely many times. Show that the winding number 
k(a) is equal to the algebraic number of crossings of the positive x ,-axis by a, 
where each upward crossing is counted positively and each downward cross- 
ing is counted negatively. [Hint: Let t, « t; <''' «t, be the set of all 
t € [a, b] such that a(t) lies on the positive x ;-axis. Let V and 0y be as in our 
discussion of the winding number, with v = (1, 0). Then | 


K(a) = » im (^ 1117" Joyal) dt 


where to =a and tp, = b. (If ty = a, the sum will range only from 1 to 


m — 1] 


= a: I2 R? be a piecewise smooth closed parametrized curve. For 
= (a, b) e R? — Image a, define 


- (x2 — b) dey + (x1 — a) dxa 
k = 
| pla) | (xı — ay + (x2 — by . 
(a) Show that k,(a) is an integer. [Hint: Show that k,(x) is the winding 
number of B: I + R? — {0} where p(t) -a(t) - p] 
(b) Show that if p and q € R? — Image a can be joined by a continuous curve 
in R? — Image a then k,(a) = k,(a). 


(The integer k,(a) is the. winding number of ¢ a about p.) 


Curvature of Surfaces 


Let S be an n-surface in R"* !, oriented by the unit normal vector field N, and 
let p e S. The Weingarten map L,: S, > Sp, defined by L,(v) = — V, N for 
v € $,, measures the turning of the normal as one moves in S through p with 
various velocities v. Thus L, measures the way S curves in R"*! at p. For 
n — 1, we have seen that L, is just multiplication by a number x(p), the 
curvature of S at p. We shall now analyze L, when n > 1. 

Recall that, for v e Sp, L,(v) - v is equal to the normal component of 
acceleration at p of every parametrized curve a in S passing through p with 
velocity v. This component of acceleration is thus forced on « by the curva- 
ture of S in R"*!, When |v|| = 1, this number 


k(v) = L,(v) -v 


is called the normal curvature of S at p in the direction v. Note that if k(v) > 0 
then the surface S bends toward N in the direction v, and if k(v) < 0 it bends 
away from N in the direction v (see Figure 12.1). When n = 1, k(v) = x(p) for 
both unit vectors ve S,. 


EXAMPLE 1. Let S be the sphere x? + ++ + x?,, = r°? of radius r, oriented by 
the inward normal N(p) = (p, — p/||p||). Then, as we saw in Chapter 9, L, is 
simply multiplication by 1/r. Hence k(v) = 1/r has the same value for all 
tangent directions v at all points p e S. 


EXAMPLE 2. Let S be the hyperboloid —x2 + x2 + x2 = 1 in R?, oriented by 
the unit normal vector field N(p) = (p, —xi/lpl, xa/|lpl, xs/|pl) for 
p = (xi, x2, xg) e S (Figure 12.1). Then for p = (0, 0, 1), each unit vector 
veS, is of the form (p v, v2, 0) where vf? +v3=1, L,(v)= 
—V, N = (p, vı, —v2, 0), and k(v) = v? — v2. In particular, k(v) = 1 when 
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Figure 12.1 Normal curvature at p — (0, 0, 1) is positive in the direction e, — 
' (p, 1, 0, 0) and negative in the direction e; = (p, 0, 1, 0). 


v= (p, 1, 0, 0) and k(v) Z —1 when v= (p, 0, 1,0). Moreover, k(v)= 0 
when v = +(p, 1/2, 1/2, O)and when v = (p, 1/4/2, — 1/2, 0) which 
is not surprising since the straight lines a(t) = (t/,/2, t/,/2, 1) and f(t) = 
(t/./2, —t/,/2, 1) both lie completely in S so S does not force any accelera- 
tion on parametrized curves in these directions through p (see Figure 9.1). 


Further insight into the meaning of normal curvature can be gained from - 
normal sections. Given an n-surface S = f ^! (c) in R"* +, oriented by the unit 
normal vector field N, the normal section determined by the unit vector 
v = (p, v) e Sp, pe S, is the subset “M (v) of R"*! defined by 


(v) = (qe Rt! gq e p xv + yN(p) for some (x, y) e R?} 


where N is the Gauss map [N(p) = (p, N(p))] (see Figure 12.2). M (v) is just a 
copy of R?, with p corresponding to the origin, p -- v corresponding to (1, 0) 
and p + N(p) corresponding to (0, 1), so we shall identify ~ (v) with R? and 
shall view the intersection S ^ ./(v) as a subset of R?. More precisely, 


N (p) ye (AX 


Wo) C 
(a) | €b) 


Figure 122 (a) The normal section ~ (v), v € Sp, pe S. (b) S ^ W(v), viewed as a 
subset of R?. 
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define i: R? > R"*! by i(x, y) = p + xv + yN(p), so that ~ (v) = i(R?). Then 
i(x, yes AN (v)ei(x, y)e S<>fo i(x, y)=c so, under i, the level set 
(f^i) !(c) is identified with S ^ v~ (v). (f° i) !(c) is not necessarily a 
(simple) plane curve, as Figure 12.2(b) shows. It is, however, if the points 
where Vf is orthogonal to ~ (v) are deleted: 


Theorem 1. Let S be an oriented n-surface in R"*! and let v be a unit vector in 
Sp» PES. Then there exists an open set V c R"*+! containing p such that 
S ^ (v) ^ V is a plane curve. Moreover, the curvature at p of this curve 
(suitably oriented) is equal to the normal curvature k(v). 


Proor. Let f: U 2 R be such that S = f^ !(c) and Vf (q) # 0 for all q € S. 
Given v = (p, v) e S,, p € S, let i: R? > R"*! be as above and let 

V = {q € U: either Vf (4) : v # 0 or Vf (a) - N(p) + O, 
where Vf (q) is the vector part of Vf (q) (Vf (aq) = (q, Vf (q))). Then pe V and 

V(f£« i), y) = (x, v. Vf (Gs y) v, VFO y)) N) 
is never zero for (x, y) e i ! (V) so 

C-i^«((So.W(v)o V)= (fei) (c)o i (V) 
is a plane curve (ie, S ^ (v) ^ V is a plane curve) as required. 
Moreover, if a(t) = (x (t), y(t)) is a unit speed curve in C with a(t o) = 
(0, 0, 1, 0) (this vector is tangent to C since it is orthogonal to V( f © i)(0, 0)), 
then i » « is a unit speed curve in S ^ M (v), since 
IG aE) = IG» ale), xo + YONO)I? 
= (x)? + POP = Jat? = 1, 
and (i? a)(to) = v. Now, if we orient C so that the orientation normal at 
(0, 0) is (0, 0, 0, 1), then the curvature of C at (0, 0) is 
k(x(to)) = &(to) * (a(to), 0, 1) = y"(to) 


whereas the normal curvature of S in the direction v is 


k(v) = (i è a)(to) > N(p) = (p, x" (tojo + y" (to)N(p)) * (p, N(p)) = »"(to) 
so k(v) = x(a(to)), as was to be shown. [] 


For p a point in an oriented n-surface S, the normal curvature k(v) is 
defined for each unit vector v in the tangent space S, to S at p. Thus the 
normal curvature at p is a real valued function with domain the unit sphere 
in S,. Since k is continuous and the sphere is compact, this function attains 
its maximum and its minimum. The following lemma shows that these ex- 
trema are eigenvalues of the Weingarten map L,. 


Lemma. Let V be a finite dimensional vector space with dot product and. 
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let L: VV be a self-adjoint linear transformation on V. Let S= 
(ve V: v-v = 1} and define f: S>R by f(v) = L(v) * v. Suppose f is sta- 
tionary at vo € S (that is, suppose (f° «y (to) — O for all parametrized curves 
a: 1 S with afto) = vo). Then L(vo) = f (vo)vo (that is, vo is an eigenvector 
of L with eigenvalue f (v9)). 


ProorF. Since f is stationary at vo, (f° x) (0) = 0 for all parametrized curves 
a in S with a(0) = vo. For v any unit vector with v* vo = 0, let a(t) = 
(cos two + (sin t)v. Then 


0 — (fo ay(0) = $ Le) (t) 


. sl [(cos? t)L(vo) * vo + 2 sin t cos t L(vo) v + (sin? t)L(v) : v] 


= 2L(vo) ° p. 


Thus L(vo) -L v for all unit vectors v € vg. It follows then that L(vo) L vo; 
that is, L(vo) = Avo for some 4 € R. Thus vo is an eigenvector of L. The 
eigenvalue Å is given by 


EL = Avo * Vo = L(v9): Vo- =f (o) | LJ 


Remark. In this ‘essa we have used the. concept of a (smooth) param- 
etrized curve a: 1— V where V is an arbitrary finite dimensional vector 
space with dot product. Smoothness makes sense in this setting because 
limits and derivatives can be defined in the usual way: lim, «(t) v means 
for every £0 there is a 6>0 such that. ja(t) — vl] <e whenever 
0< lt = tof < ó, and (dajdt)(to) = limper (a(t): — a(ts))/(t- = to) whenever 
this limit exists. In fact, all the geometry we are developing here can be done 
as well in V as in R'*! o 
_ The converse of the above lemma is alio true: if vy is an eigenvector of L 
then f (v) = L(v) + v is stationary at vo € S. Forifa: I + S then a(t) «(t & 1 
sO a(t): (jane) =0 for all t e I and if a(t) = vo then. 7 


[ T (Lato) - a) 
a («s)) alto) + Ls) - Ž (to) 
= 2L(a(to)) - Sj (m mat) F (t) - 0. | 


Theorem 2. Let V be a finite dimensional vector space with dot product and let 
L: V > V be a self-adjoint linear transformation on V. Then there exists an 
_orthonormal basis for V consisting of eigenvectors of L. 
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Proor. By induction on the dimension n of V. For n = 1, the theorem is 
trivially true. Assume then that it is true for n = k. Suppose n = k + 1. By the 
lemma, there exists a unit vector v, in V which is an eigenvector of L (e.g., 
choose v, such that L(v,)* v, > L(v) v for all unit vectors ve V) Let 
W = v}. Then 


L(w) vi 2 w*L(vj) = we A404 =å (w° v,) 20 


for all w e W, where 4, is the eigenvalue belonging to v,. Thus the restriction 
L |y of L to W maps W into W. Clearly L |, is self adjoint. Since dim(W) = 
dim V —1=k, the induction assumption implies that there exist 
(v2, ..., vy, 1), an orthonormal basis for W consisting of eigenvectors of 
L|,. But each eigenvector of L|, is also an eigenvector of L, so 
(v4, ..., Ug+i} is an orthonormal basis for V consisting of eigenvectors of L. 


O 


Note that there exist at most n eigenvalues of a self-adjoint linear trans- 
formation L on an n-dimensional vector space because each eigenvalue is a 
root of the characteristic polynomial det (L — AI) which is a polynomial in A 
of degree n. Here, I is the identity transformation on V. That 4 is a root of 
this polynomial follows from the fact that L(v)-— Av if and only if 
(L — AI)(v) = 0 so L — AI must be singular. Counting multiplicities then, 
there are exactly n eigenvalues of L. Note further that the eigen directions v; 
of L are determined uniquely (up to sign) if and only if the n eigenvalues of L 
are distinct. 


For S an oriented n-surface in R"*! and p € S, the eigenvalues k,(p), ..., 
k,(p) of the Weingarten map L,: S, S, are called principal curvatures of S 
at p and the unit eigenvectors of L, are called principal curvature directions. 
If the principal curvatures are ordered so that k,(p) x k;(p) < : <k,(p), 
the discussion above shows that k,(p) is the maximum value of normal 
curvature k(v) for v e S,, |v|| = 1; k, (p) is the maximum value of k(v) for 
veS,, ||v|| = 1, and v L v, where v, is a principal curvature direction corre- 
sponding to k,(p); k,-2(p) = max{k(v): v e Sp, |v| = 1, v L (v. v,—1}} ete. 
Furthermore, all the principal curvatures k;(p) are stationary values of 
normal curvature, and k, (p) is the minimum value of k(v) for v e S, , ||v|| = 1. 


EXAMPLE. Let S be the hyperboloid —x? + x2 + x2 = 1 in R?, oriented by 
N(p) = (p, —»xi/ pl. xz/lpl. x3 /l|pll), P = (x1, x2, x3) € S. Then, as we saw 
earlier in this chapter, for p = (0, 0, 1), S, = {(p, v1, v2, 0): v1, v; € R} and, 
for |v| = 1, k(v) = vj — v3. Thus k(v) attains its maximum value (for 
lv]? = vf + v$ = 1) when v= (p, +1, 0, 0) and its minimum value when 
v= (p, O, +1,0), so the principal curvatures at p are k,(p)= —1 and 
k,(p) = 1. 


Theorem 3. Let S be an oriented n-surface in R"*', let p € S, and let {k,(p),..., 
k,(p)} be the principal curvatures of S at p with corresponding orthogonal 
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principal curvature directions (v,, ..., v,). Then the normal curvature k(v) in 
the direction v e S (vi = 1) is given by 


k()- È kP v? = > k,(p) cos? 6, 


where 0; = cos" !(v - ay, is the angle between v and v,. 


Pnoor. Since v can be expressed as a linear combination of the orthonormal 
basis vectors (v, ..., Vn} by v = Y i-i (v: vivi = Dies (cos 0)v; we have 


k(v) = Lj) v= ¥ (cos 6)L (v): v 
= Y (cos 0)k(p = v= Y: kilp) cos? 6, D 


The numbers cos 0, = v > v; such that v = Y7., (cos 6,)v; are called the 
direction cosines of v with respect to the orthonormal basis (v,, ..., v,}. ` 
Associated with any self-adjoint linear transformation L: V > y, S 
V is a vector space with a dot product, is a real valued function 2: V+ R 
defined by 
Av) = L(v) v. 


This function 2 is the quadratic form associated with L. The quadratic (oti 
associated with the Weingarten map L, at a point p of an oriented n-surface 
S c R^*! is called the second fundamental form of S at p and is denoted by 
Fp Thus, S (v) = L,(v) v = à(tj) - N(p) where a: 1— S is any param- 
etrized curve in S with a(t;) - p and &(tj) 2 v. In particular, when 
|v = 1, 9^, (v) is equal to the normal curvature of S at p in the direction v. 

The first fundamental form of S at p is the quadratic form .*, associated 
with the identity transformation on S,. Thus ./,(vy) 2 v: v — Ivi? for all 
veS, 

Note that the quadratic form associated with a self-adjoint linear trans- 
formation L contains exactly the same information as L, since L can be 
recovered from 2 by use of the formula " 


L(v) + w = M2(v + w) — Av) — 2(w)], 


which is valid for all v and w in V. 
A quadratic form 2 is said to be 


positive definite if 2(v) > 0 for all v #0, 

negative definite if 2 (v) < 0 for all v #0, 

definite if it is either positive or negative definite, 

indefinite if it is neither positive or negative definite, 
positive semi-definite if 2(v) > 0 for all v, 

negative semi-definite if 2(v) < 0 for all v, and 

semi-definite if it is either positive or negative semi-definite. 
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Thus the first fundamental form .7, of an oriented n-surface S c R"*? is 
always positive definite. The second fundamental form /, is positive definite 
if and only if the normal curvature k(v) = 4 (v) is positive for every direc- 
tion v at p. By the previous theorem, this is the case if and only if all the 
principal curvatures k;(p) of S at p are positive. Similarly, 7^, is negative 
definite if and only if all the principal curvatures of S at p are negative. When 
5^, is positive definite, the surface S bends toward the unit normal N(p) in 
every tangent direction v at p, whereas if S, is negative definite S bends 
away from N(p) in all directions (see Figure 12.3). 


N (p) 


(a) (b) (c) 


Figure 12.3 The Weingarten map at p is negative definite in (a), positive definite in 
(b), and indefinite in (c). 


Theorem 4. On each compact oriented n-surface S in IR" * ! there exists a point 
p such that the second fundamental form at p is definite. 


Pnoor. The idea of the proof is to enclose S in a large sphere and then shrink 
the sphere until it touches S (see Figure 124.) At the point of contact, the 
normal curvature of S will be bounded away from zero by the normal 
curvature of the sphere. 

More precisely, define g: R"*! GR by g(xs, ..., Xn) =x} +: 
+ x2, ,. Since S is compact, there exists p e S such that g(p) = g(q) for all 
q € S. By the Lagrange multiplier theorem, there exists 4 € R such that 
Vg(p) = AVf (p) = uN(p) where S = f^ '(c) and u = x 4| Vf(p)|. The sign of 
u depends on the orientation of S; assume for the moment that u < 0 (i.e. S 
in oriented by its “inward” normal) Then p= — |u| = —||uN(p)| = 
— ||Va(p)|| = —2I|p||, so that 


N(p) = = Val) -— m (p. p). 
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Figure 124  |k(v)| > 1/r for all directions v at p, where r is the radius of the 
enveloping sphere. 


Now, for ve S,, |v| =1, let a: 1— S be such that à(tj) — v. Then 
g°a(to) >= g ° a(t) for all t e I, so 


>a) + Va(a(t)) + àlt) 


=a EJ TO 


= plate)? + e" a(to)) * &(to)] 
= 2[1 — |IPIIN(P) * &(to)] 
= 2[1 — ||p||k(v)]. 


Thus k(v) > 1/||p|| for all directions v e S,. 
If S were oriented so that u = Vg(p) + N(p) 0, then the norba curva- 
ture would change sign so that k(v) < —1/||p|| for all directions v at p. O 


The determinant and trace of the Weingarten map are of particular im- 
portance in differential geometry. The determinant K(p) — det L, is called 
the Gauss-Kronecker curvature of S at p. It is equal to the product of the 
principal curvatures at p. When n = 2, K(p) = k,(p)k;(p) is called simply the 
Gaussian curvature at p. 1/n times the trace of L, is called the mean curvature 
H(p) of S at p. Thus H(p)- (1/n) Y?-, k(p) is the average value of 
the principal curvatures at p. 

The following theorem is useful in computing rane 
curvature. ` 


Theorem 5. Let S be an oriented n-surface in R"*' and let p € S. Let Z be any 
non-zero normal vector field on S such that N = Z/|Z || and let (v,, ..., Va} be 
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any basis for S,. Then 


VuZ Yi 
K(p) — (—1y det V.Z | Z(p)|" det hi , 
Z(p) Z(p) 


n+1 — 
where, for Wi, E W,n1 € R, , Wi az (p, Wi. lo sss Wi. n1)» 


Wi Wi,1 “Wy nt 
def : |=] : | 
Wy, 1 Wn1,1 A Wn+1,n+1 
Proor. Since Z = |Z||N, 
VZ v«.IZIN() + Zi]. N 
det : = det 
VL Vy, Z|)N( p) + |Z (p)] V, N 
Z(p) Z(p)IIN(P) 
n 
= [Zi de} yin 
IZ(»)IN() 
us 
— 1y'|Z(p)|" det 
Lip 
0 vi 
—1)"|Z(p)||" det : v, 
1/ \ Z(p) 


— Ay'|Z(p)|" (det A) det 

Z(p) 
= (-1y'|Z(p)|" K (p) det i 
Z(p) 


where A is the matrix for L, with respect to the basis {v,, ..., v,j forS,, and 
A' denotes the transpose of A. Solving for K(p) completes the proof. O 


EXAMPLE. Let S be the ellipsoid (x2/a?) + (x2/b?) + (x ee = 


ae b, and c 
alls 0) oriented by its outward normal Let Z(p)= 


Vf (p) = 
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(p, x3/a?, x2/b?, x3/c?) for p = (x4, x2, x3) € S. A basis for S, will consist of any 
independent pair of vectors orthogonal to Z(p). For x, #0, we may take 
= (p, x2/b?, — x, /a?, 0) and y= (p, xs /c?, 0, — x, /a?). Then - 


V,,Z x4/a?b? —x,/ab? 0 
det | V,Z] = | x3/a?c? 0 — x, /a 
Z(p) x, /a? /b? xa/c 


a? mi c 4p2c2* 
MI x4 /b? —x;/a 0 2 2 2 
det} v | = | x3/c? 0 —x,/a? =5(5 pe 3) 
Z(p) x,/a? X2/b? x3/c? n b 


dxi 2 2\1/2 
izon = (3 ez e) 
so the Gaussian curvature of the ellipsoid is 
1 


K(p) = ———;——À——3áàu: 

| Xi x x 
apoi ez e 
Note that, although this formula for K was derived under the assumption 
that x, #0, it is valid for all p e S by continuity. 


Theorem 4 of this chapter is an example of a global theorem in differential 
geometry. A property of an n-surface S is said to be a global property if it 
expresses a fact about the surface S as a whole (such as, the n-surface S is 
compact, or the n-surface S is connected, or the 1-surface C has finite length). 
On the other hand, a property of S is said to be a local property if it expresses 
a fact about the surface S at or near a particular point of S, a fact which can 
be verified by computations in an arbitrarily small open set containing the 
point (for example, the second fundamental form 4, of S at p is definite, or 
the Gauss-Kronecker curvature of S at p is positive). A global theorem is a 
theorem in which a global property is among the essential hypotheses or 
among the conclusions. A theorem in which all the essential hypotheses and 
conclusions are local properties is called a local theorem. Thus, for example, 
Theorems 3 and 5 of this chapter are local theorems (the hypothesis that S be 
oriented, although a global hypothesis, is in fact inessential; these theorems 
are independent of the orientation chosen and in fact all that is required for 
the validity of these theorems is a choice of smooth unit normal vector field 
N defined at and near the point p). In contrast, Theorem 4 ofthis chapter is a 
global theorem; its validity depends crucially on the hypothesis that S be 
compact. The theorem of Chapter 6 is another example of a global theorem. 
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Our next theorem is an especially interesting type of global theorem. It 
asserts the equivalence of two local properties, at each point of an n-surface 
S, but only in the presence of a global hypothesis. Note that the theorem fails 
to be true if the compactness hypothesis is removed. (Consider a one-sheeted 
hyperboloid in R?.) 


Theorem 6. Let S be a compact connected oriented n-surface in R"* 1. Then the 
Gauss-Kronecker curvature K(p) of S at p is non-zero for all p € S if and only if 
the second fundamental form S , of S at p is definite for all p € S. 


Pnoor. If 2, is definite for all p € S then the normal curvature k(v) = 7 pV) 
is non-zero for each direction v € S, so in particular all principal curvatures 
at p are non-zero and hence so is their product K(p). 

Conversely, by Theorem 4 there exists a point po € S such that S po is 
definite. Suppose S p, is in fact positive definite. Then the minimum princi- 
pal curvature k, of S is positive at po. Since k,: S > R is continuous, S is 
connected, and k, is nowhere zero (since, by hypothesis, K is nowhere zero), 
k, must be everywhere positive. Hence all the principal curvatures are every- 
where positive and /, is positive definite for all p € S. If ^, were negative 
definite, a similar argument, with k, replaced by the maximum principal 
curvature k,, would show that S, is negative definite for all p € S. [] 


Remark. The connectedness hypothesis in Theorem 6 is actually inessen- 
tial since it can be shown that every compact n-surface in R"*! is a finite 
union of connected ones, and Theorem 6 can then be applied to each of 
these. 


EXERCISES 
12.1. Let S 2 f ^ ! (c) be an n-surface in R"* !, oriented by Vf/||Vf ||. Show that, for 
v= (p, vi, +., Vn+1) a Vector tangent to S at pe S, the value of the second 


fundamental form of S at p on v is given by 


nti Qf 
f (Vv) = -q/INf e») 2. fx, ax, Pe 
(When |v|| = 1, this formula provides a straightforward way to compute the 


normal curvature k(v) = /,(v) in the direction v.) 


In Exercises 12.2-12.6, find the normal curvature k(v) for each tangent 
direction v, the principal curvatures and principal curvature directions, and 
the Gauss-Kronecker and mean curvatures, at the given point p ofthe given 
n-surface f (x,, ..., X,41) = c oriented by Vf/||Vf |. 


122. X1 +X +: +Xq41 = 1, p= (1, 0,..., 0). 
12.3. x3 +x% +: +x% =r7, r> 0, p=(0,..., 0, r) 
124. (x ja?) + (x3/b?) + (de!) = 1, p = (a, 0, 0) (in R°) 
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12.5. (x1/a?) + (x3 /b?) — (x3/c?) = 1, p = (a, 0, 0) (in R°) 
12.6. x? + (xi^ x3 — 2)? = 1 (torus in R?) 


(a) p = (0, 3, 0) 
(b) p= (0, 1, 0) 


12.7. Show that if S and S denote the same n-surface in R^*! but with opposite 
orientations, then K = (—1)'K where K and K are the Gauss-Kronecker 
curvatures of S and S respectively. (In particular, Gauss-K ronecker curvature 
is independent of the choice of orientation if n is even.) 


In Exercises 12.8-12.11, find the Gaussian curvature K: S > R where S is 
the given surface. 


12.8. x} +x} — x3 = 0, x3 > 0 (cone) 

12.9. (x}/a*) + (x4/b?) — (x3 /c?) = 1 (hyperboloid) 
12.10. (x2 /a?) + (x1/b?) — x3 = 0 (elliptic paraboloid) 
12.11. (x3 /a*) — (x3 /b?) — xs = 0 (hyperbolic paraboloid) 


12.12. (a) Find the Gaussian curvature of a cylinder over a plane curve. 
(b) Find the Gauss-Kronecker curvature of a cylinder over an n-surface. 


12.13. Let g: R” + R be a smooth function. Show that the Gauss-Kronecker curva- 
ture K of the graph of g is given by the formula 


. ug n 0g J B 
x eni ice + & Ua 
where the orientation N is chosen so that N(p) - (p, 0,...,0, 1) > Ofor all pin 
the graph. 


12.14. Let S be an oriented 2-surface in R? and let p e S. Show that, for each v, 
we S,, L,(v) x L,(w) = K(py x w. 


12.15. Show that, for S an oriented 2-surface in R?, 
K(p) = Z(p) - V.Z x V. Z/|Z(p)l* 


where Z is any nowhere zero normal vector field on S and v and w are any two 
vectors in S, such that v x w = Z(p). 


12.16. Show that the mean curvature at a point p of an oriented n-surface s can be 
computed from the values of normal curvature on any orthonormal basis 
iva i nep for S, by the formula 


H(p) = PED | 


12.17. Let S be an oriented 2-surface in R? and let (v,, v;) be an orthonormal basis 
for S, consisting of eigenvectors of Lp. Let k; = k(v;). . 
(a) Show that for v(8) = (cos 0)v, + (sin 6)v, € Sp, 


k(v(6)) = k, cos? 0 k2 sin? 0. 
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12.18. 


12.19. 
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(b) Show that the mean curvature at p is given by the formula 
1 2n 
H(p) = zz |, kt) de. 


Let S = f ^ ! (c) be an oriented n-surface, oriented by N = Vf/||Vf |. Show that 
H(p) = — (1/n) div N. [Hint: First note that div N = trace (v V, N] and 
then evaluate this trace using the basis (vi, ..., Yn, N(p)} where (v,, ..., Vn} is 
an orthonormal basis of S, consisting of eigenvectors of L,.] 


Let S=f~'(c) be an n-surface in R"*!. Given a > 0, let $ = g^ ! (c) where 
g(p) =f (p/a) for all p such that p/a is in the domain of f. 


(a) Show that $ is an n-surface in R"*! and that pe S if and only if ape S. 

(b) Letting S be oriented by Vf/||Vf | and S by Vg/||Vg||, show that the spheri- 
cal images of S and of $ are the same. 

(c) Show that the mean curvatures H and ff of S and S are related by 
H(ap) = (1/a)H(p). 

(d) Show that the Gauss-Kronecker curvatures K and K of S and S are 
related by K(ap) = (1/a")K(p). 


Convex Surfaces 


e 


An oriented n- -surface S in R'*! is convex (or globally convex) if, for each 
p € $, 8 is contained in one of the closed half-spaces 


= (qe R"*!:(q— p): N(p) > 0j 


or 


n e RY: (q — p)- N(p) < 0}, 


where N is the Gauss map of S (see Figure 13.1). An oriented n-surface S is 
convex at p € S if there exists an open set V c R"*! containing p such that 
S ^ V is contained either in H} or in H,. Thus a convex n-surface is 
necessarily convex at each of its points, but an n-surface convex at each point 
need not be a convex n-surface (see Figure 13.2). 

If S is convex and S ^ H, = (p) for each p e S, where 


H, = {q € R"**: (q — p): N(p) = 0j, 
then S is said to be strictly convex. Similarly, if S is convex at p for some 
pe S and $ ^ V ^ H, = (p) for some open set V containing p, then S is 
strictly convex at p. 
The goal of this chapter is to relate curvature to convexity. The first result 
is an easy one. 


Theorem 1. Let S be an oriented n-surface in R^*! which is convex lat p € S. 
Then the second fundamental form ^, of S at p is semi-definite. 


Proor. Suppose $ ^ V c H5 for some open set V in R"*! containing p. For 
veS,, let a: I—^ S0 V be such that a(t;) 2 p and &(to) = =v. Define 
h: IR by h(t) = (a(t) — p)  N(p). Then h(t) = 0 for all t, since a(t) e H} 
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Figure 13.1 S is convex if, for each p € S, S is contained in one of the half-spaces 
Hz. Note that the common boundary of these two half-spaces is the n-plane 
H, = {q € R^*!:q- N(p) = 0j tangent to S at p. 


for all t, and h(t;) = 0, so h attains an absolute minimum at tọ. Hence 
S (Y) = &(to) © N(a(to)) = h"(to) = 0. 
If S c H}, the inequality is reversed, for all v e S,. o 


The converse of Theorem 1 is not true; for example, the 2-surface 
x3 = x? — x$ in R? has Yo semi-definite yet is not convex at 0. We can 
prove, however, (Theorem 3) that if 7, is definite, then S is convex (in fact, 
strictly convex) at p. 

The key idea in studying convexity is the observation that S is convex at 
pes if and only if the “height function" h: S — R, defined by h(q) = 
q* N(p), attains either a local minimum or a local maximum at p. In order to 
capitalize on this observation, we shall need to develop further the calculus 
of smooth functions on n-surfaces. 

Let h: S — R be any smooth function on the n-surface S c IR"*!. The 


gradient vector field of h is the smooth tangent vector field grad h on S 
defined by 


(grad h)(p) = Vh(p) — (Vh(p) - N(p))N(») 


Figure 13.2 A non-convex plane curve which is convex at each point. 
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where fi is any extension of h to a smooth function on an open set containing 
S, and N is any orientation on S. Thus grad h is the tangential component of 
Vh. The gradient of h: S — R has the following properties: 


(i) V, ^ = (grad h)(p) - v for all v e S,, pe S. 
(ii) (h - ay (t) = (grad h)(a(t)) - &(t) for all t e I, where a: 1 — S is any pa- 
rametrized curve in S. 
(ii) (grad h)(p) = Y?-, (V, h)v;, where {v,, ..., Va} is any orthonormal basis 
for Sp, pe S. | i 
(iv) (grad h)(p) = 0 if and only if h is stationary at p, p e S. 


In particular, grad h is independent of the choice of extension h, by (iii). 
Property (ii) is a form of the chain rule. 
Property (i) is true because 


V,h = V, A = Vh(p)* v = (grad h)(p) - v. 


(ii) follows from (i), since (h » a) (t) = Van h. To check (iii), dot both sides 
with vj(j € (1, ..., n}) and use (i). Finally, (i) and (iii) together imply that 
(grad h)(p) = 0 if and only if V, h = 0 for all v e S,, which establishes (iv). 
(Recall that h: S — R is stationary at p e Sif V, h = Oforallv € S,; that is, if 
(h » ay (to) = 0 for all parametrized curves « in S with a(to) = p.) 

A point p € S at which h: S > R is stationary is called a critical point of h. 
Critical points of smooth functions h: S > R come in three varieties: local 
minima, local maxima, and saddle points (see Figure 13.3): 

h: S  R attains a local minimum at p € S if there is an open set V in S, 
containing p, such that h(q) > h(p) for all qe V (V c S is an open set in S 
if V = W ^ S for some open set W in R^*) 

h: S — R attains a local maximum at p € S if there is an open set V in 
S, containing p, such that h(q) x h(p) for all qe V. 


Figure 13.3 Critical points of the height function h: S > R, h(q) = q* u where u is a 
unit vector in R"*!. h measures height above the n-plane u+. h attains a local maxi- 
mum at p, and a local minimum at p4; p? and p; are saddle points. 
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péS is a saddle point of h: S —^ R if h is stationary at p but n attains 
neither a local minimum nor a local maximum at p. 

If, in the definitions of local minimum and local maximum, the inequali- 
ties are strict then h is said to attain a strict local minimum (h(q) > h(p) for all 
q € V, q # p) or a strict local maximum (h(q) < h(p) for all q € V, q # p) at p. 

The condition (grad h)(p) = 0 is the “first derivative test” for a critical 
point of h: S —> R. We shall need a “second derivative test” to help distin- 
guish between the types of critical points. 

Let p € $ be a critical point of h: S — R. The Hessian of h at p is the 
quadratic form #,: S, > R defined by 


H (v) = V.(grad h) - v. 


Thus #, is the quadratic form associated with the self-adjoint linear trans- 
formation on S, which sends v to V,(grad h). Note that V,(grad h) does lie in 
S, for each v e S, since 


V,(grad h) : N(p) = V,((grad h) - N) — (grad h)(p) - V, N 
= V,(0) 0: V,N - 0. 


Verification that this linear transformation is in fact self-adjoint is left as an 
exercise (Exercise 13.2). 


Theorem 2. (Second derivative test for local minima and maxima). Let S be an 
n-surface in R"*!, let h: S — R be a smooth function which is stationary at 
p € S and let #, denote the Hessian of h at p. 

(i) If h attains a local minimum at p then X , is positive semi-definite. If h 
attains a local maximum at p then 3€, is negative semi-definite. 

(ii) If #, is positive definite then h attains a strict local minimum at p. 
If X , is negative definite then h attains a strict local maximum at p. 


Proor. (i) Suppose h attains a local minimum at p. For v e S,, let a: I > S 
be such that &(to) = v. Then 


(ho «y (t) = (grad h)(a(t)) a(t), for allt e I, and 


0 < (h » a)'(to) = V. (grad h) + &(to) + (grad h)(a(to)) - &(to) 
= X (v), 


since (grad h)(p) = 0. Thus #, is positive semi-definite. The proof for local 
maxima is similar. 

(ii) To prove the first statement of (ii) it suffices to show that if h does not 
attain a strict local minimum at p then #, cannot be positive definite. So 
suppose h does not attain a strict local minimum at p. Then there must be a 
sequence {p,} in S — {p}, with lim,» p, = p, such that h(p,) x h(p) for all k. 
For each k, set v, = (p, — p)/lp, — pl. Then {v,} is a sequence in the unit 
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sphere S". Since S" is compact, the sequence {v,} must have a convergent 
subsequence, which we may as well assume is (v) itself; let v = lim, v. 
We shall show that v = (p, v) e S, and that #,(v) < 0. 

Let W be an open ball in R"* P , containing p, such that both Å, a smooth 
extension of h, and f, a smooth function defining S as f ^! (c), are defined on 
W. Then p, e W for sufficiently large k. Applying the mean value theorem to 
g(t) =f (p + tv,) we find 


o= O) —f(») _ (lip. — Pll) — g0) 
i-l i-e- 
= g'(&) = Vf (P + tere) * Y. 
for some t, € (0, |p, — p||), where v, = (p + tkYr, v). Taking the limit as 
k — œ yields 0 = Vf (p) * v (since lim... t, = 0) so v € S,. 
To see that J£ ,(v) < 0, note that Vh(p) = AVf (p) for some 4 € R, since 
(grad h)(p) = 0, and A= Vh(p) - Vf (py | Vf (p)||?. We shall apply Taylor’s 
theorem to git) = (h — Af \(,(t)), where a(t) = p + tv, . Sin 
gilt) = V(fi — Af (oa(t)) © (t) = (Vh — AVf Yos(t) * (mt). vy) 
and 
gt) = (Va (Vh — AVf)) * (xlt) v.) 
we find, for some t, between 0 and lp. — Pll, 


gxdp. — pl) = g.(0) + a&(0)]p. — pli + 3ax(&)lpx — pl? 
= g,(0) + ((Vh — AV )(p) * (p. va): — Pll 
| + Vania (VA — AVf)) © (cee(te), vus — Pll? 
The middle term is zero since Vh(p) = AVf (p). Hence 
o. Me) — ht). (p) fip) 
= Toei? Wee = Pl? 


_ F=f) - = AVC) nce fp.) = fp) = . 
lp. — Pl? (since f (p, = f (p) = c) 


_ Allp, — Pll) — 9.0) 
Ip. — Pll’ 


= (Vase (VA — AVf)) * (mt), v.) 
Taking the limit as k — oo yields 
0 > 4V,(VA — AVf) > v. 
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But this last expression is just 33€, (v), since 
H (v) = V, (grad h) - v 
= V,(Vh — (Vh - NN): v 


Vh - Vf E 
dw V 


- VIVE): v - v[ ee uro v- (Sere Joven 
= V(Vh)* v — AV(Vf)* v 


= V(Vh — AVf)* v, 


= V,| VA — 


so 0 > Æ (v), as claimed. 

Thus we have shown that if h does not attain a strict local minimum at the 
critical point p € S then its Hessian J£, cannot be positive definite. The 
proof that if h does not attain a strict local maximum at p then ¥ cannot be 
negative definite is similar. LJ 


When S is displayed as a level set S = f~ !(c) (f: U — R"*! such that 
Vf (p) # 0 for all p € S) and h is described as the restriction to S of a smooth 
function h: U — R, the local minima and local maxima are most easily found 
using the following facts, which are evident from the above proof. The 
critical points of h = f|; are those points p € S such that VA(p) = AVf (p) for 
some 4 € R (A is the Lagrange multiplier at p of the pair of functions h, f ). 
Then a sufficient condition that h = h|; attain a local minimum at the criti- 
cal point p is that the quadratic form 


Hv) 2 V(Vh—AVf):v veS,, 


be positive definite; a sufficient condition that h attain a local maximum at p 
is that this quadratic form be negative definite. 

The critical point theory becomes especially simple when h: S5 Risa 
height function h,(q) = q * u, where u is a unit vector in R"*! (Figure 13.3). 
Then h, = fi, |; where 


hí(a)— 4v 
Vh,(q) = (q, u), 
V,(Vh,) = 0 


for all q € R"*! and all v e Rj*!. It follows that p € S is a critical point of 
h,= h,|s if and only if (p, u) = = AVf (p) for some 4 € R. Since u is a unit 
vector, |A| must equal 1/|Vf(p)| so p is a critical point if and only if 
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(p, u) = +N(p). Moreover, if p is a critical point of h, and v e S,, then 
lv) = VAVR, — (Vf, - NN): v 
= (Vf, - Ng - VN - v) 
= (us NEA). 
= +/,(v), 


where /, is the second fundamental form of S at p. We conclude, then, that 
peSisa 1 critical point of the height function h,: S ^ R, h,(q) = q ° u where u 
is a unit vector in R"* !, if and only if N(p) = +u, and at a critical point p of h, 
the Hessian is equal to + the second fundamental form of S at p, the sign being 
the same as that of N(p)° v. 

An immediate consequence of these facts is the following partial converse 
to Theorem 1. 


Theorem 3. Let S be an oriented n-surface in R"* !. Suppose p € S is such that 
the second fundamental form S , of S at p is definite. Then S is strictly convex 
at p. 


Pnoor. S is strictly convex at p if and only if the height füncfon hy»: S> R 
attains either a strict local minimum or a strict local maximum at p. But this 
is the case since hng i is etauonary at p and H p= tSp is definite O 


By kbna Theorem 3 with Theorem 6 of Chapter 12 we see that if S is 
a compact connected oriented n-surface in R'*' whose Gauss-Kronecker 
curvature is nowhere zero then S is strictly convex at each point. The re- 
mainder of this chapter will be devoted to proving (Theorem 5) that such an 
S is globally convex. For this, we must show that if u = N(p) for some p e S 
then the height function A, attains not just a local maximum or minimum at 
p but in fact attains a global maximum or minimum at p. The idea of the 
proof is to show that each h, can have only two critical points, namely the 
point at which h, attains its global maximum and the point at which h, 
attains its global minimum. The prooi requires some further facts about 
differential equations. 

Recall that, given a smooth vector field X on an open set U c R"*! anda 
point q € U, there exists an open interval I, containing 0 and a unique 
integral curve a,: I, U of X with a,(0) = q. "Theorem 4 says that, at least 
for small t, «,(t) is a smooth function of q. 


Theorem 4. Let X be a smooth vector field on an open set U c R^ *! and let 
p € U. Then there exists an open set V in R"*! with p e V c U andane —- 0 
such that for each q € V there is an integral curve a,: (— €, eo U of X with 
a,(0) = q. Moreover, for each such V and e, the map y:Vx(-&c)5U 
defined by W(q, t) = (t) is smooth. 
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For a proof of Theorem 4, see, e.g, W. Hurewicz, Lectures on Ordinary 
Differential Equations, M.1.T. Press, Cambridge, Mass. 1958, pp. 28-29. 


Corollary. Let X be a smooth tangent vector field on a compact n-surface 
Sc R'*!, Then X is complete; that is, every maximal integral curve of X has 
domain the whole real line. Moreover, for each t € R, the map Y: SS 
defined by W,(q) = «,(t), where a, is the maximal integral curve of X through q, 
is smooth. 


Proor. Extend X to a smooth vector field Ñ on an open set U c R"*? 


containing S. We shall show first that there exists an € > 0 (a uniform £) such 
that for every p € S there is an open set V, in R"*’, with p e V, c U, such 
that the conclusions of Theorem 4 hold for X, for this open set V, , and for 
this & Suppose there were no such é. Then for each positive integer k there 
would be a point p, in S such that for every open set V containing p, the 
maximal integral curve a, of X through q does not contain the interval 
(—1/k, 1/k), for some q € V. Since S is compact, the sequence {p,} has a 
subsequence converging to some point p € S. Now let V and e be as in 
Theorem 4, for this p and for X = X. Then for every q € V the maximal 
integral curve of Ñ through q will have domain containing the interval 
(— 6, £} But p, € V for arbitrarily large k, and in particular for some k with 
1/k < e. This contradicts the existence of {p,} and thereby establishes the 
existence of a uniform é. 

It follows that the domain I of each maximal integral curve a of X is the 
whole real line. For suppose there were an end point b e R of the open 
interval I. Choosing ty € I so that |t — b| < z, let B be the maximal integral 
curve of X through a(t;). Then a(t) and A(t — to) are integral curves of X 
which agree at tọ and so agree for all t in their common domain. Hence the 
parametrized curve which sends t to a(t) for t € I and sends t to B(t — to) for 
|t — to| < Zis an integral curve of X which extends « beyond b, contradict- 
ing the fact that « is maximal. Hence I = R, as claimed. 

Thus for each t e R there is a map w,: SS defined by w,(q) = (t). 
Note that, by uniqueness of integral curves, y, » V, = 54, for all s, te R. 
Indeed, for each s € R and q € S, v,(V,(q)) and v,,,(g) both describe the 
unique maximal integral curve of X through y,(q) It follows that 
V, = Win ° Vy 9 7 ° Va (composition k times), where the positive integer k 
is chosen so that |t/k| < & But ,,,is smooth by Theorem 4; hence, so is y, . 

L] 


Remark. It can be shown, further, that the map y: S x R > R defined by 
V(q, t) = v. (q) = e(t) is also smooth, but we shall not need this fact. 


Consider now the smooth tangent vector field grad h, where h: S 2 Risa 
smooth function on the n-surface S c R"*'. The integral curves of grad h are 
called gradient lines of h (see Figure 13.4). If p e S is a critical point of h, then 
(grad h)(p) = 0 so any gradient line a: I > S of h passing through p will be 
simply a constant curve, a(t) = p for all t e I. Along all other gradient lines, h 


13 Convex Surfaces 103 


ie 
Figure 13.4 Gradient lines of the height function h: S > R, h(a) 2 q* u. 


is strictly increasing. Indeed, if a: I + S is any gradient line of h not passing 
through a critical point of h, 


(h « a)'(t) = (grad A)(a(t)) - a(t) = |(grad h)(a(e))|? > 0 


for all t € I. In fact, the gradient lines of h are the curves in S along which h 
increases fastest among all curves in S with comparable speed (see Exercise 
13.4). 
A critical point p of a smooth function. h: SR is non-degenerate if 
V,(grad h) + 0 for allve S p; V # O. Note that non-degenerate critical points 
are isolated in that for each such critical point p there is an open set V in S 
about p such that V contains no other critical points of h. For otherwise 
there would be a sequence {p,} of critical points of h converging to p and a 
" subsequence {p,,} such that (py, — py|py, — p|| converges to a point v in the 
unit sphere S"; setting v = (p, v) it would follow, as in the proof of Theorem 
2, that v € S, and that V,(grad h) = 0 (since (grad h)(p,,) = 0 for all k;) con- 
tradicting non-degeneracy 


Lemma 1. Let S bea compact nuns and let h: S — R be a smooth function 
all of whose critical points are non-degenerate. Then the gradient lines of h run 
from one critical point of h to another; that is, if a: RS is any maximal 
gradient line of h then there exist critical points p and q of h such that 
lim,- a(t) = q and lim,..,, a(t) = p (see Fi igure 13.4). 


Proor. Let «: R — S be a maximal gradient line of h. Since S is compact, the 


sequence {a(k): k = 1, 2,...} has a convergent subsequence {a(t,)}. Let 
p = lim, a(t,). Then 


h(p) — h(a(0)) = lim [h(a(t,)) — - h(o(0))] | 


= lim ie (he a) (t) dt 


= [ |(grad ^)(x(t))]? de 
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so the integral f? |(grad h)(a(t))|? dt converges, which can happen only if 
lim, | (grad ^)(a(t))|? = 0. In particular, 


| (grad h)(p)|| = lim (grad h(5))] = 0 


so p is a critical point of h. 

We still must check that lim, «(t) = p. But if not, there will be an £ > 0 
such that, for each k, |a(s,) — p|| 2 £ for some s, > t,. Since |a(t,) — p|| < € 
for k sufficiently large, this says that a(t) enters and leaves the ball 
{qe R"*!: |g— p| <£} repeatedly as t— oo (see Figure 13.5) Since 


E 


a (tk) a (sy) 


Figure 13.5 If lim,- a(t) # p then a must repeatedly enter and leave the e-ball 
about p = lim,.., a(t,). 


|a(t) — p|| must equal £ for some t between t, and s, , we can choose s, so that 
in fact ||a(s,) — p| = £. Since {q € S: |q — p|| = £} is compact, the sequence 
{a(s,)} has a subsequence converging to some point p,¢S with 
lp — p|| = £. Since lim,» s, = oo, the same argument that showed p was a 
critical point of h also shows that p, is a critical point of h. Repeating this 
construction with e replaced by s/m leads to a critical point p, € S of h with 
lp — p|| = &/m, for each positive integer m. But this contradicts the fact that 
p is a non-degenerate, hence isolated, critical point of h. So, indeed, 
lim, a(t) = p. | 
Consideration of the sequence {a(—k): k = 1, 2, ...} will yield in the same 
way a critical point q of h such that lim,- a(t) = q. C] 


Theorem 5. Let S be a compact connected oriented n-surface in R"* ! whose 
Gauss-Kronecker curvature is nowhere zero. Then 


(i) The Gauss map N: S ^ S" is one to one and onto, and 
(ii) S is strictly convex. 


ProoF. (i) By Theorem 6 of Chapter 12, the second fundamental form /, of 
S at p is definite for all p e S. S, is either positive definite for all p or 
negative definite for all p because the minimum and maximum normal cur- 
vatures k, and k,, being continuous nowhere zero functions on the con- 
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nected n-surface S, cannot change sign. By reversing the orientation on S if 
necessary, we may assume that ^, is negative definite for all p e S. 

Now let u eS". By the discussion preceding Theorem 3, p e S isa critical 
point of the height function h,: SO R, h(q) — q* u, if and only if 
N(p) = +u. Furthermore, since #, = u * N(p)9,, N(p) = +uifand only if 
h, attains a local maximum at p and N(p) = —u if and only if h, attains a 
local minimum at p. In particular, all critical points of h, are non-degenerate, 
hence isolated, and h, attains either a strict local maximum or a strict local 
minimum at each one. 

The fact that N is onto is now evident: given u € Su we find that u = N(p) 
where p is any point where h, attains its maximum. 

To see that N is one to one, let p be a point in $ with N(p) — u. Then the 
height function h, must attain a strict local maximum at p. We shall show 
that the set 


U, — (q eS: lin n a(t) = p}, 


where a,: R — S is the maximal gradient line of h, with a,(0) = q, is an open 
set in S. 

First note that there exists an open set y, in $ about p such that all 
gradient lines of h, which e enter. V, must run to | p. Indeed, choose > 0 small 
enough so that | 


(1) p is the only critical point of h, in A, = {q € S: |q — P|: <e}, 


(2) h,(p) i h,(q) for all q € A., q # p, and 
(3) B, = {q € S: |a — p|| = £} is non-empty, 


j M, denote the maximum value of h, on the compact set B,, and set 

V, = {q € S: ||q — pl < ¢ and. h(gq) > M,). Then a gradient line « of h with 
afto) € V, for some to € R cannot have a(t) € B, for any t > to (since h in- 
creases along a) and so a(t) must stay in A, for all t > to . « must therefore 
run to a critical point in A, and p is the only one there. 

The fact that U, is open now follows from the Corollary to Theorem 4. 
Given any qo e U, "there will be a t; € R such that a, (to) € V,. By continu- 
ity of V, a, (to) = Wala) € V,, and hence a, runs to p, for all q sufficiently 
close to qo. Thus U, is open in S. 

Finally, let (p,, ..., p,). be the set of points in S where h, attains a local 
maximum (ie, where N(p;) =u) and let (q,, ..., qı} be the set of points 
where h, attains a local minimum. These sets are finite because the critical 
points of h, are isolated and S is compact. By the lemma, S — (4,,. je q} is 
the union of the mutually disjoint open sets U,,,..., U,,. But, since S is 
connected, S — (q,, ..., q} is also connected (see Figure 13.6), provided 
n > 1, so this is possible only if there is just one p;; i.e., only if N is one to one. 
The last step in the argument breaks down if n = 1, but Exercise 11.19 takes 
care of this special case. 
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Figure 13.6 A connected n-surface S (n > 1) cannot be disconnected by the removal 

of a finite set of points: take a small ball about each point and reroute each contin- 

uous curve from p to q around the boundaries of these balls. That the intersections of 

sufficiently small balls with S are connected can be established rigorously by apply- 
ing the inverse function theorem (see Chapter 15). 


(ii) We have just seen that for each u € S" there is only one point p, e Sat 
which the height function h, attains a local maximum. The same arguments, 
applied to — A, , show that there is only one point q, € S at which h, attains a 
local minimum. Moreover, these two points are the only critical points of h,,. 
Hence for each p € S the height function h,, where u = N(p), must attain 
either its strict global maximum or its strict global minimum at the critical 
point p. This says that S is strictly convex. go 


EXERCISES 


13.1. Show that if n is even and if the Gauss-Kronecker curvature at a point p of an 
n-surface S c R"*! is negative then S is not convex at p. 


13.2. Let S be an n-surface in R"* !, let h: S > R be smooth, and let p € S bea critical 
point of h. Show that the linear transformation from S, into itself which sends v 
into V,(grad h) is self-adjoint. 


133. Let V be a vector space with a dot product, let L: V > V bea self-adjoint linear 

transformation, and let 2 be the quadratic form associated with L. 

(a) Show that 2 is positive definite if and only if all the eigenvalues of L are 
positive. 

(b) Show that, if V has dimension 2, then 2 is positive definite if and only if 
(i) 2(v) > 0 for some v € V and (ii) det L > 0. 

(c) 2 is said to be non-degenerate if L is non-singular. Show that 2 is non- 
degenerate if and only ifall the eigenvalues of L are non-zero. (Remark. Note 
that a critical point p of a smooth function h: S > R is non-degenerate if 
and only if the Hessian #, of h at p is a non-degenerate quadratic form.) 


13.4. Let S be an n-surface in R"* ! and let h: S ^ R be smooth. Show that the curves 
in S along which h increases fastest are the gradient lines of h by showing that if 
a: [a, b] > S is an integral curve of grad h and £: [a, b] > S is any other curve 
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with the same speed (||B(t)|| = ||&(¢)|| for all t e (a, b]) and with f(a) = a(a), 
then h(a(b)) > h(f(b)) Show further that equality holds if and only if f = a. 


13.5. Let S be an n-surface in R"*! and let h: S— R be smooth. Show that the 
gradient lines of h are everywhere orthogonal to the level sets of h; i.e., show 
that if « is a gradient line of h and if f is any parametrized curve in S such that 
ho B is constant, then B(t,) - &(to) = 0 whenever f(t,) = a(to). 


Parametrized Surfaces 


We have seen that every connected oriented plane curve C has a global 
parametrization and that, using one, we can (i) find a useful formula for 
curvature (k œ à = à* N o a/ ||?) and (ii) define various integrals over C. 
We shall now carry out a similar program for n-surfaces (n > 1). It will turn 
out that oriented n-surfaces (even connected ones) in general admit only 
local parametrizations, but that will be adequate for our needs. 

The first property that a parametrization must have is regularity. In order 
to define regularity, we need the differential of a map. Let U be an open set in 
R” and let 9: U > R” be a smooth map. The differential of p is the smooth 
map dg: U x R" > R” x R” defined as follows. A point ve Ux R" is a 
vector v = (p,v) at a point pe U. Given v, let a: 1— U be any pa- 
rametrized curve in U with à&(to)=v. Then dg(v) is the vector at 
o(p) (do(v) e Rz, c R” x R”) defined by 


do(v) = o è a(to) 


(see Figure 14.1). Note that the value of do(v) does not depend on the choice 
of parametrized curve a, because l 


@ è alto) = (e » alto), (P1 » a) (to), .... (Pm ° a) (to)) 
= (e(p), Vøi(alto)) * &(to), .... VOm(a(to)) * à(to)) 
= (olp), Volp) Y, .... Ves(p) * v) 


where the o; are the component functions of o (o(q) = (¢1(4), .... Pm(q)) for 
all q € U), so 


do(v) = (o(p), Vw Pr» ---» Vv Pm) 
108 
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Image a image ges 
! pe 
"e 
y 
9 (p) 
p 
do(v) 


Figure 14.1 The differential of a map. 


This formula for dg(v) not only shows independence of a but also pro- 
vides a straightforward method of computing dg. The smoothness of dq is 
also now evident. 

It follows immediately from the above formula that the restriction do, of 
do to R; is a linear map do,: R > Rgp . Its matrix relative to the standard 
bases for Ry and. Bro! ^ just the Jacobian matrix M [0x jY(p)) of ọ at p. 
Indeed, if e; = (p, 0, . , 0) and e; = (o(p), 0, . ., 0) with the 1’s 
in the (j + 1)th and (i + ih spots respectively, then de matrix (a) for do, 
is defined by 


doe) = wae: (je {1,..., n}) 


and 


dij = do,(e;) Á ei = (o(p), VeP1, Deeg Ves Pm) i ei 
-[(» Zor n): 6 = 0) 


The set U x R^ = b Rj is called the tangent bundle of the open set U 
in R", and is denoted by T(U ) Thus the differential of the smooth map 
gy: U > R” maps T(U) into T(R”). Similarly, if S is an n-surface in R"* ! its 
tangent bundle is the set T(S) = | J, 5 S, c S x R"*!. Given a smooth map 
p: So R", its differential is the map do: T(S) —^ T(R") defined by 


do(v) = (o è a)(to) 


where a: I > S is any parametrized curve in S with à(t;) = v. Note that dq is 
just the restriction to T(S) of the differential d of any smooth extension of p 
to an open set in R"*! and hence in particular do(v) is independent of the 
choice of «. It follows also that the restriction dp, of dọ to S,(pe S) is a 
linear map do,: Sp > Ryp- | 


. Remark. For g: I — R, I an open interval in R, the symbol dg now has 
two meanings. On the one hand, in Chapter 11 we defined dq, call it now 
(dp), to be a 1-form on I, so (dg) is a smooth map from I x R into R. 
Now we have defined dg, call it (dp)?, to be a map from I x Rinto R x R. 
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These two maps are related by the formula 


(do)?*(t, u) = (e(t), de) u)) 


and hence either can be recovered directly from the other. We shall continue 
to use the notation dq for both; which of the two we mean will be clear in 
context. 


A parametrized n-surface in R"**(k > 0) is a smooth map q: U > R"**, 
where U is a connected open set in R", which is regular; i.e., which is such 
that dg, is non-singular (has rank n) for each p e U. The regularity condi- 
tion guarantees that the image of dg, is an n-dimensional subspace of Rz; 
for each p e U. Image dg, is the tangent space to o corresponding to the 
point p € U. Note that p need not be one to one, and that o(q) = (p) for 


q + p does not necessarily imply that Image do, = Image do,. 
EXAMPLE 1. A parametrized 1-surface is simply a regular parametrized curve. 


EXAMPLE 2. A parametrized n-surface in R” is simply a regular smooth map 
from one open set U in R" onto another. 


EXAMPLE 3. Let f: U ^ R (U open in R") be a smooth function. Define 
oq: U > R^*! by o(p) = (p, f (p)). Then ọ is a parametrized n-surface in R"* ! 
whose image is the graph of f. 


EXAMPLE 4. Let o: U > R? be given by 
q(0, $) = (r cos 0 sin $, r sin 0 sin $, r cos 4) 


where U = ((0, $) e R?: 0 < $ < nj and r > 0. Then 9 is a parametrized 
2-surface whose image is the 2-sphere of radius r in R?, with the north and 
south poles missing (see Figure 14.2). Note that ¢ is not one to one; in fact, 
@ wraps the strip U in R? around the sphere infinitely many times. The 
north and south poles are excluded from Image ¢ because dg, is singular 


Figure 14.2 Spherical coordinates. 
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along the edges ¢ = 0 and ¢= x of the strip U. When —2 «0 <n, the 
numbers 0 and ó are called the spherical coordinates of the point q(0, ¢) 
on the sphere. 


EXAMPLE 5. Let L: R"— R"** (k > 1) be a non-singular linear map and let 
we R^** The map o: R" > R"** defined by 


e(p) = L(p) + w 
is a parametrized n-plane through w in R"**. Note that 


de,(p, v) = (o(p), L(v)) 
for all (p, v) e R5, p € R’, since if a(t) = p + tv then &(0) = (p, v) and 


(o è a)(0) -(0 o a(0), = A (L(p + tv) + w)) 


-(00, | o eu + w) 
= (olp), Lo). 


EXAMPLE 6. Let 9: us R"**(U c R") be a parametrized n- Kurse in R^**, 
The cylinder over q is the parametrized (n + 1)-surface 9: U x Ro R'*** 1 
defined by | 

$9 (u,, tty 4,41) = (p(u4, LES Un), Un +1), (u,, ERE) u,) € U, Us 1 € R 
(see Figure 14.3). 


Figure 14.3 The cylinder over a parametrized curve q. 


EXAMPLE 7. Let a: I > R? bea regular parametrized curve in R?, I open in R, 
whose image lies above the x,-axis; i.e., y(t) > 0 for all t e I where a(t) = 
(x(t), y(t)) Define p: I x R9 R? by 


p(t, 9) = (x(t), y(t) cos 0, y(t) sin 0). 
ọ is the parametrized surface of revolution obtained by rotating « about the 
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Image o where o (t, 0) = 
(sinh t, cosh t cos 6, 
cosh t sin 6) 


Image a 


X) 


Figure 144 The parametrized hyperboloid of revolution obtained by rotating the 
parametrized curve a(t) = (sinh t, cosh t) about the x,-axis. 


x-axis (see Figure 14.4). Note that o wraps the strip I x R around Image @ 
infinitely many times. 


EXAMPLE 8. Let a > b > 0 and define g: R? > R? by 
o(0, $) = ((a + b cos $)cos 0, (a + b cos $)sin 0, b sin ¢). 


A comparison with Example 7 with the axes interchanged (x, > x5, X2 > x;, 
x, > x3) shows that @ is the parametrized surface of revolution obtained by 
rotating the parametrized circle 


a($) = (a + b cos ¢, b sin $) 


in the (x,, x3)-plane about the x;-axis. g is a parametrized torus in R? (see 
Figure 14.5). Note that the parametrized torus is doubly periodic. In fact, 
(0 + 2kn, $) = o(0, p + 2kn) = o(0, $) for all (0, $) e R?, k e Z. Hence 


Figure 14.5 A parametrized torus in R°. 
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glue 


0-0 87 2n 


Figure 14.6 Glueing a torus from a square. 


each point of Image p corresponds to a unique point (0, $) e R? with 
0x 0 « 2x and 0 x $ < 2r. Image q can be viewed as obtained by taking 
the square ((0, ¢) € R?: 0 < 0, ¢ < 2r), glueing the point (0, 0) to the point 
(0, 27) for each 0 e [0, 27] to get a cylinder and then glueing the ends of the 
cylinder by glueing the point (0, $) to the point (2z, ¢) for each ¢ e [0, 27] 
(see Figure 14.6). 


EXAMPLE 9. Let o: R? > R* be defined by 


~(6, $) = (cos 0, sin 0, cos ¢, sin $). 


This example is similar to Example 8 in that is doubly periodic and 
Image qo can be visualized as the square with opposite edges identified. 
Another way of visualizing Image ¢ is to observe that 


Image 9 — (o q) € R? x R?: p = (cos 0, sin 0) for some 0, 
= (cos ¢, sin $) for some 4j. 


Thus Image q is the Canai ae of two circles, the unit circle in the 
(xı, X2)-plane and the unit cycle in the (x3, x4)-plane, in R^. ọ is called a 
parametrized torus in R4. 


EXAMPLE 10. Let o: I x R 5 R? be defined by 
0 | 0). . 0 
e(t, 0) = 1+ t cos 5 cos 6, 1 +t cos 5 sin 6, t sin 5 


where I = (te R: —1«t <4}. Then Image ọ is the Möbius band (Figure 
5.3). Note that the curves t y(t, 0) (0 fixed) are straight line segments 
centered on the unit circle in R? and making an angle 6/2 with the 
(x4, x2)-plane. The curves 0 g(t, 0) (t fixed) are periodic, with period 27 if 
t = 0 and period 4m if t £ 0. 


Now let o: U2 R"** be any smooth map, U open in R". A vector a 
along o is a map X which assigns to each point p € U a vector. X(p) e RY 


v 
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l NET, a do, 


9 (p) 


Figure 14.7 A normal vector field along a parametrized 2-surface in R?. 


X is smooth if it is smooth as a map X: U  R?**?; that is, if each 
X;: U >R is smooth on U, where X(p) = (o(p), X,(p), .... X,..(p)) for 
p € U. The vector field X is tangent to ọ if it is of the form X(p) = do, (Y(p)) 
(p € U) for some vector field Y on U; X is normal to o if X(p) L Image dg, 
for all p e U (see Figure 14.7). 

For ọ a parametrized curve, the velocity field @ is a tangent vector field 
along ọ since (t) = dg,(t, 1) for all t. The velocity field source as fol- 
lows. For 9: U > R"** a smooth map, U open in R", let E; (ie (1, ..., n}) 
denote the tangent vector fields along @ defined by 


E,(p) = do, (p, 0, ..., 1,..., 0) 


where the 1 is in the (i+ 1)th spot (i spots after the p). Note that the 
components of E; are just the entries in the ith column of the Jacobian 
matrix for ọ at p: 


Ep) = (ot £20) = (ot) 29 p)... Bw} 


where o(p) = (pi(p), .... @n+x(p)) for p € U. The E, are called the coordinate 
vector fields along g. Note that E,(p) is simply the velocity at p of the 
coordinate curve uj q(u,, ..., u,) (all u; held constant except u;) passing 
through ¢(p) (see Figure 14.8). When ọ is a parametrized n-surface (i.e., 
when q is regular) these vector fields are linearly independent at each point 
p € U, since dg, is non-singular, and so they form a basis for the tangent 
Image dg, for each pe U. 

For g: U > R"** a smooth map, U open in R", and X a smooth vector 
field along o, the derivative V, X € R2, of X with respect to v e R^, p e U,is 
defined by 


v.x- (o. $) ea) 
= (o(p), V. X, ..., V. X,.,) 


where X is the vector part of X (X(q) = (e(q), X(q)) for qe U), « is any 
parametrized curve in U with (tọ) = v, and the X;: U > R are the compo- 
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@= constant 


nd 
0 = constant 


Figure 14.8 Coordinate curves on the parametrized 2-sphere (north and south 
poles deleted.) (0, $) = (cos 0 sin ¢, sin 0 sin ¢, cos 4). 


nents of X (X(q) = (la), X1(), .... X,.4(q)) for qe U). Note that, when 
v = e; = (p, 0, ..., 1, ..., 0), we have l 


ax "Eo D | B 
v.x= (oo. To) (o Sep... tn) 

Suppose now that o: U > R^*! is a parametrized n-surface in R'*!. 
Then, for each p € U; let N(p) denote the unique unit vector at p(p) such that 
N(p) L Image do, and k 

E;p) 
det E,(p) >0 
s Nip) 
where the function det is defined as in Theorem 5 of Chapter 12. Then N isa 
smooth unit normal vector field along (Exercises 14.8 and 14.9). N is called 
the orientation vector field along ọ. The linear map 
| L,: (Image dp,)> (Image do,) l 

defined by | M" | 
| (0 Llp -WN | 
is the Weingarten map at p € U of the parametrized n-surface o: U > R'*!. 
(Note that L, is well defined because do, is one to one.) L, is self-adjoint 
(Exercise 14.11). Its eigenvalues and unit eigenvectors are called the principal 
curvatures and principal curvature directions of o at p. Its determinant is the 


Gauss-Kronecker curvature of q at p. (Gaussian curvature when n = 2) and 
1/n times its trace is the mean curvature of q at p. 


EXAMPLE. Let ọ be the parametrized torus in R?: 
(0, ) = ((a + b cos $) cos 6, (a + b cos $)sin 0, b sin $) 
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(Figure 14.5). The coordinate vector fields along o have vector parts 


E,(0, 9) = e = (a + b cos ġ)(—sin 9, cos 0, 0) 


and 


E4(0, ¢) = y = b(—sin ¢ cos 0, —sin $ sin 0, cos $). 
The orientation vector field N along ọ has vector part 
E (0, $) x E,(8, $) 
N 0, Epica Dali eee hd B aI 
(6. 9) = TE (6, 6) x E;6. dl 


= (cos 0 cos @, sin 0 cos ¢, sin 4). 
Hence, for p = (0, $) e R?, 


L,(E;(p)) = L,(do,(p, 1, 0)) = — V, 1, oN = — (ov. 3} 


— (e(p), —sin 0 cos ¢, cos 0 cos ¢, 0) 


cos $ 


ucc 


and 


LE) = - (otv) 55) 


—(g(p), — cos 0 sin $, —sin 0 sin $, cos $) 


1 
- SE) 


Therefore E,(p) and E;(p) are eigenvectors of L,. The principal curvatures 
are — (cos $)/(a + b cos $) and — 1/b. The Gaussian curvature is K(0, $) = 
(cos ¢)/b(a + b cos 6). Note that K » 0 on the "outside" of the torus 
(—n/2 < à < n/2), K <0 on the "inside" (1/2 < à < 31/2), and K = 0 on 
the “top” ($ = n/2) and on the “bottom” (p = — 7/2) (see Figure 14.9). 


Figure 14.9 Gaussian curvature of a torus. 
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EXERCISES 


14.1. Let S, be an n-surface in R"*! and let S, be an m-surface in R"* +. Suppose 
9:S, R"*! is a smooth map such that o(S,)c $;. Show that 
do: T($1) > T(S2). 

14.2. Let 9: U, > U2 and y: U, > R* be smooth, where U, c R" and U, c R". 
Verify the chain rule d(Y » 9) = dy » dq. 

143. Verify that each of Examples 3 through 10 above satisfy the required condi- 
tion.that dp, be non-singular for each p e domain q. 


14.4. Find the general formula describing the parametrized surface obtained by 
rotating about the x-axis a parametrized curve in the (x,, x3) plane. Verify 
that the parametrized surfaces of Examples 4 and 8 above are of this type. 


14.5. Define p: U > R*, where U = {(¢, 0, y): pE R, O0 «m, O« y « mj, by 
o(¢, 0, V) = (sin $ sin 0 sin y, cos $ sin 0 sin y, cos 0 sin y, cos y). 


(a) Verify that o is a parametrized 3-surface in R*. 
(b) Show that the image of ọ is contained in the unit 3-sphere in R*. 


($, 0, and y are spherical coordinates on S?.) 


14.6. Let q:U— R"*! be a parametrized n-surface in R'"*! and let 
p = (a4, ..., 0542) € R"*?, where a,42 #0. Define y: U x 1 R"*? where 
q-íteR:0«t«1) by 
(ti pu > tn+1) m (1 a th+1)P + t+ 1(P(t1, ove sty), 0) 


(see Figure 14.10). Show that y isa parametrized (n Ve in R"*?. (y is 
the cone over @ with vertex p.) 


Figure 14.10 A cone over a parametrized curve a. 


| 
14.7. Let X be a smooth vector field on R"** and let o: U > R"** be a smooth map, 
U open in R". Show that | 
V,(X 2 9) = View) X 
for all v e T(U). 
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14.8. 


14.9. 


14.10. 


14.11. 


14.12. 


14.13. 


14.14. 


In 
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Let pọ be a parametrized 2-surface in R2. 
(a) Show that the orientation vector field N along ọ is given by 


E, x E; 


Nae ^A a. 
|E, x E; | 


where E, and E; are the coordinate vector fields along 9. 
(b) Conclude that N is smooth. 


Let 9: U > R"*! be a parametrized n-surface in R"*!. Let X be the vector 
field along o whose ith component is (— 1) * ! +? times the determinant of the 
matrix obtained by deleting the ith column from the matrix 


E, 
E, 

where the E, are the coordinate vector fields of o. (Note that this matrix is just 
the transpose of the Jacobian matrix of q.) 


(a) Show that X(p) + 0 for all p e U. 

(b) Show that X is a normal vector field along q. 

(c) Show that N = X/|X|| is the orientation vector field along 9. 
(d) Conclude that N is smooth. 


Let g: US R be a smooth function on the open set U in R” and let 
gy: US R"*! be defined by o(u,, ..., Un) = (U1, ---, Un, glui, -- -> Un)). Show 
that the orientation vector field along ọ is given by 


= ô g ô g n ô g 2 |1/2 

v9) = (o - 2o... - 1) E (oT 
Show that the Weingarten map at each point of a parametrized n-surface in 
R" *! is self-adjoint. 


Let q: U—R'** be a parametrized n-surface in R"**. Show that 
do: U x R" > R"** x R"** is a parametrized 2n-surface in R2"*?*, 


Let 9: U > R"** be a parametrized n-surface in R"**. Let E, denote the 
coordinate vector fields along ọ and let e; = (p, 0, ..., 1, ..., 0) for pe U. 
Show that V, E; = V. E, for all i and j. 


Let @ be a parametrized n-surface in R"* !. Show that the Gauss-Kronecker 
curvature of q is given by the formulas 


det[L,(E.(p))* E,(p)] _ det[(V., Ej)  N(p)] 
det[E;(p) - E;(p)] det[E;(p) : E,(p)] 


where the E; are the coordinate vector fields along 4, and 
e; = (p, 0, ..., 1,..., 0). 


Exercises 14.15-14.18, find the Gaussian curvature of the given pa- 


K(p) = 


rametrized 2-surface o. 


14.15. 


9(0, $) = (a cos 0 sin $, a sin 0 sin $, a cos $) (sphere) 


i 


14.16. 
14.17. 
14.18. 
14.19. 


14.20. 


14.21. 
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v(t, 0) = (cos 0, sin 6, t) (right circular cylinder) 

e(t, 0) = (t cos 6, t sin 6, 0) (helicoid) 

y(t, 0) = (sinh t, cosh t cos 0, cosh t sin 0) (hyperboloid). 

Find the Gauss-Kronecker curvature of the parametrized 3-surface p, where 
p(x, y, z) = (x, y, Z, x? + y? + z?) (3-paraboloid in R^). 


Let 9: I x R5 R? be the parametrized surface of revolution obtained by 
rotating the parametrized curve a(t) = (x(t), y(t)) (y(t) > 0 for all t e I) about 
the x,-axis. Thus 


e(t, 9) = (x(t), y(t) cos 0, y(t) sin 4) 
for t e I and 0 e R. 
(a) Show that the Gaussian curvature of q is given by the formula 
xy - xy) 
- Weert yy 
(b) Show that if « has unit speed this formula reduces to K = — y"/y. 
Let a(t) = (x(t), y(t)) where 


x(t) = [41 —et*d, (t>0)- 


y)-e* (t>0) 


and let q be the parametrized surface of revolution obtained by rotating a 
about the x,-axis. . 


(a) Show that « has unit speed. 
(b) Show that æ has the property that for each t > 0 the segment between a(t) 


Figure 14.11 A pseudosphere. 
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and the x,-axis of the tangent line to « at a(t) has constant length 1. 
(Hence Image « will be traced out by the end of a taut string one unit in 
length, initially vertical with the other end at the origin, being pulled 
along the x-axis.) 

(c) Show that ọ has constant Gaussian curvature K = — 1. (ọ is called a 
parametrized pseudosphere in R?; see Figure 14.11). 


Local Equivalence of 
Surfaces and Parametrized 
Surfaces 


In this chapter we shall establish two theorems which show that, locally, 
n-surfaces and parametrized n-surfaces are the same. In order to do this, we 
will need to use the following theorem from the calculus of several variables. 


Inverse Function Theorem. Let U be an open set : in R"t!, let y: U— R"*! be 
smooth, and suppose p € U is such that dy, is non-singular. Then there exists 
an open set V c U about p such that the restriction v |, of v to V maps V one 
to one onto an open set W in R"*!, and moreover the inverse map 
(Y |y) !: W—V is smooth. 

A proof of this theorem may be found in Fleming's Functions of Several 
Variables (Second Edition, Springer-Verlag, 1977). Note that, since the 
matrix for dy, with respect to the standard standard bases for R5*! and 
Ry. is the Jacobian matrix J,(p) of y at p, the condition that dy, be 
non-singular says simply that det J,(p) # 0. 


Theorem 1. Let S be an n-surface in R"*! and let p € S. Then there exists an 
open set V about p in R"*! and a parametrized n-surface œ: U > R"t! such 
that @ is a one to one map from U onto V ^ S (see Figure 15.1). 


Pnoor. Let f: U, > R (U, open in R"*!) be a smooth function such that 
S-—f (c) for some ceR and Vf(g) ZO for all qeS. Choose 
i € (1, ..., n + 1) such that (0f/0x;)(p) Æ 0. Such an i exists since Vf (p) # 0. 
Define y: U, > R"*! by W(xq, ..., X541) = (Xp s Xicp fs «+s Xi) 
Xp qo ss» Xn+1)} Thus y maps level sets of f into hyperplanes x; = constant, 
and in particular y maps S into the hyperplane x; = c (see Figure 15.2). The 
Jacobian matrix J, (p) is just the identity matrix with the ith column replaced 
by the components of Vf (p). Hence det J,(p) = (0f/0x;)(p) # 0. So, by the 
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eg -—- 


VnS- o(U) 


Figure 15.1 A parametrization of a portion of an n-surface. 


inverse function theorem, there exists an open set V, c U, about p such that 
y maps V, one to one onto an open set W, about vy(p) and 
(V |y.) 1: W, > V, is smooth. For each j e (1, ..., n + 1}, choose a;, bje R 
with a; « b; such that 


W = {(X1, ..., X541): a; € x; < b; for all j} 
is a subset of W, and v(p) e W. Finally, let V = (y |j,) ! (W), let 
U —((u,...,u)eR':aj«uj;«b;forj«i 
|. andaj,,«u;«b,,,forj 2 ij, 
and define 9: U — R"*! by (see Figure 15.2) 
Pluz, ..., Un) = (Vl) (uy, .... Ui- 1s 6 Uis... Up): 
9 is the required parametrized n-surface. [] 
Remark. Note that the parametrized surface @ of Theorem 1 can be 


chosen so that the orientation vector fields N? of o and N? of S agree; that is, 
so that N°(q) = N'(o(q)) for all qe U. Indeed, Image do, c S, for all 


y. Ss-f!(o 


V 
———» Xj7c 
ww 
(uly)? 
V (p) 
Xn 1 Os 1 batt Xn+1 
ZU/ bi LU/ 


Xy X] 


Figure 15.2 The map y |y maps the level set V ^ f^ ! (c) onto the intersection with 
W of the hyperplane x; = c. 
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q € U since Image o c S,so N*(p(q)) L Image do, for all q € U. Moreover, 
the function g: U — R defined by 
E; (a) 


E,(q) 
N*(o(q)) 


is continuous and nowhere zero. Since U is connected, g is either positive 
everywhere or negative everywhere. If g(q)>0O for all qe U then 
N? = N5 og. If g(q) < 0 for all ge U then N? = —N?» o, so if we replace 
Q9 by the parametrized n-surface 9: Ü > R"*! defined by 

ğlu, Uz, Uz, ..., Un) = (U2, Uy, U3, ..., Un) 
we will have NÝ = N5 » à. Here, 


Ü = ((u,, Uz, Us, o, Up) E R^: (U2, Hy, U3, ..., Uy) € U}. 


g(q) = det 


_ A parametrized n-surface o; U — R"*! whose image is an open subset of 
the oriented n-surface S and whose orientation vector field agrees with that 
of S (ie., N? = N5 » 9) is called a local parametrization of S. Theorem 1 
guarantees the existence of a one to one local parametrization of S whose 
image is an open set in S about any given point of S. The inverse o^! of such 
a parametrization 9: U-S is often called a chart because through o~! the 
region Image ọ c S is “charted” on U c R^, just as a region of the earth is 
charted on a topographic or political map. 9^! is also sometimes called a 
coordinate system because through q^! each point p e Image 9 corresponds 
to an 1 n-tuple of real numbers, the coordinates of P- 


EXAMPLE 1. Let 9 be the map from the open square 0 < 6 < 2r, 0« «2n 
into R? defined, for a > b > 0, by 


o(6, $) = ((a + b cos $) cos 8, (a + b cos 4) sin 8, b sin ¢). 


Figure 15.3 ^! is a chart on the portion of the torus obtained by deleting two 
circles (0 = 0 and $ = 0.) 
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Then q^! is a chart on the torus (./x? + x3 — af + x} = b?, with two 
circles deleted (see Figure 15.3). 


EXAMPLE 2. Let ọ map the open rectangle 0 < 0 < 22,0 < $ < n into R? by 
(0, $) = (cos 0 sin $, sin 0 sin $, cos $). Then q^! is a chart on the unit 
sphere S? with a semi-circle deleted (see Figure 15.4). 


Figure 15.4 Spherical coordinates define a chart on the portion of the sphere S? 
obtained by deleting the semi-circle 0 = 0, 0 < $ < m. 


EXAMPLE 3. A chart whose domain is the unit sphere with only one point 
deleted, and which is easily described for spheres of arbitrary dimension, is 
given by stereographic projection. Let S" denote the unit n-sphere in Ret 
and let q = (0, ..., 0, 1) denote the “north pole” of S". Let o: R" > S" be the 
map which sends each p € R" into the point different from q where the line 
through (p, 0) e R"*! and q cuts S" (see Figure 15.5). 

Since a(t) = t(p, 0) + (1 — t)q = (tp, 1 — t) is a parametrization of the 
line through (p, 0) and q, and since ||a(t)|| = 1 if and only if t 2 0 or 
t = 2/(|p|? + 1), the map ọ is given by the formula 


D(X 45 es X) = (WX gy 2x x1 o AXP — Mx +0 + x). 


Figure 15.5 Stereographic projection. 
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The map ¢ is a parametrized surface which maps R" one to one onto 
S" — {q}. The chart o^! is called stereographic projection from S" — {q} onto 
the equatorial hyperplane. Note that q leaves the equatorial (n — 1)-sphere 
fixed, maps the unit ball ((x,,..., x,) e R": x? +--+ x? < 1} onto the 
“southern hemisphere" ((x,, ..., X,+1) € S": x,,, < 0), and maps the exte- 
rior ((x,, ..., Xa) e R": x? + -+ + x2 > 1} of the unit ball onto the “northern 
hemisphere" {(x,, ..., x,,1) € S": x,,, > 0} with the north pole deleted. 


Theorem 2, Let o: U—^ R"*! bea parametrized n-surface in R"*! and let 
p € U. Then there exists an open set U, c U about p such thar (U) is an 
n-surface in R"! 


Proor. Define y: U x R5 R+! by W(q, s) = ola) + sN(q), where N(q) is 
the vector part at q of the orientation vector field ee p. Then 


Mo 0)= [^n u - E Ep a min win) 


is the matrix whose columns are the vector parts at p of the coordinate 
vector fields E, and of the unit normal vector field N. Hence the columns of 
J,(p, 0) are linearly independent and det J, (p, 0) + 0. By the inverse func- 
tion theorem, there exists an open set. V c U x R about (p, 0) such that the 
restriction y |, of y to V maps V one to one onto the open set V (V), and 
(v |y)! is smooth. By shrinking V if necessary, we may assume V = U, x I 
for some open set U, c U containing p and some open interval I c R ^ 
containing 0 (see Figure 15.6) Now define f:Imagey|, >R by 
f(yia, s) = s; ie. f (pld) + sN(a)) = s. Thus f (V(a, s)) is the perpendicular 
distance from ij (q, s) to Image o. f is well defined and is smooth because f is 
the composition of thé smooth map (/|,)^! with the projection map 
U, x I I. The level set f ^! (0) is just p(U,) because 


f^'(0) = (V(q, s): a € Ui, s = 0} = {9(g): a € U4}. 


9 (p) = v (p, 0) 
VO) Image 9 


| 


Figure 15.6 The inverse function theorem applied to a parametrized 1-surface q. 

The straight lines in y(V) are the lines B,(s) = (q) + sN(q) (q fixed). The transverse 

1-surfaces are the images of the maps g,: U, > R? given by ,(q) = lą) + sN(q) 
(s fixed). 
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Finally, Vf (z) # 0 for z = v(q, 0) € f ^ ! (0) because, letting a(s) = v(q, s) = 
olą) + sN(q), we have 


Vf (z) : N(a) = Vf («(0)) - «(0) = (f ° ay (0) = 140. 
Thus q(U,) — f ^! (0) is an n-surface in R"* !. o 


Theorem 1 says that about each point p of an n-surface S in R"*! there is 
an open set V such that S ^ V is the image of a one to one parametrized 
n-surface. Theorem 2 says that about each point p in the domain of a 
parametrized n-surface o on R"*! there exists an open set V such that 
Image (9 |y) is an n-surface. Whenever a subset S of R"*! is described both 
as an n-surface S = f^ !(c) and as the image of a parametrized n-surface 
gy: U > R"*! with N*(p) = N'(o(p)) for all p e U, then g and S have the 
same geometry at each point: 

(i) The Weingarten map L; of o at p € U is the same as the Weingarten 
map L;, of S at o(p) because, for v € R}, 


L;(do(v)) = — V, Ne! = -V(N5» o) = — (N5 - 9» a)(to) 
==V, zatrto) N° = — Vag) N5 = Liw(de(v)) 


where a: I — U is such that &(to) = v. 

(ii) The principal curvatures, Gauss- Kronecker curvature, and mean cur- 
vature of o at p € U are equal to the corresponding quantities for S at o(p) 
since all are computed directly from the Weingarten map. 


Remark. Theorem 2 establishes that if @ is a parametrized n-surface in 
I" *! then, locally, Image q is an n-surface; that is, a level set of a real valued 
function f with non-vanishing gradient. A natural question is whether a 
similar statement can be made about Image o where q is a parametrized 
n-surface in R"**, The answer is affirmative. The statement is the same, with 
n-surface in R"** defined as follows. 

A surface of dimension n, or n-surface, in R"**(k > 1) is a non-empty 
subset S of R"** of the form S = f ^! (c) (c € R*) where f: U > R* (U open in 
R"**) is a smooth function with the property that df, has rank k for each 
p € S. Since the matrix for df, with respect to the standard bases for R7** 
and RE, is just the Jacobian matrix of f, whose columns are the vector parts 
of the gradient vectors Vf((p), where f (q) = (fila), ....fi(q)), qE U, this 
definition can be rephased as follows: an n-surface in R"** is a non-empty 
subset of R"** of the form 


S-fil(e) n: filie) (Mt) 


where the fj: U— R (U open in R"**) are smooth functions such that 
(Vfi(p). .... Vf.(p)} is linearly independent for each p € S (see Figure 15.7). 
Thus an n-surface in R"** is the intersection of k (n+ k — 1)-surfaces which 
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Figure 15.7 A 1-surface S in R° is the intersection f^ Mei) f^ !(ez) of two 
2-surfaces. 


meet “ cleanly ” in the sense that the normal directions are linearly indepen- 
dent at each point of the intersection. 

The tangent space S, at p € S to an n-surface S = (Y fi !(ci)in R"**is 
the set of all vectors in |RSS of the form à(to) where « is any parametrized 
curve in S with a(to) = p. "Thus 


S,- |f: “(cil eee (e led, 
= {ve R"**: Vf(p) - v2 0 for ie (1, ..., nj). 


The k-dimensional subspace Sl of Ry** spanned by the vectors 
(Vf A (p), .... Vf (p)) is the normal space to S at p (see Figure 15.8). 


EXAMPLE 1. A 1-surface in R? is usually called a space curve (see 
Figure 15.8). 


EXAMPLE 2. Let f;: Rt > R(i e (1, 2]) be defined by 
fio. X2, X3; x4) = xi + xj 


faxis x2, X35 X4) = x4 + x4. 


normal space at p 


tangent space at p 


Figure 15.8 The tangent space and the normal space at a point p of a 1-surface 
(space curve) in R?. 


128 15 Local Equivalence of Surfaces and Parametrized Surfaces 


Then S =f; !(1) ^ f 7; !(1) is a 2-surface in R* (a torus). Note that S is the 
Cartesian product of the unit circle in the (x, x2)-plane and the unit circle in 
the (x4, x4)plane. S= Image o, where q is the parametrized torus 
described in Example 9 of the previous chapter. 


Remark. Just as the concept of n-surface in R"* ! as defined in Chapter 4 
was not general enough to include surfaces like the Móbius band, the 
definition of n-surface in R" ** given in this section is not general enough to 
include all subsets of R” ** which might be called n-surfaces. The surfaces of 
Chapter 4 were “orientable” surfaces, so called because each such surface 
could be oriented by a choice of smooth unit normal vector field. The 
n-surfaces in R"** of this chapter are “normally frameable" n-surfaces, so 
called because each such surface can be “normally framed” by a choice of k 
smooth normal vector fields which form a basis for the normal space at each 
point of S. We shall not in this book consider more general types of surfaces. 


Remark. We have defined a map from an n-surface S c R"*! into R* to 
be smooth if it is the restriction to S of a smooth function defined on some 
open set in R"* ! containing S. Using local parametrizations we can now give 
an alternate characterization of smoothness. 


Theorem 3. Let S be an n-surface in R"* ! and let f: S > R*. Then f is smooth if 
and only if f o p: U > R* is smooth for each local parametrization o: U > S. 


ProoF. If f is smooth then f » @ is smooth for each q since it is a composition 
of smooth functions. 

Conversely, suppose f » 9 is smooth for each local parametrization q of S. 
We must construct a smooth extension f of f to an open set V in R"*? 
containing S. For each p e S, let pp: U, > S be a local parametrization of S 
whose image contains p and let y,: U, x R R"*! be defined by y,(q, s) = 
~,(q) + sN(o,(q)), where N is an orientation on S. Then, as in the proof of 
Theorem 2, we can find an open set V, about (o, ! (p), 0) in U, x R such that 
Vl, maps V, one to one onto an open set W, in R"*!, and 
(V, "T W, > V, is smooth. Furthermore, by shrinking V, if necessary, we 
may assume "that Yla s)e S for (q, s) e V, if and only if s = 0. Now if we 
define f,: W,  R* by f,(o,(q) + sN(o,(a)) = f(e,(a)) we will have con- 
structed a smooth extension f, = (f ° 9,) o n» (yy, )^ of f |y, «s to the 
open set W, in R"* !. Here, x(q, s) = q. We would like to piece these extensions 
together to get a smooth extension of f defined on the open set |),.5 Wp. 
We can do this provided /,, = Jp, on W,, ^ W,,, for all p, p; € S. But this 
may not be the case (see Figure 15.9). If ‘however, for each p e S we choose 
£y > 0 so that the ball of radius 2e, about p is contained in W, and set 
B, — the ball of radius e, about p then 


Ppi(41) + $1 N(@p,(41)) = 05,(42) + s2 N(o,.(a2)) 
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Figure 15.9 Construction of a smooth extension. 


can only happen, for (41,81) € (Yp, |v,.) )-1(B, )and (42.52) € (Valv, )  (Bp;). 
when @»,(41) = 95,(42) and s, =s,. It follows that a function 
Er Upes B, > R* can be defined by J (o(a) + sN(os(a))) = f (op(q)) and that 
this function is a smooth extension of f. o 


For f: S — R! a function defined on an n-surface S in R"** we can define 
smoothness of f either by the requirement that f be the restriction to S of a 
. smooth function defined on some open set in R"** containing S or by the 
requirement that f° @ be smooth for each local parametrization q of S. 
These two requirements on f are equivalent by an argument analogous to 
that in the proof of Theorem 3. 

A smooth map f with a smooth inverse is called a diffeomorphism. Thus, 
for example, the local parametrization o: U — S constructed in the proof of 
Theorem 1 is a diffeomorphism from the open set U c R"*! onto the open 
set V ^ S about p in S. 


Theorem 4. (Inverse Function Theorem for n-surfaces). Let S and S be n- 
surfaces, let y: S— S be a smooth map, and suppose p € S is such that 
dy,: S, S yp is nonsingular. Then there exists an open set V about p in S and 
an open set W about w(p) in S such that v |, is a diffeomorphism from V onto 
W. 


Proor. Let y,: U, >S and q,: Uz — S be one to one local parametriza- 
tions of S and S, with p e 91(U;) and w(p) € e; (U;), constructed as in the 
poor. of Theorem 1. Then gy'cwog,:U,—7U, is smooth and 

d(9z! » V » Q1) up = (402 "yr ° dV, ° (d91)o; 1 is nonsingular so, by 
the inverse function theorem for IR", there exists an open set V; c U, 
containing o; (p) such that (p; ^ » Y ^» 9 p, i is a diffeomorphism from V, 
onto an open set W, c U, containing oz ' ° (p). Set V = 9, (V,) and W = 
Q2(W,). Then yl, = —95^(95!»v»91)^»oi1|r is a diffeomorphism from V 
onto W. L1] 
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Corollary. Let S be a compact connected oriented n-surface in R"*! whose 
Gauss-Kronecker curvature is nowhere zero. Then the Gauss map N: S > S" is 
a diffeomorphism. 


Proor. By Theorem 5 of Chapter 13, N is one to one and onto, so we need 
only check that N^! is smooth. But for each p e S and v e $,, dN(v) has the 
same vector part as V, N = — L,(v) and this can be zero only when v = 0 
since, by Theorem 6 of Chapter 12, the second fundamental form /, of S at 
p is definite. Applying Theorem 4 we conclude that N^! is smooth on an 
open set about each point of S" and, by Theorem 3, this is sufficient. O 


EXERCISES 


15.1. Let q = (0, ..., 0, — 1) denote the “south pole" of the unit n-sphere S". Find a 
formula for the parametrized n-surface o: R” — S" — {q} which is the inverse 
of stereographic projection from S" — (q) onto the equatorial hyperplane 
Xn 1 FV. 


152. Find a formula for the parametrized n-surface o: R" > S" — {q} where q is the 
north pole (0, ..., 0, 1) of the unit n-sphere S" and q^! is stereographic 
projection from S" — (q) onto the tangent hyperplane x,,, = — 1 at the south 
pole (0, ..., 0, — 1). [Thus, for p e R", (p) is the point of S" different from q 
which lies on the line through q and (p, — 1) e R"*!.] 


153. Let o: U— R"*! be a parametrized n-surface in R"*!, let y: U x RA R"*! 
be defined by w(q, s) = (q) + sN(q), let V = U, x I be such that y |y has a 
smooth inverse, and let f (V(q, s)) = s, as in the proof of Theorem 2. 


(a) Show that the level sets f ^ !(c) (c e I) are everywhere orthogonal to the 
lines B,(s) = 9(q) + sN(q) (qe U, fixed). [Hint: Note that each pa- 
rametrized curve in f^ !(c) is of the form qo « + cN » a where « is a 
parametrized curve in U,.] 

(b) Show that Vf (z) = (z, N(q)) for z = v(q, s) e v(U, x I). 


154. Show that in Theorem 2 it is not sufficient to simply restrict the domain of o 
to an open subset U, of U on which q is one to one in order to ensure that 
Image q is an n-surface in R"* ! : exhibit a one to one parametrized 1-surface 
in R? wbose image is not a 1-surface. 


15.5. Let S be an oriented n-surface in  R"*! and let T(S)= 
(v e Rp! c R?**P: pe S and v: N(p) = 0}. Show that T(S) is a 2n-surface 
in R?^*?, (T(S) is the tangent bundle of S.) 


15.6. Let S be an oriented n-surface in R"t' and let T1,(S)= 
(ve R5 c R?"+D: pe S, v: N(p)=0, v- v= 1}. Show that 7,(S) is a 
(2n — 1)surface in R?" *?, (T; (S) is the unit sphere bundle of S.) 


15.7. (a) Viewing R* as the set of all 2 x 2 matrices with real entries by identifying 
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the 4-tuple (x1, ..., x4) with the matrix . 


Xi X23 

X3 X4 f 
show that the setO(2) of orthogonal 2 x 2 matrices is a 1-surface in R*. 
[Recall that a matrix A is orthogonal if A^! is the transpose of A. This is 
equivalent to the condition that the rows of A form an orthonormal set.] 


(b) Show that the tangent space O(2), toO(2) at p = (b 1) can be identified 
with the set of all skew-symmetric 2 x 2 matrices by showing that 


OQ), = (fr ( 4l a=d=0,c= -».) 


[Hint: Compute (x, * jy (to), where 


a(t) = (0) 


ax(t) 
is an arbitrary parametrized curve inO(2) with a(to) = (6 1).] 


158. (a) Show that the set O(n) of orthogonal n x n matrices is an n(n — 1)/2 
surface in R"*. 
(b) What is the tangent space to O(n) at p = the identity matrix? 
159. Show that if S — f ^! (c) is an n-surface in R"** and p e S then the tangent 
space S, to S at p is equal to the kernel of df,. 


15.10. Prove Theorem 1 with n + 1 replaced everywhere by n + k: 


15.11. Prove Theorem 2 with n+1 replaced by n + k. [Use y: U x RF R"+* 
defined by /(q, ti; ..., ts) = e(a) + 331-1 ti Ní(a) where the N(i e (1, ..., kj) 
are vector fields along g which span the normal space (Image dg,)* for each 

.qeU] | | 

15.2. Let gy: R"— S" denote the inverse of stereographic projection from 

S" — ((0, ..., 0, 1)) onto the equatorial hyperplane x,41 = 0. 


(a) Show that for each p € R” there exists a real number A(p) > 0 such that 
lde(v)) = A(p)||v|| for all v e Rz. [Hint: Note that the vector part of do(v) 
is just (d/dt)|o (p + tv), where v = (p, v)] 
(b) Using the fact that v * w  (I/4)(]v + w]? — ||v — wil’), conclude that 
do(v) : do(w) = (A(p))?v © w for all v, w € R7, and hence that do preserves 
angles between vectors. 


[This exercise thus shows that stereographic projection is a conformal (angle 
preserving) map.] . 

15.13. Let S be an.n-surface in R"*! and let p e S. Show that the subset of S consist- 
ing of all points q € S which can be joined to p bya continuous curve in S is a 
connected n-surface. | 


15.14. Let C = f 1 ! (c1) ^ f 1! (cz) be a 1-surface in R? and let X = Vf, x Vf;. Show 
that the restriction of X to C is a tangent vector field on C and that the 
maximal integral curve of X through p € C is a one to one or periodic map 
a: I — C. When does « map I onto C? | 


Focal Points 


The construction in the proof of Theorem 2 of the previous chapter sur- 
rounds the parametrized n-surface o: U > R"*! with a family of smooth 
maps q,: U > R"*!(s e R) given by 


95(q) = V (a. s) = ola) + sN*(q) 


(Figure 15.6). When s = 0, o, = ọ is a parametrized n-surface in R"*!. For 
s # 0, however, o, may fail to be a parametrized n-surface because there may 
be points p € U at which q, fails to be regular. At each such point there will 
be a direction v € R5 (|v|| = 1) such that do,(v) = 0. If « is a parametrized 
curve in U with à(t;) = v, it follows that 


Ps > alto) = dep,(&(to)) = 0; 


that is, the curve @, » a(t) = p(a(t)) + sN*(a(t)) (s fixed) pauses (has velocity 
zero) at t = ty. Geometrically, this says that the normal lines which start 
along the curve ọ » a near o(p) = e(a(to)) tend to focus at “= ¢,(«(to)) = 
y,(p) (see Figure 16.1). Such points / are called focal points of o. Note that 
the normal lines along « need not actually meet at a focal point. 

Given a parametrized n-surface o: U > R"*! and a point pe U, let 
B: R> R"*! be defined by f(s) = o(p) + sN*(p). Thus f is a unit speed 
parametrization of the line normal to Image ¢ at o(p). A point fe Image fi 
is said to be a focal point of o along p if = (so) where so is such that the 
map Ps: U R"*! defined by 9,,(q) = (q) + so N*(q) is singular (not 
regular) at p. 


Theorem 1. Let o: U > R"*! be a parametrized n-surface, let p € U, and let 
B: R> R"*! be the normal line given by B(s) = v (p) + sN*(p). Then the focal 
points of o along B are the points B(1/k;(p)), where the k;(p) are the non-zero 
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Image 9, 


e (p) Image 9 


Figure 16.1 is a focal point of the parametrized 1-surface o in R?. 


principal curvatures of q at p. In particular, there exist at most n focal points of 
o along $. 
Proor. /= f(s) = @,(p) is a focal point of o along £ if and only if do,(v) = 0 
for some v € R^, v # 0. Letting a: I U be such that à(to) = v, the vector 
part of do,(v) is 


(o.22)=4] (peat sNeoa) (s fxd) 
to dt to 


d 
dt 


d d 
= — o -= ? 6 . 
| di V a)+s d K a) 
Since this last expression is the vector part of q 5 a(to) + sV, N?, it follows 
that do,(v) = 0 if and only if 


0 = 9 ? a(to) + sV, N? 
= do(v) — sL,(do(v)). 
Hence, dg,(v) = 0 if and only if 


Lydo(v) = 1 dot) 


Note that s cannot be zero since dp(v) # 0. Thus /is a focal point of ọ along 
B if and only if 1/s is an eigenvalue of L,; that is, if and only if 1/s is a 
principal curvature of ọ at p. o 


Given an oriented n-surface S in R"*!, a point fe R"*+! is said to be a 
focal point of S along the normal line f(s) = p + sNs(p) (p € S) if Z is a focal 
point along fi of o, where o is any parametrization, with N? = N? o ọ, of an 
open set about p in S. Thus fis a point where normal lines along some curve 
through p in S tend to focus. By the previous theorem, the focal points of S 
along f are the points f(1/k;(p)) where the k;(p) are the non-zero principal 
curvatures of S at p. Note that the location of the focal points does not 
depend on the choice of orientation on S since reversing N? also causes 
the principal curvatures k,(p) to change sign, so the focal points 
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p + (1/k,(p))N*(p) remain the same. Note further that the normal lines which 
tend to focus at p + (1/k,(p))N*(p) are those which begin along a curve in S 
which moves out from p in the ith principal curvature direction. 

The next theorem describes the most important property of focal points; 
namely, that distance from an n-surface is locally minimized along normal 
lines only up to the first focal point. We shall state and prove this theorem 
for oriented surfaces but of course it is also valid for parametrized surfaces. 


Theorem 2. Let S be an oriented n-surface in R"* !. Let p € S and let po lie on the 
line normal to S through p. Define h: S—> R by h(q) = |a — po |". Then h 
attains a local minimum at p if and only if there are no focal points of S between 
p and po along the normal line through p (see Figure 16.2). 


this line is shorter 


p d 


Figure 16.2 Distance to S is no longer minimized alon g the normal beyond the first 
focal point /. 


Pnoor. Since p, lies on the normal line to S at p, po = p + sN(p) for some 
s € R. We shall assume that s > 0; if not, we can change the sign of s by 
reversing the orientation on S. Define h: R"*! > R by 


h(q) = |a — poll? = (a — po) : (a — Po) 
so that h is the restriction of A to S. Then 


Vh(q) = 2(4, 4 — Po). 
In particular, 


Vh(p) = 2(p, p — po) = —2sN(p) 


so h is stationary at p (grad h(p) = 0). The Hessian of h at p on ve S, (v # 0) 
is given by (see Chapter 13) 


H (v) = [V,(Vh — (Vh) - N)N)] + v 


=[V.(VA) + (Vh) - N)(p)L,(v)] * v 
= [2v - 2sL,(v)] + v = 2]vI* (1 — sk(v/|lv|])) 
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where k(v/||v||) is the normal curvature of S in the direction v/||v|. Hence 


— 49) = 2]vI*( — sk,(p) 


where k,(p) is the maximum value of normal curvature at p; that is, k,(p) is 
the maximal principal curvature of S at p. It follows that if k,(p) « 0, or if 
k,(p) » 0 and s < 1/k,(p), then #, is positive definite so h attains a local 
minimum at p. By continuity, h must also attain a local minimum at p when 
k,(p) > 0 and s = 1/k,(p). Thus h attains a local minimum at p whenever 
either k,(p) < 0 or k,(p) > 0 and s < 1/k,(p); that is, whenever there are no 
focal points between p and po = p + sN(p) along the normal line to S 
through p (see Figure 16.3). 


pt /k, -A4(20 N (p) 
second focal point 


f pt (kp) N 
first focal point n (p) 


Figure 16.3 For k,(p) > 0, the first focal point occurs at p + (1/k,(p))N(p). 


Conversely, if 0 < 1/k,(p) < s then. 
H Vn) = 2(1 = sk(v,)) = 2(1 YS sk, (p)) < 0, 


where v, is a principal curvature direction at p corresponding to the princi- 
pal curvature k, , so #, is not positive semi-definite and h does not attain a 
local minimum at p. In fact, if æ is any parametrized curve in S with 
&(t)) = v, then 


(h » ay (to) = (grad h)(p) - &(to) = 0 
(h » a)"(to) = Vn (grad h) - &(to) = Æ ,(v,) < 0 


so distance from p, decreases as one moves out from p in S in the direction v, . 


o 


and 


The set of all focal points along all normal lines to an n-surface S in R” +! 
is called the focal locus of S. This set may be visualized as follows. For each 
s € R, the set | 

S, = (qe R'*': q = p + sN(p) for some p € S} 


of all points obtained by moving out from S along the normals a distance s 
looks like an n-surface with singularities (points where the tangent space ħas 
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dimension < n) at points which are focal points of S. These singularities 
usually appear as cusps or folds in S,. The set S, may be viewed as the 
position at time s/c (c — speed of light) of an advancing wavefront caused by 
a flash of light along S at time s = 0. By watching these wavefronts we can 
watch the singularities trace out the focal locus (see Figure 16.4). 


s-Ü s=l $72 focal locus 


Figure 16.4 The focal locus of a parabola as the set of singularities of an advancing 
wavefront. 


EXERCISES 
16.1. Let 9: R> R? be the ellipse o(t) = (a cos t, b sin t) (a > 0, b > 0). 


(a) Show that the focal locus of q is the image of the parametrized curve 


2 2 2 2 
a^. — b b-a ., 
a(t) = | > cos?t, E EM sir) 


(b) Sketch the focal locus of o. 


16.2. Let C be an oriented plane curve and let p € C be such that the curvature x(p) 
of C at p is not zero. 


(a) Show that for q € C sufficiently close to p, the normal lines to C at p and at 
q intersect at some point h(q) e R?. 

(b) Show that as q approaches p along C, the point h(q) approaches the focal 
point of C along the normal line through p. [Thus the focal locus of C is the 
* envelope" of the family of normal lines of C (see Figure 16.5).] 


163. Let p: I> R? be a regular parametrized curve in R? with curvature x nowhere 
zero. For t e I, let 


a(t) = e(t) + (1/«(0))N"(t), 


so that « is a parametrization of the focal locus of q. 
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Figure 16.5 The focal locus of a parabola as the envelope of its normal lines. 


(a) Show that « is regular (&(t) # 0) at t € I if and only if x'(t) # 0. 

(b) Show that, for each t € I with x'(t) + 0, the normal line to Image ¢ at o(t) 
is tangent at a(t) to the focal locus of o (see Figure 16.5). ; 

(c) Show that on any subinterval [t,, t2] c I such that x'(t) #0 fort, <t < t2, 
the length of the line segment from g(t) to a(t) plus the length of « from a(t) 
to a(t2).is constant as a function of t (see Figure- 16.6). 


[Remark. Exercise 16.3 shows that any portion of a plane curve which has 
regular focal locus can be traced out by unwinding a string from the focal locus 
(Figure 16.6). The focal locus of a plane curve C is the locus of the centers of 
curvature and is often called the evolute of C. A curve which is obtained from 
another by unwinding a string is called an involute.] 


a (t5) 


9 (t) 


Figure 16.6 Half a parabola as an involute of its focal locus. 


164. Let 9: I —> R? be a regular parametrized curve in R? and let to € I. For each 
s € R, define ọ,: I > R? by 9,(t) = (t) + sN*(t) let I, denote the largest inter- 
val about tọ on which o, is regular, and let x,: I, > R denote the curvature of 
the restriction of p, to I,. 


(a) Show that I, is an open interval about to for each s < 1/x(to), where x is the 
curvature of q. 


138 16 Focal Points 


(b) Show that, for s « 1/k(to), 


1 
as RR 


— =s 
K(to) 
and conclude that lim,-1/x(to) |Ks(o)| = oo. [Hint: You may assume for 


ease of computation that q is a unit speed curve.] 


16.5. Let S bean oriented n-surface in R"*!. For p € S and v € S, (V + 0), leta: I5 S 
be a parametrized curve in S such that &(to) = v and define y: R x I^ R"*! by 
w(s, t) = a(t) + sN*(a(t)). Let X denote the vector field, along the line f normal 
to S at p (B(s) = p + sN*(p)), defined by X(s) = dv(s, 0, 0, 1) (see Figure 16.7). 


Image f 


Figure 16.7 A Jacobi field. 


(a) Show that X(0) = v and that X(0) = — L,(v). [Hint: The vector part of X is 
(0/0s)(0w/8t).] 

(b) Show that X = 0 and conclude that X(s) = (B(s), v + sw) where v and w are 
the vector parts of v and of — L,(v) respectively. 

(c) Show that X(s) = 0 if and only if p(s) is a focal point of S along f and v 
points in a principal curvature direction corresponding to the principal 
curvature 1/s. | 


Remark. It follows from (b) that the vector field X does not depend on the 
choice of parametrized curve « with initial velocity v. X is called the Jacobi field 
along f generated by v. 


Surface Area and Volume 


We consider now the problem of how to find the volume (area when n — 2) 
of an n-surface in R"* t. As with the length of plane curves, this is done in two 
steps. First we define the volume of a parametrized n-surface and then we 
define the volume of an n-surface in terms of local parametrizations. 
Recall that the length of a parametrized curve a: 1 — R? is defined by the 
formula "2 : 


Ke) [ f = f leto à 


where a and b are the endpoints of I. In the language of parametrized 
surfaces, if a is regular then the velocity field à is just the coordinate vector 
field E, along the parametrized 1-surface a in R?, and 


là) = IE. ()] = JE) DEO A E TR ) 


where N is the orientation vector field along a. The second equality here is a 
consequence of the fact that the vectors E,(t)/|E,(t)| and N(t) form an 
orthonormal basis for R2, so 


E. (¢)/|E,(6)| | 
ae[ N(t) | 
is the determinant of an orthogonal matrix and hence is equal to + 1; the 
sign is + because the basis E, (t)/|E, (t)| is consistant with the orientation 
N. The formula for the length of « can now be rewritten as 


Ka) = J ae (S ) 
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This integral is clearly a special case of an integral defined for parametrized 
n-surfaces. 

The volume of a parametrized n-surface o: U  R"*! is defined to be the 
integral 


E; E,(u1,---, un) 
V(p)- | det EI^ j det E,(u,, ..., ui) du, ::: du, 
N(u,, ..., Un) 


where E,, ..., E, are the coordinate vector fields along ọ and N is the 
orientation vector field along g. When n = 1, the volume of ọ is usually 
called the length of and is denoted l(o). When n = 2, the volume of ọ is 
usually called the area of o and is denoted A(o). Note that, since the volume 
integrand 


is everywhere positive, V(o) > 0. V(o) may be + oo. 

An intuitive explanation of why this particular integral should measure 
volume is that the integrand measures “ volume magnification " along 9 (see 
Figure 17.1). 

It is convenient to have a formula for volume which does not require 
calculation of the orientation vector field N. 


Theorem 1. Let 9: U > R"*! be a parametrized n-surface. Then 


V(o) = | (det(E, - E)". 


PRoor. 
E,\]2 E, E, |. 
det E, = det E, det E, (t = transpose) 
N N N 
E, 
= det | | p [(E EN) 
N 
E, E, E,- E, EN 
— det] p. : E, E,-E, EN 
N-E, N-E, N-N 
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E, : E, E,: E, 0 
mS es E, E,-E, 0 
0 0 1 


Taking the square root of both sides and integrating over U yields the 
required formula. o 


Remark. The functions g,;;— E,:E:: U-+R are called the metric 
coefficients along o. The determinant det(g, j) is usually denoted, in the differ- 
ential geometry literature, by the letter g. The volume integral then takes the 


form V(o) = fu JG. 


(Ay)(p,0,1) D 


(U p (Ax) (a; 1, 9) e(Q) op) (Ax) E; (p) 


Figure 17.1 Area magnification along a parametrized 2-surface o in R°. The small 
shaded rectangle D, in U with area (Ax (Ay) is mapped by y to the small shaded region 
D; in (U). The area of D; is closely approximated by the area of the parallelogram 


in Re» spanned by do((Ax)(p, 1, 0)) = (Ax)E.(p) NL CRURA. 0, 1)) = (Ay)E2(P). 
The area of this latter parallelogram is 


I(Ax)E (p) x (Ay}E2(p)|| = (AxAy)Es(P) x E,()- N(p) 

< NL 
E = (Ax)(Ay)det| E2(p) | . 
N(p) 


The ratio of areas of the two shaded regions is 


A(D;) E,(p) 
AD) [Ei + e(p, Ax, Ay) 


where limax, ayo &(p, Ax, Ay) = 0. The limiting ratio 
X [E.@)\ 

^ dm A03). aet| p, (p) 

(x, an=o A(D;) Nip) 


measures area magnification at p under o; its integral over U gives the area of 9. 
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EXAMPLE. Let o: U — R? be defined by 
(0, p) = (r cos 0 sin $, r sin 0 sin $, r cos 4) 


where U = ((0, p) e R?: —n < 0 < n, 0 < $ < nj. Thus 9 is the spherical 
coordinate parametrization of the sphere of radius r in R? with half of a 
great circle removed. Its area can be found by either of the above formulae: 


E, 
so e£. 


x .x |—r sin 0 sin $ r cos 0 sin $ 0 
=Í | r cos 0 cos o r sin 0 cos $ —rsin $ | d0 dọ 

° '7"|-.cosÜsinó —sinOÜsinó | —cosó 

=Í | r? sin $ d0 dd = 4n? 

0 '-«z 
or 
Tom 2.21542 1/2 

B p TN r^sin^$ O0 

A(o) = | (det E)? = | p: 3 | 4046 


=| f r? sin $ d0 do = 4nr’. 

0 "-« 

The formula of Theorem 1 allows us also to define the volume of pa- 
rametrized n-surfaces in R^** for all k > 0. Even more generally, it enables us 
to attach an n-dimensional volume to any smooth map o: U > R"** U open 
in R". A smooth map g: U > R"**, U open in R", is called a singular n- 
surface in R" **. The adjective “ singular” is used to emphasize that q is not 
required to be regular; i.e., dp, may be singular for some (or, even, for all) 
p € U. Note that each parametrized n-surface is a singular n-surface but that 
singular n-surfaces are not, in general, parametrized n-surfaces. The 
volume V(ọ) of a singular n-surface o: U ^ [" ** is defined by 


V(o) = | (det(E; - E)" 
where, as usual, the E; are the coordinate vector fields along q. 


EXAMPLE. Let o: U > R? be the parametrized 3-surface defined by 


g(r, 0, $) = (r cos 0 sin $, r sin 0 sin $, r cos $) 


where U = {(r, 0, p):0 <r <a, 0 <90 < 2r, 0< $< n}. g maps U one to 
one onto the open ball of radius a about the origin in R? with a half disc 
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\ 


Figure 17.2 The open ball B = {(x,, x2, xa) e R°: x? + x3 + x3 < a?) with the half 
disc (x1, x2, x3) € B: x, = 0, x2 = 0j deleted. 


removed (see Figure 17.2). For p = (r, 0, 9) € U, we find 


E,(p) = (v. 20) = (p, cos 0 sin $, sin 0, sin $, cos 4) 
E,(p) = (e 20) = (p, —r sin 0 sin $, r cos 6 sin $, 0) 
E;(p) = (v 20) = (p, r cos 0 cos $, r sin 0 cos $, —r sin 4) 


SO 
Vlo) = | (det(E, - E)? 


Jt 


Š [ [ E r? sin dr d0 d$ = jns. 


1/2 


dr dO d 


1 0 0 
0 rsin?$ó O0 
0 0 r? 


Theorem 2. Let q: U > R"*! be a parametrized n-surface and let N; U > S" 
denote its Gauss map (N(p) = (¢(p), N(p)) for all pe U, where N is the 
orientation vector field along @). Then 


V(N) = Í |K |det(Ef - Ej)? 
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where K: U — R is the Gauss-Kronecker curvature of q and the E? are the 
coordinate vector fields along q. 


Proor. The coordinate vector field EY of the singular n-surface N has vector 
part at p € U equal to @N/dx;(p), which is the same as the vector part of 


VaN = — L,(do,(ei)) = — L(E?(p)) = - È a«(PJEE() 
where e; = (p, 0, ..., 1, ..., 0) (the 1 in the (i + 1)th spot), L, is the Weingar- 


ten map of ọ at p, and (a;/(p)) is the matrix for L, with respect to the basis 
(Ef (p)) for the tangent space Image do,. Hence 


det(E? af Ej) = ae[Y a, Ei E 2 aE? | 


= ae(Y Ay; A); Ej x Ep) 
k, 1 

= (det(a;,))? det(E? s E?) 

= K? det(E? - E?) 


Taking the square root of both sides and integrating, we obtain 


V(N) = | (deE? - Ej)? = | |K |det(E? - Er". o 


Corollary. The Gauss-Kronecker curvature at pe U of a parametrized n- 
surface p: U > R"*! has absolute value 


|K(p)| = im V(N |s,/V(o |B.) 


where B, = (qe U: |\q— pl < £} 


Proor. By Theorem 2 and the mean value theorem for integrals, 


V(N |n.) _ |K(p1)|det(E?(p:) - Et(p,)? fo, 1 
Vole) (det(EP(P2)- E$)" fa, 1 


for some p,, p2 € B,. Taking the limit as e — 0 completes the proof. L] 


Remark. This Corollary provides us with a geometric interpretation of 
the magnitude of the Gauss-Kronecker curvature K of an oriented n-surface 
S c R"*! in terms of volume magnification under the Gauss map N. The 
significance of the sign of K is as follows. Taking Z — N in Theorem 5 of 
Chapter 12 and using the fact that dN(v) and V, N have the same vector 
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part for all ve S,, pe S, we find that 


VN ‘i dN(v;) Yi 
K(p) = (—1y det VN det = =detl , N(v,) det ia 
N(p) N(p) WNP(N(D)/I \N(p) 


where v, ..., v, is any basis for S, and N*' is the standard orientation on 
S", defined by N?'(g) = (q, (—1)'g. Thus K(p)>0 if and only if dN 
maps each basis for S, consistent with the orientation on S to a basis for 
Sy consistent with the standard orientation on S". Given any smooth map 
f: S— S from one oriented n-surface in R"*! to another and any pe S with 
df,: $,2 S fp non-singular, f is said to be orientation preserving at p if df 
maps bases for S, consistent with the orientation on S to bases for S, 
consistent with the orientation on 5; otherwise f is said to be orientation 
reversing at p. Thus, the Gauss-Kronecker curvature K(p) at a point p of an 
oriented n-surface S c R"*! is positive if and only if the Gauss map N: S > S” 
is orientation preserving at p, and K(p) is negative if and only if N is orientation 
reversing at p. 


Just as the length of a parametrized curve is unchanged under reparam- 
etrization, the volume of a singular n-surface is unchanged under reparam- 
etrization. A reparametrization of a singular n-surface œ: U, > R"** is a 
singular n-surface y: U, > R"** of the form y = ọ © h where h: U, > U, is 
a smooth map with smooth inverse and Jacobian determinant everywhere 
positive (see Figure 17.3). Note that any pair of such singular n-surfaces will 
always have the same images. Furthermore, if o is a parametrized n-surface 
and y is a reparametrization of g then y is a parametrized n-surface and, if 
k = 1, the orientation vector fields N? along o and N" along v are related by 
N*(p) = N*(h(p)), for all p € U, (Exercise 17.11). 


Figure 17.3 y is a reparametrization of ọ. 
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Theorem 3. Let q:U,— R"** be a singular n-surface and let 
y —9»h: U, —^ R"** be a reparametrization of o. Then V(y) = V(o). 


Proor. Let E? and EY denote, respectively, the coordinate vector fields along 
ọ and along y. Then, letting X; denote the vector field on R” defined by 
X;(p) = (p, 0, ..., 1, ..., 0) where the 1 is in the (i + 1)th spot we have, for 
p E U, , 


Ef (p) = dV(X.(p)) = d(o » h)(X,(p)) = do(dh(X.(p))) 


= do( 5: male)Xuth(e))) = È hup) doho) 
= Ý pr). 


where the h;; = Oh; /0x; are the entries in the Jacobian matrix for h. Hence 
EY BY = Y huhjEg oh Ef oh, 
k, 1-1 
and 
det(EY - EJ) = (det(h,;))? det(E? oh - E? » h) = J? det(E? oh: E? ° h), 


where J, is the Jacobian determinant of h. By the change of variables 
theorem for multiple integrals, 


V(y)— J, (det(EY - E/))!? 


= f (det(E? » h + E? » h))!27, 
h-1(U4) 


=| det(Ep- Ey)? —V(o) —— o 
U, 


Passing now to oriented n-surfaces S in R"* !, we would like to obtain the 
volume of S by adding up the volumes of subsets which are images of one to 
one singular n-surfaces. However, it is generally not possible to express S as 
a disjoint union of such sets. It is possible to express S as the union of images 
of closed rectangles which overlap only along the boundaries (see Figure 
17.4); the set of boundary points will then contribute nothing to the volume 
integral so the overlap will not matter and the volume of S can then be 
defined as the sum of volumes of these “singular rectangles.” This procedure, 
although intuitively quite attractive, is difficult to carry out rigorously. We 
shall adopt an alternate approach. 


"m 
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Figure 174 The surface S can be expressed as a union of rectangular regions which 


overlap only along the boundaries of the rectangles. - 


. Consider the volume integrand 


of a one to one local parametrization o: U — S. If we replace o by a repa- 
rametrization y = 9 ° h: U; S, the volume integrand changes in that the 
coordinate vector fields of p are replaced by the coordinate vector fields of 
wy, but the volume integral does not change. This suggests that essential part 
of the volume integrand at p € S is the function ¢ which assigns to each 
ordered set (v,, ..., Va} of n vectors in S, the number 


Vi 
(V4, ..., Yn) = det $ 
N(p) 
¢ is called the volume form on S. We shall see that the volume form can be 
integrated over a compact oriented n-surface S in R"*?; its integral will be 
the volume of S. ( is an example of a differential n-form. 

A differential k-form, usually called simply a k-form, on an n-surface S is a 
function c which assigns to each ordered set (v. ..., v,} of k vectors in Sp, 
p € S, a real number ov,, ...; v,) such that 

(i) for each ie (1, ..., k} and vy, ..., Vinay Vien +++) Me E Sp, pe S, the 


function which sends ve S, to ov, .-., Yi- Y Vita -+> v.) € R is linear, 


and 

(ii) for each v,, ..., v, € Sp and for each permutation c of the integers 
(D ss Rh 
| | 


O(Vs) "n Vaw) mE (sign e )o(v;, n" v,). 


Note that the conditions (i) and (ii) simply express familiar properties of 
the determinant when k =n and o is taken to be the volume form (. 
Property (i) is called multilinearity and property (ii) is called skewsymmetr y. 
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Given a k-form o and tangent vector fields X,,..., X, on S, we can define 
a real valued function w(X,,..., X,) on S by 


[o(X,, ttt» X,)l(p) = eX, (p), Cnt X,(P)). 
The k-form o is said to be smooth if w(X,,..., X,): S— R is smooth when- 
ever the vector fields X,, ..., X, are smooth. 


EXAMPLE 1. A 1-form on S is simply a function o: T(S) = | ),.s $, — R such 
that the restriction of w to S, is linear for each p e S. Thus, for example, if X 
is a tangent vector field on S then the function cy: T(S) — R defined by 


oxv)-X(p:v  (veS,,pes) 
is a 1-form on S. oy is called the 1-form dual to X. 


EXAMPLE 2. Let w, and œ, be 1-forms on S. Then the function w, Aw, 
defined by 


(09, ^c5)(v,, v2) = @1(¥1 o2(¥2) — (V2 )@2(v1) 
is a 2-form on S. œ; A œ, is the exterior product of w, and w2. 


EXAMPLE 3. The volume form ¢ on an oriented n-surface S in R"*! is a 
smooth n-form on S. 


EXAMPLE 4. Let w be a k-form (k > 1) on S and let X be a tangent vector field 
on S. Then the function X 4 œ defined by 


(X a w)(V;, sess VE 1) = w(X(p), Vis... Wk- 1) 
is a (k — 1)-form on S. X 10 is the interior product of X and o. 


EXAMPLE 5. Let w be a k-form on an m-surface S and let f: S2 S bea 
smooth map from the n-surface S into S. Then the function f *w defined by 


(f*oyvi. se vx) 3: w(df (vı), 08 9 df (v,)) 
is a k-form on S. f *o is called the pull-back of w under f. 


The sum of two k-forms w, and «c; on an n-surface S is the k-form 
w, + 03 defined by 


(coy + 03v»... Ve) = 01(vi i) + 2( <--> Ve): 


The product of a function f: S > R and a k-form c on S is the k-form fw on S 
defined by 


(fov, ett, V.) = f (pov, sang Vx) 


for v,,..., Vy € $,, p E S. Note that the sum of two smooth k-forms is smooth 
and that the product of a smooth function and a smooth k-form is smooth. 
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For o a smooth k-form on an n-surface S and ¢ a singular k-surface in S 
(ie., with Image ọ c S), the integral of w over is defined by 


E = jet. ..., Ef), 


provided the latter integral exists. The vector fields E? are of course the 
coordinate vector fields along ø. The integral will exist, in particular, when- 
ever the function o(E1, ..., Ef) is identically zero outside some compact 
subset of U. 2 


EXAMPLE. For q a local.parametrization of S and 4 the volume form on S, 


P C= Vlo} 


Note that if y is a reparametrization of the singular k-surface g in S and œ 
is a smooth k-form on S such that [,«» exists then f, « exists and 
fy œ =f, œ. Indeed, if p: U, +S and y = 9 °- h: U, >S then, as in the 
proof of Theorem 3, Ef = $5., hE? ° h so 


| o- | o(EX, ..., Ef) 
v U2 
k k 
enn dno 
U2 1 je=1 


S y n ur hy (Ef, © ° % © h), 


where the last mre: is a consequence of the multilinearity of œw. By the 
skewsymmetry of œ, oXE5, » h, ..., Ef, » h) is zero whenever two or more of 
the j/s are equal, and WEF, - ..., Ef) = (sign c)o(Et, ..., Ef) whenever 
ja = (1), ..., Jy = a(k) for some permutation c of (1, ..., k}. Hence 


Je 5 | 2, (sign os: 7*7 hog (ET © h, ..., E 0 h) 
“U2 6 
- | — (oEt, ..., Eg) © hy 
h-1(U,) ` 


- eme S, EZ)= "T 
as claimed. 


`- We now proceed to define the rom of an n-form w over a compact 
oriented n-surface S. This is done by expressing the n-form as a sum of 
n-forms c, each of which is identically zero outside the image of some one to 
one local parametrization ø; and then defining fs a=) fp, «y. The 
n-forms œw; will be obtained as products of œ with functions f, with the 


property that V, f, = 1. 
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A partition of unity on an n-surface S is a finite collection of smooth 
functions f;: S  R (ie f1, ..., m}) such that 


(i) f(a) = 0 for all i € f1,..., m} and all q € S, 

(ii) for each i e (1, ..., m} there exists a one to one local parametrization 
9;: U; > S such that f, is identically zero outside the image under o, of a 
compact subset of U;, and 

(iii) Y 75, fi(q) = 1 for all q e S. 


If (o;) is any collection of one to one local parametrizations satisfying (ii), 
the partition of unity (f) is said to be subordinate to (9). 


Remark. The requirement that the collection of functions { f; be finite can 
be replaced by a less restrictive requirement called local finiteness, but finite 
partitions of unity will be adequate for our needs. 


Theorem 4. Let S be a compact n-surface in R"*!. Then there exists a partition 
of unity on S. 


PRoor. First we construct, for each p € S, a “ bump function” g,: S ^ R as 
follows. Given p e S, let o,: U,— S bea one to one local parametrization of 
S whose image is an open set about p in S, as constructed in the proof of 
Theorem 1 of Chapter 15. Choose r, > 0 such that 


B, = (xe R": |x — o; (p) <r} c U, 
and define the bump function gp: S> R by 
Je l/(rg - lez 10-95 1(01l2) for qe V, 


g,(a) = lo for q € V, 


where 
V, = (a € P (Up): los ! (a) — oz (Dll < rj 


(see Figure 17.5). Then g, is smooth (Exercise 17.17), g, is identically zero 
outside the image under o, of the compact set B, c U,, and g,(q) > 0 for all 
q in the open set V, about p in S. 

Assuming for the moment that we can find a finite set [p,, ..., Pm} of 
points in S such that | J7-, V,, = S, we can define f: SR for each ie 
(1, ..., m} by 


fla) = os] È gola) 


Note that the denominator 37. , g, (q) is nowhere zero, since each g, (a) > 0 
and g, (a) > 0 when j is such that q € V,,. {fi} is then a partition of unity on 
S, subordinate to (9,j. 

Finally, the fact that there exists a finite set {p,,..., Pm} of points in S such 
that | )7L, V,, — $ is a consequence of the Heine-Borel theorem: the sets 
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graph of ^, 
graph of h, 


(a) (b) 
Figure 17.5 Construction of a smooth bump function. 


(a) The function h,: R — R given by 
e M7 jf |r| <r 
lt) = ig if |t| 2r 
is smooth. n 
(b) The bump function gp: S > R is such that g, is identically zero outside the image 
of the local parametrization 9,: U,— S, and g,»9, — h, where h,(x) = 
E ' p p p° Yp P p 
h, lx — es (p)]) for x e U,. 


(V,: p € S} are open sets in S which cover S (| ),. s V, = S); the Heine-Borel 
Theorem (see, e.g., Fleming, Functions of Several Variables, Springer-Verlag 
1977 (Second Edition)) states that every covering of a compact set S by open 
sets has a finite subcovering; i.e., there is a finite collection (V,, ..., V) of 
these sets with |r, Vp = S. | g 


The integral of a smooth n-form @ over a compact oriented n-surface 
S c R"*! is defined to be the real number 


[o= | (fo) 
S . d "ei 
where ( fj) is any partition of unity on S subordinate to a collection (oj of 
one to one local parametrizations of S. Note that fs w does not depend on 
the choice of partition of unity because if (7j) is another, subordinate to local 
parametrizations (à), then | 
r[Go-r[(rie-rr[une 
j "9j j ð \i j i °@ 
() (2) 
-Y[G29- LD] (49 
i, J Op i,j “iy 


“EF Loser [1n E [uo 


where jj is the restriction of $, to the open set 9; ! (Vj), Vij = (Image $;) ^ 
(Image o;), and g; is the restriction of o, to o; !(V,j). Equalities (1) and (3) 
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hold because f, f, is identically zero outside Vj, and equality (2) holds be- 
cause q,; is a reparametrization of Qj; (see Exercise 17.18). 

Using integration of forms, we can now define the volume of a compact 
oriented n-surface S c R"*! to be the integral over S of its volume form ¢: 


V(S)- ike 


We can also now define the integral over S of any smooth function 
f:S—R by 


EXERCISES 


17.1. Find the area of the parametrized “cylinder in R? with a line removed " given 
by 9(0, t) = (r cos 0, r sin 6, t) 0 <80 <2r,0<t<h. 


17.2. Find the area of the parametrized “cone in R? with a line removed " given by 
€(0, t) = (tr cos 0, tr sin 0, (1 — t)h),0<0<2n,0<t <1. 


173. Find the area of the parametrized “torus in R? with two circles removed " 
given by 


9(0, $) = ((a + b cos $)cos 0, (a + b cos $)sin 0, b sin ¢), 
0<6<22,0< ¢ < 22. 


174. Find the area of the parametrized “torus in R^ with two circles removed " 
given by 


9(0, $) = (a cos 0, a sin 0, b cos ¢, b sin ¢) O0<0<2n,0<¢ «2x. 


17.5. Find the volume of the parametrized “unit 3-sphere in R* with part of a 
2-sphere removed” given by 


o(¢, 0, V) = (sin $ sin 0 sin y, cos $ sin 0 sin y, cos 8 sin y, cos y), 
0<¢<27,0<0<27,0<W<nx. 
17.6. Show that the area of the parametrized surface of revolution g(t, 0) = 


(x(t), y(t)cos 0, y(t)sin 0), a < t < b, 0 <6 < 2n, where y(t) > 0 fora <t <b, 
is given by the formula 


Ato) = [ 29 ((X( t) + (Ory? a 


17.7. Let g: U R be a smooth function on the open set U c R". Define 
yg: US R"*! by plus, ..., ta) 2 (ui, ..., Un, glui, ..., Un)) Show that 
V(o) = fv (1 + Y. (6g/0u;)?)*?. 
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17.8. 


17.9. 


17.10. 


17.11. 


Let gn: U > R^*! be defined by 
@n(O1, ..., On) = (sin 0, sin 0; --- sin On, cos 0, sin 0; ++ sin 6,, 
cos 0; sin 04 ::: sin 0,, ..., cos 0,- , sin On, cos On), 
where U = ((0,,...,0)€ R": 0 < 0, < 27, 0 < 0; < nfor2xi xn]. 


(a) Show that q, is a parametrized n-surface. 

(b) Show that o, maps U one to one onto a subset of the unit n-sphere S". 

(c) Show that S'— Image «9, is contained in the (n— 1)-sphere 
(xs, <.. X541) € S": x, = 0). (It will then follow that V(o,) = V(S") since 
S" — Image 9, has n-dimensional volume zero.) 

(d) Find a formula expressing the volume of o, as a multiple of the volume of 
9» - 1- [Hint: Introduce a zero into the last corner entry of the matrix 


E, 

E, 

N 
" by adding to the last row a suitable multiple of the next to the last row. Then 
expand the determinant by minors of the last column. Finally pull out all 


factors of sin 0, and integrate with respect to 0,.] 
(e) Find V(9,). 


Let 9: U > R? be a parametrized 2-surface in R?. Show that the area of ọ is 
given by the formula A(g) = fy ||\@p/6u, x 0o/0u; ||. 


Let ọ: U > R^*! be a parametrized n-surface in R"*!. Let W be the vector 
field along 9 whose ith component at p € U is (— 1)" *' times the determinant 
of the matrix obtained by deleting the ith row from the Jacobian matrix of o 
at p (or the ith column from the matrix . 


E,(p) 
> D 


E,(p) 


(a) Show that W is a normal vector field along o, and that W/|W|| is the 
orientation vector field along q. 
(b) Show that V(o) = fu |W]. 


Let 9: U, > R"*! bea parametrized n-surface and let y = 9 » h: U, > R"*? 
be a reparametrization of p. Show that NV = N? » h, where N¥ and N? are, 
respectively, the orientation vector fields along « and along y. [Hint: Show 
that 


E' |O[Et5h | 
det Ey | = J, det EF T 
NY N¥ oh 


where J, is the Jacobian determinant of h.] 


154 


17.12. 


17.13. 


17.14. 


17.15. 
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Let w be a k-form on the n-surface S. 


(a) Show that if {v,,..., v,} is a linearly dependent set of vectors in S,, p e S, 
then ov, ..., y) = 0. 
(b) Show that if k > n then o is identically zero. 


Let S be an oriented n-surface in R"*! and let ( be the volume form on S. 


(a) Show that if {v,,...,v,} is an orthonormal basis for S,, pe S, then 
C(vi,..., V.) = +1 and C(v,,...,v,) = +1 if and only if the basis (v4, ..., Va} 
is consistent with the orientation N of S. 

(b) Show that if w is any n-form on S then there exists a function f: S > R 
such that w = f¢. [Hint: Set f (p) = w(v,, ..., Yn) where (v,, ..., Vn} is any 
orthonormal basis for S, consistent with the orientation N on S. Then 
compute the values of w and of ft on w,, ..., W, where w; = e 1 a; vi-] 


Let w, be a k-form and let œw, be an l-form on the oriented n-surface S c I" * !. 
Define the exterior product w, ^ œz by 


(w ^ Q3)(vi. EE Vk+1) 
1 . 
= kin Y (sign e)oi(Vec. "m Yea) 2(Voq. + D»: Vo(k+0) 


for V1, ..., Vx41 € Sp, where the sum is over all permutations o of {1,...,k + I). 


(a) Show that w, ^ œz is a (k + l)-form on S. 

(b) Show that o; ^ œw, = (—1)"*v, ^A w2. 

(c) Show that if œ, is another l-form on S then w,A(w2+@3)= 
Q1^02 + 04,^03. 

(d) Show that if w3 is an m-form on S then (w; ^c;)^c3 = w, A (@2 ^ @3). 

(e) Show that if X,,..., X,4, are tangent vector fields on S such that for each 
p € S {X,(p), ..., Xn+1(p)} is an orthonormal basis for S, consistent with 
the orientation on S, and if, for each i, œ; is the 1-form on S dual to X; 
then 


WM, AAD, =F 


where ¢ is the volume form on S. [Hint: Use mathematical induction to 
prove that for 1k zn, (o1^:^oy(X, ..., X) 2 1 and that 
X, 4 (@, ^: ^0,) = 0 for all i > k. Then use Exercise 17.13.] 


Let S be an oriented n-surface in R^*!, let $ be an oriented m-surface in 
R™*?, let f: S 2 S be a smooth map, and let w be a smooth k-form on Š. 


(a) Show that f*w is a smooth k-form on S. 
(b) Show that if ọ is a singular k-surface in S then 


[o=] o 


S'e 


(c) Show that if m = n and if f is an orientation preserving diffeomorphism 


then 
Jj: fto= |e 
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17.16. Show that the antipodal map f: S' S" on the n-sphere S", defined by 
f(p) = —p, is orientation preserving if and only if n is odd. 


17.17. (a) Show that the function h: R > R defined by 
e! ift>0 
h(t) = 
() b ift <0 
is smooth. 
(b) Conclude that for each r > 0 the function h,: R > R given by 
lo- 1/(r?-t2) if 
ro=l Ee 
0 if |t =r 
is smooth and that the bump function g, defined in the proof of Theorem 4 
is smooth. 


17.18. Let S be an oriented n-surface in R"*! and let o: U — S and y: V > S be one 
to one local parametrizations of S. Show that if W = o(U) ^ V(V) * Ø 
then h = 9^! » Yik- is an orientation preserving diffeomorphism from 
V !(W) to 9^!(W). Conclude that v|,-»w, is a reparametrization of 
Plo- «m. 

17.19. Let X and Y be vector fields on R? and let wy and wy be their dual 1-forms. 
Show that, for v and win R$, pe RP, - 


(ex ^ wy)(v, w) = (X x YY(p) (v x w). 


[Hint: By multilinearity, it suffices to check this equation when v and w 
are standard basis vectors.] 


Minimal Surfaces 


Let 9: U > R^*! be a parametrized n-surface in R^ *!. A variation of o is a 
smooth map y: U x (—«, c) 9 R"*! with the property that v(p, 0) = o(p) 
for all p e U. Thus a variation surrounds the n-surface o with a family of 
singular n-surfaces q,: U > R"*!(—& < s < c) defined by 9,(p) = V/(p, s). 

A variation y of the form 


V(p. s) = ep) + sf (r)N(P) 


where f is a smooth function along o and N is the Gauss map of o, is called a 
normal variation of q. If f is the constant function 1, this variation y is of the 
type considered in Chapter 16 which, for each s, pushes q out a distance s 
along the normal. If f is a bump function similar to the one whose graph 
appears in Figure 17.5(b), the variation y introduces a bump in ọ by pushing 
q out along the normal only in a ball B, about p € U (see Figure 18.1). If o 
already has a bump at p, then the normal variation iy may tend to remove 
the bump. 

A variation y with the property that v(p, s) 2 v(p, 0) for —e«s«e 
whenever p lies outside some compact subset C of U is said to be compactly 


Figure 18.1 A normal variation. 
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supported. Note that if y: U x (—6, e) À R"*! is a compactly supported 
variation of ọ there is an e, > 0 such that each g,, for |s| < £,, is a par- 
ametrized n-surface. One way to see this is to observe that the function 
ô: U x (—6, e) ^ R defined by 


1(p) 
Ex(p) 
N(p) 


where the E? are the vector parts of the coordinate vector fields E? along 9, 
and N is the Gauss map along o, is continuous. Hence, the set 


Cı = {(p, s)e R*':peC, |s| «c2, and ô(p, s)= 0} 


ó(p, s) = det 


is compact. If C, is empty, let ¢, = £/2; otherwise let £, be the minimum 
value of g on C,, where g: R"*! > R is given by g(p, s)= |s|. Then 


(i) £, # 0 since ó(p, 0) + 0 for all p e U, 
(i) 5(p, s) + 0 whenever p e C and |s| < £,, and 
(iii) ó(p, s) 0 for all s(|s| < £) whenever p € C (since then the E} are equal 
to the coordinate vector fields E, along o). 


Thus ó(p, s) x 0 whenever pe U and |s| « e, so the coordinate vector 
fields Ej of o, are linearly independent; i.e., y, is regular as required. 

We shall analyse the effect that compactly supported normal variations 
have on volume. Let o: U > R"*! be a parametrized n-surface with finite 
volume and let y: U x (—¢, s) ^ R"*! be a compactly supported normal 
variation of o, 


Vp. s) - ol) + ONO) 


Then the coordinate vector field E! of ọ, has vector part 


s _ 09, dp of 
E; = = u, +s sL PE | 


But, for each p e U, 0N/0uj(p) is the vector part of 


VuoN = -LAE = - Yo PVE (P) 


where L, is the Weingarten map of ọ at p, the E; are the E vector 
fields along g, and (c;,(p)) is the matrix for L, with respect to the basis {E,(p)} 
for the tangent space Image do,. Hence 


E; = E; +o(Zn-s Yer) 
Ou; jz1 . 
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The volume of o, is 


E; 
V(p,)- | det : 
(s) j E: 
N* 
where Nis the orientation vector field along o, . Its rate of change at s = O is 
E; 


d ô ; 
T Vip.) = EA det E 


But, since E? = E; and N° = N, we have 


E, 
E; : Ei 
a p. [Æ E 
—| d = Os |,- 
35 lo et E 2 det o|-det| E, 
ONS 
N E Os |s=0 
N 
Ei 
" of 


N 
E, 
(2) n : 
= p? Cii det E, 
N 


To obtain equality (1) we have used the fact that (ON*/0s) |, =o , being perpen- 
dicular to N = N°, is a linear combination of (E;, ..., E,) so the determin- 
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ant of the matrix with these n + 1 vectors as rows must be zero. To obtain 
equality (2) we have used the fact that when j 7 i the coefficient of c; is the 
determinant of a matrix with two equal rows and is therefore zero. We 
conclude, then, that 

E, 


ea —n | fH det E, 
N 
where H(p) = (1/n) trace L, is the mean curvature of ọ at pe U. 


Remark. It can be shown (see Exercise 18.7) that this formula is valid for 
all compactly supported variations y of q (not just for normal ones), where 
the function f: U > R is defined by f= X + N, X being the variation vector 
field along @ defined by X(p) = E¥, ,(p, 0), E¥,, the (n+ 1)th coordinate 
vector field along vy. The formula is also valid for all normal variations 
(not necessarily compactly supported) as long as all the necessary integrals 
are defined and the interchange of (d/ds)|; and fy can be justified. 


4 
ds 


The volume integral is said to be stationary at the parametrized n-surface 
ọ: Uo R"*! if Vig) « oo and (d/ds)|, V(p,) = 0 for all compactly sup- 
ported normal variations y of q. This is the case, for example, when the 
volume of ọ is smaller than that of each parametrized n-surface p, which can 
be obtained from q via a small compactly supported normal variation. 


Theorem. Let o: U > R"*! be a parametrized n-surface with finite volume in 
R"*1. Then the volume integral is stationary at p with respect to compactly 
supported normal variations if and only if the mean curvature of S is identically 
zero. 


PROOF. Certainly if H = 0 then, for every compactly supported normal vari- 
ation y of g, 
E, 
d 
. V(o,) » -n | fH det}; | =0. 
N 


Conversely, if H(p) + 0 for some p € U, choose an e > 0 such that the closed 
ball about p of radius e is contained in U, let h: U > R be a smooth bump 
function with h(p) = 1, h(q) = 0 for all qe U, and h(q)= 0 for all q with 
la — p|| 2 & and let y be the normal variation of o with f= hH. Then y 
is compactly supported and f H — hH? is non-negative on U and positive 
at p, so E, 


l V(p,)2 —n [im det E, <0. Z 
N 


4 
ds 


Z 
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A parametrized or oriented n-surface in R"* ! with mean curvature iden- 
tically zero is called a minimal surface. The adjective * minimal" is used here 
because a minimal surface usually arises as a surface whose volume is mini- 
mal among all surfaces obtainable from it via small normal variations. Mini- 
mal 2-surfaces in R? are found in nature as soap films: if a soap film takes the 
shape of a surface spanning a wire frame then (assuming air pressure is the 
same on both sides of the film) in order for the surface to be stable its area 
must be minimal among all nearby surfaces spanning the given frame (see 
Figure 18.2) 


wire frame 


plane 


catenoid 


Figure 18.2 Minimal surfaces can be obtained by dipping a wire frame in a soap 
solution. (For best results, keep the distance between the parallel circles small.) 


Clearly an n-plane a,x, +*+ a,,4,X,4,, = b is a minimal surface in 
R"+1 since all principal curvatures, and hence also the mean curvature, are 
identically zero. On the other hand, there are no compact minimal surfaces 
in V" * ! since, by Theorem 4 of Chapter 12, each compact n-surface in R"* ! 
must contain a point where all principal curvatures are different from zero 
and have the same sign. 

We shall find all 2-surfaces of revolution in R? which are minimal. Sup- 
pose first that o: I + R? is a parametrized curve of the form a(t) = (t, y(t)) 
for some smooth function y: I > R with y(t) > 0 for all t € I. The 2-surface 
obtained by rotating « about the x,-axis is given by 


p(t, 0) = (t, y(t)cos 0, y(t)sin 0). 


A straight-forward computation (Exercise 18.1) shows that the principal 
curvatures of @ are given by 


Kilt, 0) = —y' (t) + (t)? 
Kalt, 0) = 1/y(t)(1 + (y (()))!?. 


Thus the mean curvature of o will be zero if and only if y(t) satisfies the 
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differential equation 
NT Ae ee 
(1 y?y? ya + y?) 
Multiplying both sides by y'(1 + y?)!? we obtain 
yy _y 


l+y? y 


which integrates to 


4 log(1 + y?) = log y + log c = log(cy), 
or 


1+ y* = (cy)? 
where c > 0 is a constant of integration. Solving for y' gives: 
y= Ello- o — y/oy-1^-2ii 
Integrating again, we obtain | | 


| (1/c)(cosh~*(ey) — c5) = +t 
or 
y = (1/|c,|)cosh(c,t + c2) 


where c, = +c and c; is another constant of integration. 

A curve in R? of the form x, = (1/|c, | cosh(c, x, + c2) is called a caten- 
ary; a surface of revolution obtained by rotating such a curve about the 
x-axis is called a catenoid (Figure 18.2). The above argument shows that 
each minimal surface in R? which can be obtained by rotating the graph of a 
smooth function about the x,-axis is a portion of a catenoid. 

If we drop the requirement that the parametrized curve « have image the 
graph of a function, we obtain in addition to catenoids only portions of 
planes. Indeed, if a(t) = (x(t), y(t)) then on any interval where x’ # 0 there 
exists a reparametrization f of a of the form A(t) = (t, y » x~ +(t)) so on that 
interval Image « is the graph of a function. On any interval where x' is 
identically zero, « must be of the form a(t) = (c, y(t)) for some c € R so the 
surface of revolution obtain by rotating this portion of « about the x,axis is 
contained in the plane x, — c. Since two catenoids, defined by choosing 
different values of c, and c; , do not fit together smoothly, and a portion of a 
catenoid cannot be glued smoothly onto a portion of a plane, we conclude 
that the only connected minimal surfaces of revolution in R? are portions of 
catenoids and portions of planes. 
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EXERCISES 


18.1. 


18.2. 


183. 


18.4. 


18.5. 


18.6. 


18.7. 


Find the principal curvatures of the parametrized surface of revolution ob- 
tained by rotating about the x,-axis the parametrized curve a(t) = (t, y(t)), 
where y(t) > 0 for all t € I. 


Show that the parametrized helicoid o: R? — R°? defined by g(t, 0) = (t cos 0, 
t sin 0, 0) is a minimal surface. 


Let S be a connected minimal 1-surface in R?. Show that S is a segment of a 
straight line. 


Show that the Gaussian curvature of a minimal 2-surface in R? is 
everywhere x 0. 


Show that an oriented 2-surface S in R? is a minimal surface if and only if for 
each p e S there exist orthogonal directions v and w in S, on which the normal 
curvature of S is zero. (Directions v € S, for which the normal curvature k(v) is 
zero are called asymptotic directions.) 


Show that if the Gauss map of a minimal 2-surface S in R? is regular then it is 
conformal; i.e., show that if dN,: S, > Skip is non-singular (p € S) then there 
exists A(p) > 0 such that |dN,(v)| = A(p)||v|| for all v e Sp. 


Let a: [a, b] ^ R? be a unit speed curve and let y: [a, b] x (—5, ?) > R? bea 
variation of a. Show that 


d b b 
ds l(a) = (X: N) — | (X - N)(t)«(t) dt 

S jo a a 
where a,(t) = V (t, s), X(t) = E%(t, 0), N is the orientation vector field along a, 
and x is the curvature along a. Conclude that if (a, s) = a(a) and v(b, s) = 
a(b) for all s then | 


‘ Ha) = - [« - N)(t)x(t) dt. 


[Hint: Verify that (0/0) |o |a, || = ((02v/8t ðs) - (@p/dt))|,-0 and integrate by 
parts.] 


The Exponential Map 


In Chapter 7 we defined geodesics as “straightest curves” in an n-surface. In 
this chapter we shall examine the role of geodesics as " shortest curves." We 
begin by using a technique of the calculus of variations analogous to the one 
we used in Chapter 18 to study minimal surfaces. Now, however, we shall 
vary parametrized curves rather than parametrized surfaces. 
Let a: [a, b] ^ S be a parametrized curve in an n-surface S c R'*'. A 
variation of « is a smooth map y: [a, b] x (—e, e) ^ S (e > 0) such that 
V (t, 0) = a(t) for all t € I (see Figure 19.1). The two coordinate vector fields 
E, and E, along y, defined by l 


E,(t, s) = dy (t, s, 1, 0) 
v2 E(t, s) = dy (t, $, 0, 1} 


are then tangent to S along Y. Note that E, (t, 0) = 4(t) for all t e I. The 
vector field X along « defined by X(t) = E,(t, 0) is called the variation vector 
field along « associated with the variation y. 


qulli 


SS 


wn 


Figure 19.1 A variation of a parametrized curve. 
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A variation y of a parametrized curve « defines a family of parametrized 
curves a,: [a, b] > S by «,(t) = w(t, s). The length of o, is given by the length 
integral 


b 
Ia) -[ là] dt = | |E.( s)] dt 
The derivative of this function of s is 


d ur 1/2 
a, Ms) = | gE E)? at 


FG Z) 1a 
z. E) a Jis. IE 


If we assume now that « is a unit m curve then |E, ||,-o = |&|| = 1 so 


or 


This boxed formula is called the first variation formula for the length 
integral. It is valid for any variation y of any unit speed curve a in S. Note 
that the right hand side depends only on the variation vector field X; any 
two variations of « with the same variation vector field will yield the same 
value of (d/ds) |, l(a,) 

A variation y: [a, b] x (— e, c£) 5 S is said to be a fixed endpoint variation 
of a(t) = v (t, 0) if v(a, s) = a(a) and v(b, s) = a(b) for all s e (—e, £). The 
variation y is said to be a normal variation if the variation vector field X is 
everywhere orthogonal to « (X(t) L &(t) for all t e [a, b]). Specializing the 
first variation formula to these situations yields the following. 


Theorem 1. Let o: [a, b] > S be a unit speed curve in an n-surface S c R"*?. 
Then the following three conditions are equivalent: 


(i) The length integral is stationary at « with respect to fixed endpoint 
variations. 
(ii) The length integral is stationary at « with respect to normal variations. 
(iii) « is a geodesic in S. 
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In particular, if a is a shortest curve in S joining two points of S then a is a 

geodesic. — 

Proor. If y: [a, b] x (-& €) ^ S is a fixed endpoint variation of æ then 
w(a, s) = a(a) for |s| <£ so X(a) = (a(a), (0v/0sY(a, 0)) = 0 and similarly 

X(b)-— 0. If y is a normal variation of a then X(a): à(a)- 0 and 

X(b)- &(b) = 0. In either case, the first variation formula reduces to 


£ Hea) = -[« ` à) dt. 


If æ is a geodesic in S then ä(t) L Sy for all t e [a, b] so X - & = 0 along « 
and therefore (d/ds) |o (a) = 0, for all fixed endpoint or r normal variations y 
of o. Thus (iii) => (i) and (iii) = (ii). 

On the other hand, if a is not a geodesic then there is a to € [a, b] such 
that &(to) ¢ S%,,.); i.e., such that the tangential component &'(to) of à(t;) is not 
zero. (Recall from Chapter 8 that à' is the covariant acceleration of a.) We 
will construct a fixed endpoint normal variation y of æ whose variation 
vector field along « is f à' where f is a nonnegative smooth function along a 
with f (a) = f (b) = 0 and f (to) > 0. This will be a normal variation of « since, 
'& being a unit vector field along a, à' 1 à. The first variation formula, for this 
variation, becomes 


às |.) -.-[ fi’: mn fle? < 0, | 


proving that (i) => (iii) and (ii) => (iii). 
To construct the variation y, let ø: U —^ S be a one to one parametrized 
n-surface whose image is an open set in S containing a(to). Choose a,, b, 
with a < a, < b, < b such that a([a;, b,]) c Image g. Define f: [a,, b,] > U 
"by p(t) = 9^! «a(t), let f: [a, b] +R be a smooth bump function with 
f (to) » 0 he f (t) ^ 9 for all t é [a;, bi], and let Y be the smooth vector 
field along f defined by Y(t) = f(t)(dos«)" (€ (t)) (see Figure 19.2). Now 
define y: [a, b] x (—5, 8) > S by 


le(B(t) + sY(t)) forte [ds bi] se (—6 £) 
lp ° plt) -a(t) fort ¢ [a,, bi]; se (- e, €) 
where £ > 0 is chosen small enough so that A(t) + sY(t) & U for all (t, s) € 


[a;, b,] x (—6 £). Then y is a fixed endpoint variation of « with variation 
vector field 


w(t, s) a 


5 Oe erga] 


= f (à (t) 


as required. 
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Image f d atat Image o 
B( 54) 
B (a4) a (51) 
Image a 
Y V a 
a a1 bi b 


Figure 19.2 Construction of a length decreasing variation along a non-geodesic. 


Finally, if « is shortest among all curves in S joining «(a) to a(b) then I(«,) 
is minimum at s = 0, for all fixed endpoint variations of «, so the length 
integral is stationary at « and « must be a geodesic in S. C] 


Remark 1. The proof above not only shows that if « is not a geodesic then 
a does not minimize length but in fact describes how to obtain a shorter 
curve from a(a) to a(b): simply deform a, keeping the endpoints fixed, 
in the direction of the tangential component «’ of acceleration of « (see 
Figure 19.3). 


Remark 2. A review of the proof of Theorem 1 will show that replacing the 
hypothesis that « be a unit speed curve in S with the hypothesis that « be a 
constant speed curve in S will not alter the validity of the theorem, although 
the first variation formula will change slightly. 


Remark 3. The first variation formula can be rewritten in terms of the 
covariant acceleration à' of « as follows: b 
d b 
(x) = (X + a(b) — (X - à) = | (K+ a’) dt 


ds |o a 


this curve is shorter 


Figure 19.3 Decreasing lengths of curves on S?. 
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Theorem 1 establishes that a shortest unit speed curve between two 
points p and q in an n-surface S c R"* ! must be a geodesic. It does not show 
that there exists a shortest curve between two points (in fact, there may be 
none: consider a 2-plane in R? with a point removed) and it does not show 
that a geodesic «: [a, b] > S is a shortest curve (even locally) between a(a) 
and a(b) (in fact; it may not be; see Figure 19.4). But we will show that, if p 
and q € S are close enough, there does exist a geodesic connecting p to q 
which is in fact shortest among all curves in S joining p to q. To prove these 
facts, we shall use the exponential map of an n-surface. 


this curve is shorter 


Figure 19.4 Geodesics (great circles) on the sphere do not minimize the length 
integral, even locally, beyond the conjugate (antipodal) point p'. 


' For v e T(S) = pes Sp, let «, denote the unique maximal geodesic in S 
with &,(0) — v. Let 

| U= {ve T(S): 1 € domain «,} 
and let exp: U > S be defined by exp(v) = «,(1). exp is called the exponential 
map of S. 


.. Note that the zero vector in S, is in U for each p € S and that its image 
under exp is p. | 


EXAMPLE. The maximal geodesic in the unit circle S! c R? with initial ve- 
locity v = (1, 0, 0, 0) is the constant speed global parametrization «,(t) = 
(cos 6t, sin 0t) of S'. Hence 


exp(1, 0, 0, 0) = «,(1) = (cos 0, sin 0). 


Viewing R? as the set C of complex numbers by identifying (a, b) with a + bi, 
this formula may be rewritten in the form exp(1, 0, 0, 0) = cos 0 + 
i sin 0 = e”. 


Theorem 2. The exponential map exp: U > S of an n-surface S in R"*! has the: 
following properties: 
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(i) The domain U of exp is an open set in T(S). 

(ii) If v € U then tve U for0 x t « 1. 

(iii) exp is a smooth map. 

(iv) For each p € S there exists a set U,, open in S, and containing 0 € S, , 
such that U, c U and exp |u, is a diffeomorphism from U, onto an open 
subset of S containing p. 

(v) For each p e S and v € S,, the maximal geodesic a, with &,(0) = v is 
given by the formula 


a(t) = exp(tv). 


Proor. (v) is immediate from the fact that for each t e R the parametrized 
curve a(s) = «,(ts), defined on the interval (s € R: tse I} where I is the 
domain of a,, is a geodesic with «(0) = t4,(0) = tv. By uniqueness of 
geodesics, a, (s) = a(s) = a, (ts) for all s such that ts e I. Taking s = 1 yields, 
for each t € I, a(t) = a (1) = exp(tv). 

(ii) follows from (v) because if v € U then 1 is in the domain of o, so 
a(t) = exp(tv) is defined for 0 < t < 1. 

(i) Recall (Exercise 15.5) that T(S) is a 2n-surface in R?" *?. Consider the 
smooth vector field X on T(S) defined by 


X(v) = (p, v, v, — (v © V, N)N(p)) 
for v — (p, v) e T(S). X is called the geodesic spray on TG) We shall relate 
the integral curves of X to the geodesics of S. 
For a: I > S any parametrized curve in S, the natural lift of a to T(S) is 
the parametrized curve à: I > T(S) given by 


a(t) = ate) = (xt). F0) 


The velocity of & is 
i da, da,, d'a 
a= (x0. So, £0 20) 
so @ is an integral curve of X if and only if 


d?a l 
P — (à: V,N)N oa. 


But this is just the differential equation (G) (see Chapter 7) of a geodesic in S. 
Thus a: I > S is a geodesic in S if and only if its natural lift & to T(S) is an 
integral curve of the geodesic spray X. Furthermore, for each v e T(S), 
the maximal geodesic a, with initial velocity v has natural lift €, with 
v = &,(0) and X(v) = &(0) so X is a tangent vector field on T(S) whose 
maximal integral curve through ve T(S) is &,. It follows that, for each 
v € T(S), the maximal geodesic a, in S with &,(0) = v is given by the formula 
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a, = n ° B, where B, is the maximal integral curve of X with B,(0) = v, and 
n: T(S) S is defined by n(p, v) = p. 

Now, if v e T(S) is in the domain U of the exponential map then the 
geodesic a, has domain containing the interval [0, 1] and hence the maximal 
integral curve B, = à, of X through v has domain containing [0, 1]. As in 
the proof of the Corollary to Theorem 4 of Chapter 13, we can choose 
E > 0 such that for each t in the compact set [0, 1] there is an open set V, 
in T(S) containing fl,(t) such that the integral curve of X through each 
point of V, has domain containing the interval (—£,£). Setting V = (J; eto, 1 V 
we obtain an open set V in T(S), containing f,([0, 1]), such that through 
each point w of V there passes an integral curve fj, of X with f,(0) = 
and such that domain (f,,) contains (—£, €). By Theorem 4 of Chapter 13 
the map y: (—8, €) x V > T(S) defined by y(t, w) = B, (t) is smooth. More- 
over, by uniqueness of integral curves fs w (s) = B. (t + s) for all t and s such 
that t, s € (—& €) and such that f, (t) e V. Choosing k a positive integer such 
that 1/k < € and defining Yi: V > ” T(S) by Win(w) = v(1/k, w) = Be (Lk) 
it follows that 


(Wino Vand) = Bs, aio ( Uk) = B,(2/k) 
for all w € V such that y,,(w) = B,(1/k) e V and, iterating k times, 


(Vi °° Vaa)(w) = By(k/k) = B,(1) 
for all w in the open set 
= {we V: V ia(W) € V, Vino Vin(w) E Fass 
(Win t » Wix)(w) € V (composition k — 1 times). 


Thus 1 € domain(8,) = domain(x » B,) = domain a, for all we W. In 
other words, W c U. Since v e W, we have succeeded in finding, for each 
v € U, an open set W in T(S) such that ve W c U. Hence U is an open 
set in T(S). 

(iii) Since, in the notation of the previous paragraph, 


exp(w) = a,(1) = x ° B,(1) = (t » Vi tt o Vas)(w) ` 


for all w € W, exp is smooth. 

(iv) We need only check that (d exp)e: (Sp)o > S, is non-singular, for 
then the inverse function theorem applies. But each element of (S), is of 
the form «(0) where a(t) = tv for some v e S, and, by (v), 


(d exp)(«(0)) = (exp 5 «)(0) = &,(0) — v 


so (d exp)(«(0)) = 0 only if (0) = 0. This says that (d exp), is non-singular. 
L] 


According to Theorem 2, the geodesics in S through p eS can be 
described as the images under exp of the rays a(t) — tv in S, (see Figure 19.5). 
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Figure 19.5 The geodesics in S through p are the images under the exponential map 
of the rays through 0 in S,. Moreover, exp maps the e-ball B, about 0 diffeomor- 
phically onto the open set U, in S, for sufficiently small £ > 0. 


Moreover, for £7 0 sufficiently small, exp maps the e-ball B,= 
(v e $,: |v|| <e} diffeomorphically onto an open set U, in S. For qe U, 
it follows that there exists a geodesic in U, joining p to q; namely, the 
geodesic a,(t) = exp(tv) (0 x t < 1) where ve B, is such that exp(v) = q. 
Furthermore, this geodesic is the unique (up to reparametrization) geodesic 
in U, joining p to q. We shall show that in fact this geodesic has length 
less than or equal to that of every parametrized curve in S joining p to q. 
The proof depends on two facts about the differential of the exponential 
map. 


Lemma. Let S be an n-surface in R"* and let U c T(S) be the domain of the 
exponential map of S. For p € S, and v € S, ^ U, d exp has the following effect 
on vectors tangent to S, at v: 

(i) If we (S,), is tangent at v to the ray a(t) = tv through v (i.e., if w isa 
multiple of &(1)) then | (d exp)(w)| = |w |. 

(ii) If we (Sj), is orthogonal to the ray a(t) — tv through v (i.e. if 
à(1): w — 0) then (d exp)(w) is orthogonal to the geodesic (exp ° a)(t) = 
exp(tv). 


Remark. Statement (ii) is usually called the Gauss lemma (see Figure 19.6). 


w 


(d exp) (w) 
exp (v) 


P 


Figure 19.6 The Gauss lemma: d exp preserves orthogonality to radial geodesics. 
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Pnoor. (i) (exp » a)(t) = exp(tv) is the maximal geodesic in S with initial 
velocity v. Since geodesics have constant speed, 


l(d expy(&(1))] = (exp 5 a)(0] = IKexp è «0)] = [Iv] = (0) 
Since d exp is linear on T(S), > (Sp), it follows that if w = cé(1) for some 
ce R then 


I(d exp)(w)|] = |c] |(@ exp)(&(1))| = lelle) = [lw]. 
(ii) Each w e (S,), is of the form w = B(O) where B(s) = v + sx for some 
x € Sp. Since 


oT oda dB 

&(1): w-à(1): BO) =z (1): 4: — vx 
the condition that w be orthogonal to the ray « says that v * x = 0. 
We must show that (exp © «)(1) + (d exp)(w) = 0. But 

(d exp)(w) = (d exp(B(0)) = (exp è B0) 


(exp è a)(1) > (d exp)(w) = (exp è a)(1) > (exp è B)(0) 
= E,(1, 0) - E,(1, 0) 


where E, and E; a are the coordinate vector fields along the map v: [0, 1] x 
(—e, e£) 5 S defined by 


W(t, s) = exp(t(v + sx)), 


£»0 0 being chosen small enough that t(v + sx) e U whenever 0 < t < 1 and 
|s| <e (see Figure. 19.7. So we must show that (E, -E,)(1,0)= 


wW : | Y * 
y » E | 
ERES. = gs 


Figure 19.7 . p(t, s) = t(v + sx) maps [0, 1] x (—5, £) onto a triangle in S,. The map 
V = exp» ọ is a variation of the geodesic a. 


. E,(1,0): Ej, 0) = 0. We shall do this by showing that (E, - E,)(t, 0) = 
for all t e [0, 1]. Since (E; - E;)(0. 0) = 0 (because E;(0, 0) = 0), it aie 
to check that (E, - E,)(t, 0) is constant. 

Note first that for each s e (— e, e) the coordinate curve o,: [0, 1] ^ S 
defined by 


a) = exp(t(v + sx) 
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is a geodesic in S with initial velocity v + sx. Since geodesics have constant 
speed and v : x = 0, 


|E.(s. £)]^ = l&.()]^ = []45(0)? = Iv]? + s*Ixl* 


for all (t, s) e [0, 1] x (—e, c). 
Now |. 


Q 
at (E, - E2) = (VgE,) E; + Ei: (Vg,E;) 


where (Vg,E;)(t, s) = Ve, s, 1,0) E; for j € {1, 2}. Since each coordinate curve 


a, is a geodesic, (Ve, E1 )(s, t) = ä, (t) is orthogonal to S and hence 
(Vg, Ei) : E; = 0. Since, in addition, 


(ve Ec s) = (Wes 25.6.9) 


- (ve. ngaa (t, » = (Ve, E4 )(t, s), 


we find that 
é : é 
a, V: | E;j-E,- (Ve, Ei) = zE : Ei) 
1 ô 
= asl; s in = s[xl* 
so 
é 
a, € EJ _ om 
and hence (E, - E;)(t, 0) is constant, as ne O 


Theorem 3. Let S be an n-surface in R"* +, let p e S, and let £ > 0 be such that 
the exponential map of S maps the ball B, = (v € S,: ||v|| < £} diffeomorphically 
onto an open set U, in S. Then, for each qe U,, the parametrized curve 
a(t) = exp(tv), 0 < t < 1, where v € B, is such that exp(v) = q, is a geodesic 
in S joining p to q, and if B: [a, b] > S is any other parametrized curve in S 
joining p to q then I(B) 2 (a). 


Proor. Let r: S, > R be defined by r(x) = ||x||. We shall use the following 
facts about the 1-form dr on S, — {0}: 


(a) If we (S,), is tangent to the ray in S, through v e S, then |dr(w)| = II 
(b) If w e (S), is orthogonal to the ray in S, through v € S, then dr(w) = 


To verify these facts, note that each we (S,), is of the form w = }(0) where 
Y(s) 2 v + sx for some x e S,. If w is tangent to the ray through v then 
x = Av for some 4 € R and so »(s) = (1 + As)v and 


|ar(w)| = 1v) = 1 = 59) 


d 
- [| 1a + asp 


= [A] [lvl = [xl] = [Iv]. 
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If w is orthogonal to the ray through v then x L v, ro y(s) = |v + sx| = 
(Ivi? + s?]x|2)! and dr(w) = dr(5(0)) = (r © yY(0) = 0. 

Now the fact that a(t) = exp(tv) is a geodesic joining p to q is already clear 
from Theorem 2. So suppose £: [a, b] + S has B(a) = p and f(b) = q. Let c 
denote the least upper bound of the set 


{t e [a, b]: Bi((a, t]) c U;j 


so that (I) c U, where I = [a, b] if c = b and I = [a, c] otherwise. Letting 
7: U, 2 R be defined by F= r o (exp Is)” 1 (see Figure 19.8), we see that 


Image f 


Figure 19.8 The concentric spheres in the ball B, are level sets of r: Sp > R. The 
images of these sets under exp are level sets of F: U, > R. 


7(B(a)) = *(p)=0 and lim... 7((e)) = £> 7a) if c b, 7(B(b)) = r(a) if 
c = b. In either case, by the intermediate value theorem, r(fi(t)) = r(q) for 
some t € I; let t, be the smallest such t. Let f: [a, t, ol be defined by 


B(t) = (exp]a,)" *(B(t)). Then B(t) = Br(t) + B. (t) where Br(t) is tangent to the 
ray in S, through B(t) and p, (t) i is orthogonal to this ray. Using the above 
facts about dr, we find . 


Ia) = i lal = [ Iv] = Iv] = r(v) = F(a) = FBl) — Fla) 
=| (Fe py = Pp o "T dr) = [ dr(6;) 
jarn) = | "Misi = =f Id exp)(6)| 


(2) 
< 


KG exp)(6r) * (d expl | | 


[ 
s 
[ 
a 


(d expyf) = [ lexp è BI = [ Ib < | ABL = 1) 


when the equality (1) and the inequality (2) are valid by the lemma. O 
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Remark 1. l(B) can equal I(«) only if each of the three inequalities above is 
an equality. This can happen only if (working backwards through the 
inequalities) 


(i) B(t) = B(t,) for all t > ty. 
(ii) f(t) has no component orthogonal to the ray in S, through (t), for all 
t < t,, and 
(iii) r » B is monotone on [a, t,]. 


These three conditions imply that, under the hypotheses of the theorem, if 
I(B) = I(x) then B = a » h where h: [a, b]  [0, ||v||] is monotone; in particular, 
a and B have the same image. 


Remark 2. A review of the proof of Theorem 3 will verify that if V is any 
open set in U ^ S, (U the domain of the exponential map) such that exp 
maps V diffeomorphically onto an open set W in S and if exp(tv) € W for 
O<t<ty then a,(t)=exp(tv) (0 t €x to) is shortest among all pa- 
rametrized curves in W joining p to exp(to v). However, «,(t)= exp(tv) 
(0 < t < to) need not be shortest among all curves in S joining p to exp(to v) 
(see Exercise 19.4). 


Remark 3. A point q = a,(1) is said to be conjugate to p = a,(0) along the 
geodesic a,(t) = exp(tv) if (d exp)(w) = 0 for some non-zero we (S,),,. By 
the lemma of this chapter, each w € (S,),, such that (d exp)(w) = 0 must be 
orthogonal to the ray a(t) = tv in S,, so w = (0) where f(s) = v + sx for 
some x € $, with x L v. Defining y: [0, t] x (— €, €) ^ S (e sufficiently 
small) by 

w(t, s) = exp(t(v + sx)), 


we obtain a variation of the geodesic a, |;o, , such that each of the coordinate 
curves a,(t) = w(t, s) is a geodesic starting at p, and these geodesics tend to 
focus at q (see Figure 19.9). Thus conjugate points along geodesics from p 
are analogous to focal points along normal lines to an n-surface in R"* !. 
This analogy is made more complete by the observation that the geodesics 
radiating from p in S are the same as the geodesics normal to the 


w tv q 
a exp 
— ME 
—ÀÀÀÀ p 


V 
Figure 19.9 There is a 1-parameter family of geodesics through p which tends to 
focus at the conjugate point q. 
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(n — 1)surface exp{v e S,: |v|| = ô}, ô > 0 being chosen small enough that 
exp.is à diffeomorphism on some ball B, about the origin in S, of radius 
€ > ô. The proof of Theorem 3 can be modified slightly to show that up to 
the first conjugate point the geodesic x, locally minimizes the length integral 
in the sense that if y is any fixed endpoint variation of «, |o, „and if there are 
no conjugate points a(t) for O< t « t, then I(y,) > l(x,|jo,,,) for all 
sufficiently small s, where y,(t) = z(t, s). It can be shown that a, does not 
minimize the length integral, even locally, beyond the first conjugate point 
(see Figure 19.4). 

The set of points q € S such that q is conjugate to p along some geodesic 
through p is called the conjugate locus of p in S (see Figure 19.10). 


Fi e 19.10 The conjugate locus of a point ponan ellipsoid. Two geodesics from p 
are also shown. 
EXERCISES 


19.1. Let S be an n-surface in R"*!. For a: [a, b] + S a parametrized curve in S, 
define the energy of « to be the integral (7 [x(t)|? dt. Show that « is a geodesic 
in S if and only if the energy integral is stationary at « with respect to fixed 
endpoint variations. 


19.2. (a) Show that each vector tangent to the unit circle S! c R? is of the form 
v(o, 0) = (cos o, sin o, —0 sin o, 0 cos 9) 


t for some q, 0 e R. 
(b) Show that the exponential map on S' is given by 


exp(v(o, 0)) = e'e*^ 
where R? is viewed as the set of complex numbers by identifying (a, b) with 


a + bi. 
193. Let S be an oriented n-surface in R"* !, let T(S) = Upes Sp c R**”, and let 
v — (p, v) e T(S). 


(a) Show that the tangent space (T(S)), to T(S) at v is «d 
(T(S))y = {(x1, x2, x3, x4) e RATT”: 
Xi = p, X2 = v, (p, xs) € Sp, (p, xs) * Lov) = (p. x4)  N(p)j 
where L, is the Weingarten map of S at p. 
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19.4. 


19.5. 


19.6. 
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(b) Show that the tangent space (S,), to S, at v is 


(Sp) = {(p, v, 0, x): (p, x) e Sp}. 


(c) Show that (p, v, 0, x) e (Sp) is tangent to the ray a(t) = tv in S, if and only 
if x = Av for some A € R, and that (p, v, 0, x) is orthogonal to this ray if and 
only if v * x = 0 (orthogonality in (S,),!). 


Let S be the cylinder x? + x2 = 1 in R? and let p = (1, 0, 0) e S. 


(a) Show that S, = {(p, 0, a, b): a, be R}. 

(b) Compute exp(v) for v = (p, 0, a, b) e Sp. 

(c) Show that the conjugate locus of p in S is empty. 

(d) Show that there is an open set in S, containing the ray a(t) = tv, v= 
(p, 0, 1, 1), which is mapped diffeomorphically by exp onto an open set 
in S containing the geodesic a,(t) = exp(tv). 

(e) Show that, nevertheless, there is a to € R such that a,(t) = exp(tv) 
(0 < t < to) is not a shortest curve in S joining p to exp(to v). 


Let S? be the unit 2-sphere in R? and let p — (0, 0, 1) e S?. 

(a) Show that S2 = {(p, a, b, 0): a, b € R}. 

(b) Compute exp(v) for v = (p, a, b, 0) e S3. 

(c) Show that the conjugate locus of p consists of the single point 
q = (0, 0, — 1). 

(d) Show that exp maps the ball (v e S2: |v|| < x} diffeomorphically onto 
S? — {q}. 


Let S be a connected n-surface in R"*!. For p, and p; € S, define the intrinsic 
distance d(p,, p2) from p, to p; to be the greatest lower bound of the set 


{I(x): æ is a piecewise smooth parametrized curve in S joining p, to p;j. 
Show that, for all p,, p; , and p, e S, 


(a) d(p1, p2) = d(p2, pı) 
(b) d(pi, p2) + d(p2, P3) = d(pi. P3) 
(c) d(p,, p2) 2 0 and d(p,, p2) = 0 if and only if p, = p2. 


[Hint: for (c), take p = p, and choose e as in Theorem 3 but small enough so 
that p, ¢ U.. Then argue that d(p,, p;) 2 è] 


. Let S be an n-surface in R"*! and let T; (S) denote the unit sphere bundle of S 


(Exercise 15.6). 


(a) Show that the restriction to T;(S) of the geodesic spray is a tangent vector 
field on Ti(S). 

(b) Using the fact that T; (S) is compact if S is compact, show that each com- 
pact n-surface in R"*! is geodesically complete. 

(c) Conclude that if S is compact then the domain of the exponential map of S 
is all of T(S). 


Surfaces with Boundary 


In this chapter we shall develop some machinery which we shall need in 
the next chapter to prove one of the most celebrated theorems in differential 
geometry, the Gauss-Bonnet theorem. We shall first discuss n-surfaces-with- 
boundary. Then we shall develop a little bit of the differential calculus of 
forms. 

An n-surface-with-boundary in R"*! is a non-empty subset S of R"*! of 
the form 


S =f (e) a g7 (79. c1]) o 0g (79. Ge) 
= {p € U: f (p) =C, gi(p) S Chs, g.(p) < e) 


where k is a positive integer, (c, c,, ..., c,} c R, and f: U ^ Rand g;: U; > R 
for i € (1, ..., k} are smooth functions defined on open subsets of R"* ! and 
satisfying the conditions 


(i) Vf(p) * 0 for all peS 
(ii) g; !(c)) ^ g; ! (cj) ^ S is empty whenever i +j 
(iii) For each ie (1, ..., k}, {Vf (p), Vg(p)) is linearly independent for. all 
Peg (c) ^ S. 


- The boundary OS of S is the set 
i k 
S = (pe S: gi(p) = c, for some i} = |] gi ! (cj) ^ S. | 
i=1° 


The interior of S is the set S — 0S. 

Condition (i) guarantees that the interior of S is an n-surface in R"* ! and 
in fact that S itself is part of an n-surface (f^ !(c)) in R"* !. Condition (ii) 
guarantees that the parts of the boundary 0S defined by the various func- 
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tions g, are disjoint. Condition (iii) then guarantees that OS is an 
(n — 1)-surface in R"* !. 


Remark. Equivalently, an n-surface-with-boundary in R"*! may be 
described as 


S = {p eS: gp) xc... 9(P) oj 
where $ is an n-surface in R"*! and g,, ..., g: $ — R are smooth functions 
on $ such that gj !(c;) ^ gj !(cj) is empty whenever i +j and such that 
(grad g;)(p) 0 whenever p e gi !(c;). 
EXAMPLE 1. The hemisphere 
S = {(x1, x2, xs) e P: x? + x3 + x3 = 1, x3 > 0} 


is a 2-surface-with-boundary in R°? (take f(x,, x2, x3) = x1 + x3 + x3, 
c = 1, g(x1, X2, x3) = — x3, and c, = 0). Its boundary is the equator: 


OS = {(x1, X2, x3) € S: x3 = 0} 
(see Figure 20.1). 


X3 


X) 


Xi 
oS 


Figure 20.1 The hemisphere x? + x2 + x3 = 1, x3 >0. 


EXAMPLE 2. For S = f~'(c) an (n — 1)-surface (without boundary) in R”, 
consider the set 


Sole {pa xe fusus XH GUS ke sl 


Thus S x I is a portion of the cylinder over S (see Figure 202). S x I 
is an n-surface-with-boundary in R"*!. Its boundary consists of two 
copies of S: gī !(0) where g,(x1, ..., x,41) = —Xn+1 and gz !(1) where 
92(x1, seta Xnt 1) = Xn+1- 
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aS 


Figure 20.2 The cylinder-with-boundary S = S! x L : 
The tangent space at a point p € S,S = foc) 0 (Viet OF TE o9, ti )an 
n-surface-with-boundary in R"* !, is the ERA vector space 
Sp = (v e Rz*!: v - Vf (p) = 0}. 
A vector v € Sp» P E€ ôS (p € gi !(c;) for some i) i is (see Figure 20.3) 


(i) outward-pointing ifv- Vg:(p) > 0 
(ii) inward-pointing if v * Vg{p) < 0 
(ii) tangent to the boundary if v * Vg(p) = 0 
(iv) normal to the boundary if v > w = O for all w € S, which are tangent to 
the boundary. 


oS 


Figure 20.3 Three vectors i in the tangent space S,, p e 0S. vis inward pointing, w is 
outward pointing and normal to the boundary, and x is tangent to the boundary. 


Note, for each p € ôS, that the set (ðS), of all vectors in S, which are tangent 
to the boundary is an (n — 1)-dimensional subspace of $, and that there is 
exactly one outward-pointing unit vector in S, which ” is normal to the 
boundary. | 

Note also that all the conditions above can be reformulated without 
reference to the functions f, g,, ..., ga and hence depend only on the surface 
and not on the functions defining it. Thus, for p € S, the tangent space S, can 
be described as the set of all vectors v e R5*! of the form v = &(to) where 
a: I => R"*! (I an open interval) is a parametrized curve such that a(to) = p 
for some t, € J and either a(t) € S for all t e I with t < to, or a(t) € S for all 
t e I with t > to, or both. A vector v e Sp, p € OS, is tangent to OS if v = a(to) 
for some a: 1— R"*! with a(t) € ôS for all t e I. A vector ve Sp, pe S, 
which is not tangent to ôS is outward-pointing if v= (to) for some 
a: I> R"*! with a(t) € S for all t e I with t < to, and v is inward-pointing if 
y = &(to) for some a with a(t) € S for all t € I with t > tg. 
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An orientation on S is a choice of smooth unit vector field N on S with 
N(p) L S, for all p e S, where smoothness is defined exactly as in the case of 
n-surfaces without boundary. Note that each orientation N on S defines a 
volume form on S, i.e., a smooth n-form ¢ on S with C(v,, ..., v,)= +1 
whenever {v,, ..., v,) is an orthonormal basis for S,, by the formula 


MI 
C(V,, ..., Yn) = det * 
N(p) 
Conversely, each volume form ¢ on S uniquely determines an orientation 


N on S by the requirement that N(p) for p € S be the unique unit vector in S] 
such that 


Vi 
det i = v, ..., Vn) 


N(p) 
for {v,,..., V,} any orthonormal basis for S,. Thus an orientation on S 
determines, and is determined by, a choice of volume form on S; we could 
therefore define an orientation on S to be a choice of volume form. This 
definition makes sense also for n-surfaces in R"*" (m > 0) so we shall refor- 
mulate the concept of orientation in this more general setting. 

Let S be either an n-surface in R"*" or an n-surface-with-boundary in 
R^*!, A volume form on S is a smooth n-form ¢ on S such that 
C(v,, ..., V.) = +1 whenever {v,,..., v,) is an orthonormal basis for S,, 
p € S. An orientation on S is a choice of volume form ¢ on S. An ordered 
basis {v,, ..., v,) (not necessarily orthonormal) for S,, p € S, is said to be 
consistent with the orientation C if (and only if) (vi, ..., v,) > 0. S is said to 
be oriented if there is given an orientation ¢ on S. 


Remark. These definitions extend in an obvious way to n-surfaces-with- 
boundary in R"t™. We leave it to the interested reader to formulate a 
definition of “n-surface-with-boundary in R"*"". For n-surfaces or n- 
surfaces-with-boundary in R"*! we shall, whenever convenient, continue to 
view an orientation as a choice of smooth unit normal vector field. 

For S an n-surface-with-boundary in R"* !, an orientation ( on S defines 
an orientation C; on the (n — 1)-surface 0S by the formula as = V 16 where 
V is the smooth vector field on 0S defined by V(p) = the outward pointing 
unit vector in S, which is normal to the boundary. This orientation Cs is 
called the induced orientation on 0S. 

Integration of differential n-forms over compact oriented n-surfaces in 
R"*™ or over compact oriented n-surfaces-with-boundary in R"*! can now 
be defined exactly as for n-surfaces in R"* !. We first define local parametriza- 
tions. For S an oriented n-surface in R"*", a local parametrization of S is a 
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parametrized n-surface o: U — R"*™ such that p(U) c S and such that 9 is 
consistent with the orientation ( on S in the sense that ((E,, ..., E,) >0 
where the E,, ..., E, are the coordinate vector fields along «o. For S an 
oriented n-surface-with-boundary in R"*!, a local parametrization is a 
smooth map q of one of the following two types: 

(i) 9: U — R"*! isa parametrized n-surface such that o(U) is an open set 
in S (ie., o(U) is the intersection with S of an open set in R"* !) and such that 
q is consistent with the orientation ¢ in the sense described above (these are 
the local parametrizations whose images are contained in the interior of S); 

(ii) o: U— R"*! is the restriction to U = V ^ RZ, where RI = | 
((xi, ..., x,)e R": x, <0}, of a parametrized n-surface 9: V —R'*! 
such that o(U) is an open set in S and such that ¢ is consistent with the 
orientation ¢ on S in the sense described above (these are the local parame- 
trizations whose images contains points of 0S; see Figure 20.4). 


Figure 204 Local parametrizations of a 2-surface-with-boundary. | 


.. The existence of one to one local parametrizations whose images cover 
the given n-surface (or n-surface-with-boundary) is guaranteed by Theorem 
1 of Chapter 15 and its generalizations (see Exercises 15.10 and 20.1). We 
may even insist, if we wish, that each of the sets U be either an open ball in 
R” or the intersection with R” of an open ball centered on the (n — 1)-plane 
x, — 0 (Figure 20.4). | | 

For c an n-form on the compact oriented n-surface S c R"*" or on the 
compact oriented n-surface-with-boundary S c R"*!, the integral js @ is 
defined to be the real number - l | 


o= | (ha) 


where ( fj) is any partition of unity on S subordinate to a finite collection (9j 
of one to one local parametrizations of S. The existence of a partition of 
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unity on S and the fact that fs œ is independent of the particular partition of 
unity used are proved exactly as in the case of oriented n-surfaces in R"*! 
(see Chapter 17). 

Having defined the integral over S of an arbitrary smooth n-form w, we 
can define the volume of a compact oriented n-surface S in R"*" or of a 
compact oriented n-surface-with-boundary S in R"*! to be the integral over 
S of the orientation volume form: 


v(s)= [6 


and we can define the integral over such an S of any smooth function f: S > R 
by the formula 


| f= | £6. 


The constructions above are part of the integral calculus of forms. We 
shall also need to use some of the differential calculus of forms. 

Let S be an n-surface or an n-surface-with-boundary in R"* +. The differ- 
ential of a smooth function f: S > R is the smooth 1-form df on S defined by 
df (v) = V, f for v € S,, p e S. The exterior derivative of a smooth 1-form œ 
on S is the smooth 2-form do on S defined by 


do(v;, v2) z V,,o(V;) zr V,,@(V1) = w([V,, V2](P)) 


where, for v,, v; € S,, p e S, V, and V, are arbitrarily chosen smooth tan- 
gent vector fields, defined on an open set U of S containing p, such that 
V,(p) = v, and V,(p) = v; , and where [V ,, V2], the Lie bracket of the vector 
fields V, and V,, is the smooth tangent vector field on S defined by 


[V1, V2](a) = Vv o V2 — Vvo V1 


(see Exercise 9.12). The verification that the right hand side of the formula 
defining dw is independent of the choice of vector fields V, and V, is left as 
an exercise (Exercise 20.2). Note that the multilinearity, skewsymmetry, and 
smoothness of do are evident from the definition. 


Remark. The formula defining dw often appears in the literature with a 
factor of 4 on the right hand side. This is to compensate for a factor of 4 
which is also introduced, in these sources, into the definition of exterior 
product of 1-forms. 


Lemma 1. Let f: S > R be a smooth function on S and let w be a smooth 1-form 
on S. Then 


(i) d(df) =0 
(ii) d(fw) = df ^c + f do. 
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PROOF. (i) Since d(df ) is bilinear, it suffices to check that d(df )(v;, vj) = 0 for 
all i, j € (1, ..., n} where (v,, ..., v) is any basis for S, (p e S arbitrary). We 
shall take v; = E,(q) where the E, are the coordinate vector fields of some one 
to one local parametrization p: U — S with o(q) = p. Setting V, = E, ° 9^ !, 
we see that V, has vector part (0g/Óx;) ° 9^! so VyqoV;— Vg V; re 
vector part (07@/dx, 0x,\(q) for all i and j, and [V,, V,](p) = Vv V; — 
Vy 45 Vi = 9. Since V,(p) = E,(q) = v; for all i, it follows that 


d(df (vi, vj) = Veso df (Vj) — Vesa df (V.) 
= Vig Vg;.o-1 I> Vago Vx -o-i f 
= Veso Vet °@) — Vio Ve(f e Q) 


_ (fee). (f° 9) 
Ox; “Ox; OX; (a) - Ox; “Ox, OX; (a) 


= 0. 
(ii) Adopting the same notation used in defining dw, we have 
d( foo)(V1, v2) = Vv,(fa(V2)) — VV (foXV1)) — fo(LV s. V 3l(»)) 
= (Ve, S)eo(V2lP)) + f PWr (V; 
- (Vv; f)o(Vi(p)) — f (DV, V1) — f (P)o([V1, V2] (P)) 
= df (vij (v2) — df (v2 )o(v1) + f (p) dol, v2) 
= (df ^ e)(vi, v2) + (f do)(v1, V2). o 


Lemma 2. Let w be a smooth 1-form on S and let q: U >S be a singular 
2-surface in S. Then 


where E,, E; are the coordinate vector fields along q and œ; for i € (1, 2) is the 
smooth function along € defined by o = oXE;). 


PROOF. First note that if Y: V > S is a one to one local parametrization of S 
and o is any smooth 1-form on (V) then œ = Y'1-, f, dg; for some choice 
of smooth functions f, and g, on jd Indeed, if we define f, = (Ef » y^!) 
and g; = x; » YT! where the x,, ..., x, are the coordinate functions on R” 
(xi(ai, ..., a)- = a) then, for each pe V and je {l,..., n}, 


(Y. fi dg(Ej (0)) = È LO) Vey 9 = 2, LWP) a ý 
= fV (»)) = e(Ej(p)) 


so the linear functions c, and (Y, f; dgi)yp agree on a basis for Sy»), and 
hence are equal, for each p e V. 
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Thus for w a 1-form on S and g: U > S a singular 2-surface we may, in 
some open set W about any given point of Image qo, express œ as 
w = } f; dg;. Then, on q^ !(W), by Lemma 1, 


do(E,, E;)— Y df; ^ dg (E,, E2) 
z > (df (E) dg(E;) — df(E2) dg(E,)) 
-5 (424-2 fic E Pd 


whereas 
00) — ð 
dg(E 
ôx ~ Ax, c(E;) = = > ( (fi^ p) gi( 2) 
— y [852990 * 9 eut] 
=2 | Ox, ôx + i9) OX, OX; 
00, ô ô 
E d ac eel = (E 
9 ôg: ° 9 gic p 
u^ Bis Ox, Ox, + (fi* e) 0x2 A 
so do(E,, E2) = (00; /0x,) — (00, /Ax2). " 


We shall need a formula (Stokes' formula) relating differentiation to 
integration for forms on 2-surfaces. This formula is the natural generaliza- 
tion to 2-surfaces of the fundamental theorem of calculus as applied to line 
integrals (f, df = f («(b)) — f («(a)). We shall integrate first over special “sin- 
gular 2-surfaces-with-boundary ". 

Let S be an n-surface or an n-surface-with-boundary in R"* !, 

A singular disc in S is a smooth map g: D > S, where D = {(x,, x2) € 
R?: x? + x2 < 1}. Smoothness here means, as usual, that g can be extended 
to a smooth map defined on some open set containing D. The boundary of 
the singular disc o: D— S is the parametrized curve dg = q » a where 
a: [0, 21] ^ D is defined by a(t) = (cos t, sin t) (see Figure 20.5). 

A singular half-disc in S is a smooth map g: D^ R2 >S where 
R2 = {(x,, x2) € R?: x, < 0); its boundary is the piecewise smooth par- 
ametrized curve 09 = @ » a where a: [0, 2 + 1] +S is defined by 


(1—1,0) if O<t<2 
a(t) = 
0) (cos(t — 2 + x), sint — 2 + z)) if 2<t<nx+2 


(Figure 20.5). 
A singular triangle in S is a smooth map g: A > S where 


A = {(x,, x2) € R:x, 20, x20, x, + x < 1}; 
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Figure 20.5 A singular disc, a singular half-disc, and a singular triangle in the 
2-surface-with-boundary S. 


its boundary is the piecewise smooth parametrized curve 0g = @ ° a where, 
a: [0, 3] > A is defined by 
(t,0) . if O<t<l 
a(t) 2 4(2—5t—1) if 1xtx2 
(0, 3 — 1) if 2<t<3 


(Figure 20.5). 

~ The integral of a smooth 2-form œ on S over one of these singular 2- 
surfaces-with- boundary ọ is defined in the same way as the integral of c 
over a singular 2-surface: 


| w= J o(E,, E;) 


2 (p) 


where Z(o) c R? is the domain of ọ and E;, E, are the coordinate vector 
fields along 9. 


Theorem 1 (Local Stokes’ Theorem). Let S c R"*! be an n-surface or an 
n-surface-with-boundary, let œ be a smooth 1-form.on S, and let ọ be either a 
singular disc, a singular half-disc, or a singular triangle in S. Then 


Proor. By Lemma 2, 


where c, = o(E,) and œw, = o(E;) are smooth functions along ọ. By 
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Green's Theorem (see Exercise 20.5) 


00; n 
— —-— ]= | (w, dx, + o. dx 
f, (2 - 2) = [ms dx + oz dxa) 


Where a is the piecewise smooth parametrized curve used in the definition of 
dg and x,, x2: R? > R are the coordinate functions on R? (x;(a,, a2) = a;). 
Hence, letting [a, b] denote the domain of « and letting «,, «, denote the 
coordinate functions of « (a(t) = (x, (t), «;(t)) for t € [a, b]) we have 


ô 0 
| dw = | dw(E,, E,) = | (e — | = (o, dx, + 0; dx;) 
2(9) Z(o) a 


Ox, Ox, 


a da 
= (oe, o a) + o(E; X3 
> (da, da, 
- | oe, + GE, oa) 
b b 
= | odo) =| of sa=| o=] o. o 
a a Pea p 


Theorem 2 (Global Stokes’ Theorem). (i) Let S be a compact oriented 2- 
surface-with-boundary in R?, let its boundary 0S be oriented by its induced 
orientation, and let w be a smooth 1-form on S. Then 


| dw = | o 


(ii) Let S be a compact oriented 2-surface (without boundary) in R? and let c 
be a smooth 1-form on S. Then 


J do =0. 
S 


Pnoor. For each p € S we can find a one to one local parametrization o, of S 
with p e Image y,. We may assume that the domain of each Q,, for p in the 
interior of S, is an open ball and, in fact, by composing with a diffeomor- 
phism of R? if necessary, that the domain of Pp is the ball of radius 2 
centered at the origin in R?. For p e 0$ we may similarly assume that the 
domain of o, is the intersection with R? of the ball of radius 2 centered at 
the origin in R? and that o, » f, where A(t) = (1 — t, 0) for —1 < t < 3, is a 
local parametrization of 0S (see Exercise 20.1). Note that the parametrized 
i-surface o, ° f is consistent with the orientation on 0S; indeed, the induced 
orientation on 0S was constructed precisely so that this would be true. 
Proceeding as in the proof of Theorem 4, Chapter 17, we can construct a 
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partition of unity (fj) on S subordinate to a finite collection (o, = 9,} of 
these local parametrizations and in fact such that each f, is identically 
zero outside 9,(D 2(o;), where D^ 2(o) 2 D if peS—0S and 
D^ Ay) 2 Dn R2 if p €0S (take r, —1 in the partition of unity 
construction). Then, by Lemma 1, 


= } fi do => (d(fio) — dfi ^o). 


Since 
Y dfin = dÈ f)^o- d(1)^o =0, 
we have : 
do = y d( fiw) 


and hence 
a dw E Y | d(fo)=} |. d(f,o») 


where the last equality holds because fc», and hence d(f,o), is identically 
zero outside 9{D ^ Z(o;)) (see Exercise 20.6). Letting V; = elo nse we 
see further that 


d d-Y| 4£o)-Y| fo 


where the last equality is a consequence of Theorem 1. ‘Letting 
J = (i: p, € 0S) we find that, for i ¢ ¥;f, » , is zéró outside D, hence on the 
boundary of D, and so f, » éy,; = 0 which implies that fẹ, f; c = 0. It follows 
that if S is without boundary then fs dc = 0. On the other hand, if S has a 
boundary then ( f, |as: i € ¥} is à partition of unity on ôS subordinate to the 
local parametrizations (o; » B: i e £}, and f; o à, = 0 for2«t « x - 2so 
foy, fi = fog fiw for ie S (fio pio B=0 for t <0 and for t > 2) and 


| /o- | fio=| o. o 


i ief “pies 


[ do - Y 
S 


EXERCISES 


201. Let S = f^ *() n gi ((— oo, e) NA e A gi ((— o, c,]) be a n-surface-with- 
boundary in R"*! and suppose p € gj '(e)- Show that there exists a par- 
ametrized n-surface o: B, —^ R"* !, where B, is a ball of radius e about 0 in R", 
such that ọ(0) = p and 9|», >, maps B, ^ R*. one to one onto an open set 
W about p in S. [Hint: First find a local parametrization y: U — f ^ !(c) with 
image containing p. Then apply the inverse function theorem to the map 
$: UR" defined by (xs, ..., Xn) = (Xy, s Xj- Xj s Xas 
gib (xi, ..., Xn)) — ci) where j is such that (2/0xj)(g; » v)(v ^ !(p)) 0. 
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20.2. 


20.3. 


20.4. 


20.5. 


20.6. 


20.7. 
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Let S be an n-surface or n-surface-with-boundary in R"*! and let œ be a 
smooth 1-form on S. For V,, V; any two smooth tangent vector fields on an 
open set U c S, define a(V,, V2): U > R by 


(u(V 1, V2) (p) = Vv. y0(V2) — Vv (V1) — oV; V2](P)). 
(a) Show that 


uS Vi, V2) =fuV1, Vij)- u(Vi, f V2) 


for all smooth functions f: U > R. 

(b) Show that if W, and W, are smooth tangent vector fields on U such 
that W,(p) = V,(p) and W;(p) = V;(p) for some pe U then p(V;, V2)(p) = 
u(W,, W,)(p). [Hint: Take X,, ..., X, smooth tangent vector fields, defined 
on some open set V c U with pe V, such that {X,(q), ..., X,(q)} is a basis 
for S, for all qe V. Express the given vector fields as linear combinations of 
the X;s and apply part a).] 

(c) Conclude that the value of the right hand side of the formula used in this 
chapter to define dw is independent of the choice of vector fields V, and V;. 


Let S be an n-surface in R"* !, let $ be an m-surface in R"* !, and let f: S + S be 
a smooth map. 

(a) Show that if œ, and c; are l-forms on $ then f*(o,^«;)— 

f*o,^f*o;. 

(b) Show that if g: $ + R is smooth then f *(dg) = d(g » f). 

(c) Show that if œ is a smooth 1-form on S then f *(do) = d( f *»). 
[Hint: Use the fact that, for U a suitably small open set in S, olv = Yt-1 fi dg: 
where f; and g;: U — R are smooth functions (see the proof of Lemma 2).] 


Let S be an n-surface in R"*! and let œw be a smooth 2-form on S. Show that if 
gy: U >S isa one to one local parametrization of S then there exist smooth real 
valued functions f (1 <i<j<n) and g; (1<i<n) on ọ(U) such that 
0 low = Visi<jcn fij dgi ^ dg;. [Hint: See the proof of Lemma 2.] 


Let U be an open set in R? containing 2 where @ is A, D, or D ^ RÈ, and 
suppose œw; and œ, are smooth real valued functions on U. Prove Green's 
theorem: 


ô ô 
Ls — 2] = [eo dx, + œz dx;) 


where « is the piecewise smooth parametrization of the boundary of 2 
described in this chapter. [Hint : Break the left hand side into a difference of two 
integrals, evaluate these by iterated integration, and reparametrize the curve 
which appears in the resulting line integral.] 


Let S be an n-surface in R"*! and let w be a smooth n-form on S. Suppose o is 
identically zero outside o(C) where o: U — S is a local parametrization of $ 
and C is a compact subset of U. Show that (s œ = f, œ. [Hint: Construct a 
partition of unity {f} on S with the property that for each i either (i) f; is 
identically zero outside Q(U), or (ii) f; is identically zero on ¢(C).] 


Let œw be a smooth k-form on an n-surface S. For p e Sand v,, ..., V4.1 € Sp, 
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let 
do(v;, ee Viet 1) = Y (- 1y- 1V,,@ (Vi, cans Vi- 1» Vi+ ls sess MT: 1) 


1sisk+1 


Y (-1y*/o (V, Vj) V4, S Vio p Vien s 
1si«Jsk*1 


Vj- Viens Vi+1)(P) 
where V,, ..., Vi+1 are smooth tangent vector fields, defined on an open set in 


| S, such that V,(p) = v, for each i. Show that the value of the right hand side of 


20.8. 


209. 


20.10. 


this formula is independent of the choice of vector fields V, ..., Vi. i, and that 
dw is a smooth (k + 1)-form on S. [Hint: See Exercise 202.] dw is the exterior 
derivative of the k-form œw. 


Show that exterior differentiation of smooth k-forms (Exercise 20.7) has the 
following properties: 


(a) If œ and s are smooth k-forms on S then d(w + n) = do + dn. 

(b) If f: S— R is a smooth function and c is a smooth k-form on S then 
d( fw) = df ^c + f do. . 

(c) If œ is a smooth k-form on S and ņ is a smooth l-form on S then 
d(w An) = do ^5 + (—1¥o adn. 


(á) d* = 0. 


Let X be a smooth vector field on an n-surface S and let œx be its dual 1-form. 
(a) Show that, for v, we Sp, pe S, i 


dox(v, w) = (V, X): w — (V. X)* v. 
(b) Show that if S = R? then ^j 
dag ¥, W) = (curt X) - (v x w) 
where | 


(oust xy) = (p, 242 - 9a, Shs _ Ma Sa Ta) 


0x3 0X3 Ox, Ox, OX 


X,, Xz, and X, being the component functions of X. 


Let S be a compact oriented 2-surface-with-boundary in R? and let X be a 
smooth vector field defined on an open set U in R? containing S. Prove the 
classical Stokes’ formula 


J (curi x) N- [x T 


where curl X is as in Exercise 20.9, N is the orientation vector field on S, and 
T(p) is, for each p e 0S, the unique unit vector tangent to dS at p such that 
(T(p)) is consistent with the induced orientation on OS. [Hint: Apply Theorem 
2 to the 1-form i*œx where i: S —^ R? is defined by i(q) = q for all qe S.] 


The Gauss-Bonnet Theorem 


In this chapter we shall study the integral fs K of the Gaussian curvature 
over a compact oriented 2-surface S. We shall see that (1/27) |; K always 
turns out to be an integer, the Euler characteristic of S. This is the 2- 
dimensional version of the Gauss-Bonnet theorem. A similar result is valid 
in all higher even dimensions but the computations are less transparent so 
we shall be content with a few comments about this more general case at the 
end of the chapter. 

The Gauss-Bonnet theorem is obtained by applying Stokes' Theorem to 
a 1-form constructed with the aid of a unit tangent vector field. Let S be an 
oriented 2-surface or 2-surface-with-boundary in R?. Suppose X is a smooth 
unit tangent vector field defined on an open set U in S. We use the vector 
field X to construct a 1-form o on U as follows. For any ve S,, pe S, let 
Jv € S, be the vector obtained from v by a positive rotation in S, through 
the angle x/2. Thus Jv = N(p) x v where N is the orientation vector field on _ 
S. Note that {v, Jv} is an ordered orthonormal basis for S, consistent with 
the orientation of S. We define the 1-form @ on U by 


oXv) = (D,X) + JX(p) = (V, X) - JX(p) 
where D denotes covariant differentiation (D, X is the tangential component 
of V, X). This 1-form c is called the connection form on U associated with X. 


Note that JX, defined by (JX)(p) = JX(p), is a smooth unit vector field on U 
which is everywhere orthogonal to X and that 


D,X = o(vJX(p) 
D,(JX) = -o(v)X(p) 
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Indeed, X, being a unit vector field on S, has derivative D, X orthogonal to 
X(p). Hence D, X = aJX(p) for some a € R, and a = D, X - JX(p) = ov). 
Similarly, D,(JX) = bX(p) where 
b-D,UX)- X(p = V,UX* X) — JX(p) - D,X = — o(v). 
The connection form w measures, up to sign, the rotation rate, relative to 
X, of parallel vector fields along parametrized curves in U. In order to see 
this, we must first formulate precisely the meaning of * rotation rate". Sup- 


pose a: [a, b] + S is a parametrized curve in S and Y and Z are smooth unit 
vector fields tangent to S along «. Then 


Z(t) = cos O(t)Y(t) + sin 0(t)JY(t) 
for some smooth function 0: [a, b] > R (see Figure 21.1). 


Figure 21.1. O(t) measures the angle of rotation from Y(t) to Z(t). 


An explicit formula for such a function 0 may be obtained as follows. Let 
p: I + R? be defined by 


.. P(0 = (Z(t) - YO) Zle) - JY). 
Then ||A(t)|| = 1 for all t € I so in particular we can find a Oo € R such that 


B(a) = (cos 0o, sin Oo). Set O(t) = 0o + fp, n where B, is the restriction of f 
to the interval [a, t] and ņ is the 1-form on R? given by 


= —[xz/(x1 + x2)] dx, + [x1/(x1 + x3)] dxz. 


Then f(t) = (cos 0(t), sin 0(t)) for all t e I, as required (see the proof of 
Theorem 3, Chapter 11). 


The function 6 measures the angle of rotation from Y to Z along a. It is 
not uniquely determined, but any two such functions must differ by a mul- 
tiple of 2x. Hence, the derivative @’(t) is uniquely determined. @ is called the 
rotation rate of Z, relative to Y, along a: The real number 0(b) — 0(a) is also 
uniquely determined; it is called the total angle of rotation of Z along o, 
relative to Y. | : | 


Lemma 1. Let S be an oriented 2-surface in R3, let X be a smooth unit tangent 
vector field on an open set U in S, and let w be the connection form on U 
associated with X. Suppose a: [a, b] + U is any parametrized curve in U and Z 
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is any parallel unit vector field along «. Then 

(i) oX(&) is equal to the negative of the rotation rate of Z, relative to X (or, 
more precisely, relative to X » a), along a. 

(ii) fa œ is equal to the negative of the total angle of rotation of Z, relative 
to X, along a. 


Pnoor. (i) Let 0: [a, b] —^ R measure the angle of rotation from X to Z along 
a. Since Z is parallel along a, 


0 = Z' = (cos 0 X ° a + sin 0 JX «ay 
= —§ sin 0 X -o « 4-0 cos 0 JX - a + cos 0 D, X + sin 0 D; JX 
= (0' + œ(à))(—sin 0 X » a + cos 0 JX © a) 


(we have used here the above boxed formulas) and hence 0' + o) = 0; i.e., 
o(x)- —90' 


(ii) fa œ = fa o(&) = — 0 = —(0(b) — 6(a)). O 


If æ: [a, b] > U is a unit speed geodesic in S then the velocity field à is 
parallel along « and may be used as the vector field Z in Lemma 1. Then 
Lemma 1 says that f, œ measures the negative of the total angle of rotation 
of à with respect to the vector field X. The 1-form œw can also be used to 
measure the angle of rotation of & with respect to the vector field X for « any 
smooth unit speed curve in U. The relevant formula contains also the 
geodesic curvature x,: [a, b] ^ R of a, defined by 


Kg = (a) - Ja. 
The geodesic curvature measures how much « deviates from being a 
geodesic. Its magnitude |x,| is just the magnitude ||'| of the covariant 
acceleration à' of « since &, being a unit vector field along o, has covariant 


derivative orthogonal to itself and hence a multiple of Jà. Note that « is a 
geodesic if and only if x, is identically zero. 


Lemma 2. Let S, X, U and o be as in Lemma 1 and let o: [a, b] +S bea 
smooth unit speed curve in U. Then the total angle of rotation of à with respect 
to the vector field X is equal to (5 x, — f, ©. 


ProoF. Let Z be a parallel unit vector field along o, let 0: [a, b] + R measure 
the angle of rotation from X to Z along o, and let @: [a, b] + R measure the 
angle of rotation from X to «. Then $ — 0 measures the angle of rotation 
from Z to à; that is, 
à = cos($ — 0)Z + sin($ — 0)JZ, 
and l 
Já = —sin($ — 0)Z + cos(ġ — 0)JZ. 


Taking the covariant derivative of & and using the fact that Z and JZ are 
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both parallel along « (JZ is parallel because by the existence and uniqueness 
theorem for parallel vector fields there'is a unique parallel vector field along 
a with initial value JZ(a); this vector field must be smooth, of unit length, 
and orthogonal to Z along «; and JZ is the only such vector field) we find 


i = (#' — '(—sin(ó — 6)Z + cos(ó — 6JZ) 
SO 
KX -Jà — d — 0. 


Hence the total angle of rotation of à relative to X is 
boc b b b 
[e-[x«fe-[x- fo o 


The relation between the 1-form w and the Gaussian curvature is as 
follows. 


` Lemma 3. Let S, U, X, and o be as in Lemma 1. Then, on U, 
` do- —-K( 


where K is the Gaussian curvature of S and ¢ is the volume form on S. 


; PRoor. By Exercise 17.13, dw = ft for some f: U > R. To find f (p)(p e U) we 
need only evaluate dw and 6 on a basis for S,. The basis we shall use is the 
coordinate basis (E, (p), E;(p)) attached to a local parametrization ¢ of S 
whose image contains p and is contained in U. Then, by Lemma 2, Chapter 20, 


LA» Am 8 og 2 
Gobo Eg - Ox, Ox, Ox, oXE;) ax, olE,) 


|| 0 ô 
~ $x, (Vex * JX o o) = ax, WX * JX o p) 
= (Vg, Ve,X — Vg, Vg, X) |JXo9 


f T Vg X * Vg,JX — Vg,X * Vg,JX 

where V,,Z for Z a smooth vector field on U is the smooth vector field along 

g defined by (Vg, Z)(p) = Vesp Z and Vg, Z for Z a smooth vector field along 

ọ is the smooth vector field along « defined by (Vg, Z)(p) = Ve, Z. Here 

e, = (p, 1,0)and e, = (p,0, 1). The first term in the above expression vanishes 

by the equality of mixed partial derivatives. Furthermore, 

VgX = DeX  ((VeX)- N» 9)N ° 9 | 
= DeX + (L(E) X © g)N ° 9 

where L(E,) is the vector field along « defined by L(E,)(p) = L,(E,(p)) = 

. — Vg, N, L, being the Weingarten map of ¢ at p. Using this and the corre- 
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sponding formula for Vg, JX we find 
do(E,;, E2) = Dg,X : Dg, JX — Dg,X * Dg, JX 
+ (L(E;) - X » 9)(L(Ei) * JX » 9) 
— (L(Ei) * X ° o(L(E;) : JX » 9). 


The first two terms on the right hand side of this last formula vanish because, 
for each i and j, the derivative Dg X of the unit vector field X must be 
orthogonal to X, hence a multiple of JX, and hence orthogonal to Dy, JX. 
Applying the vector identity 


(vi x V2) * (va x va) = (v1 * va)(va * v4) — (vi © vv * v3) 
to the remaining two terms yields 
do(E,, E2) = (L(E;) x L(E;)) + (X ° o x JX » 9) 
-L(E,) x L(E2) N* 9 
—(det L)E, x E? N» 9 


E, 
—(K ° oet | E; | 
Noo 
= —(K ° 9X (E, E2) 
- (KO(E,, E;) 
from which we can conclude that dw = — Kt. L] 


Theorem 1. Let S be an oriented 2-surface in R? and let U be an open subset of 
S on which there is defined a smooth unit tangent vector field X. Then, for 
9: D— U any singular disc in U and Z any parallel vector field along dq, 
[, KC is equal to the total angle of rotation of Z, relative to X, along dg. 


Pnoor. Let œw be the connection form associated with X. By Lemma 3 and 
Stokes’ theorem, 


|K - = dw = “f° 


which, by Lemma 1, is equal to the total angle of rotation of Z, relative to X, 
along dg. o 


Remark. Theorem 1 shows, in particular, that the total angle of rotation 
of Z relative to X along oq is independent of both X and Z and in fact 
depends only on ø; this angle is called the holonomy angle of p. Note that 
this angle depends crucially on o and not just on dg (see Figure 21.2). 
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9) 


Figure 212. The total angle. of rotation of a unit vector field Z parallel along 

a = dp, = ĝp2, with respect to a unit tangent vector field X, on U, = S? — {p,}, will 

be considerably different from the total angle of rotation of Z along « relative to a 
unit tangent vector field X; on U2 = s? - ip 


Theorem. 1 also yields a an interesting interpretation of the Gaussian 
“curvature: K(p), p € S, is the limit, as a disc ø about p shrinks to zero, of the 
ue: holonomy angle of o/area of ọ. More precisely, we have the following. 


Corollary. Let S be an oriented 2-surface in R3, let p € S, and let 9: D —Sbea 
singular disc in S with o(0) = p and ds: R$ — S, non-singular. Then 


 K(p)- lim 0(o.)/ A(o.) 


where q,: D — S is defined by p,(q) = olea), 0(o.) i is the BORN) angle of 9, , 
and A(o,) is the area of p, (see Figure 21.3). 


Proor. For c sufficiently small, Image p, is contained in the image of a one 
to one local parametrization of S and hence there exists a smooth unit vector 
field X (e.g., a normalized coordinate vector field) on an open set containing 
Image q,. The regularity of ọ at 0 guarantees that A(g,) # 0 for all € > 0. 
Using Theorem 1, the mean value theorem for integrals, and the fact that the 
coordinate vector fields Ej along ø, are related to the coordinate vector 
fields E; along 9: ‘by Ei(q) = eE,(eq), we find 


ao) LEO [E > eK(E BS) Kodaki) Ba) | 1 


IB de re ae at 
= = 


4e) fe fume C(Bi (aa) Esas) [ 1 


_ K(o(eq1)K (E (e41), E;(cq1)) 
C(Es(eq2), E2(eq2)) 
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Image 9 
Image o,, 


Image o, 


p 


Figüre 21.3. The Gaussian curvature K(p) is equal to the limit, as £ — 0, of the ratio: 
holonomy angle of o, /area of p.. 


for some q,, q2 € D (depending on c). Taking the limit as £ + 0 completes the 
proof. C] 


The Gauss-Bonnet theorem in its local form relates the integral of the 
Gaussian curvature over a regular triangle to the integral of the geodesic 
curvature over its boundary. By a regular triangle in an oriented 2-surface S 
we mean a singular triangle o: A — S which is the restriction to A of a one to 
one local parametrization of S defined on some open set in R? containing A. 
The boundary 9: [0, 3] — S is then a piecewise smooth curve in S with the 
property that o; = 0g |;..,,4 is a regular parametrized curve (x; 4.0) for 
i € (1, 2, 3}. The exterior angles of a regular triangle ọ are the unique real 
numbers 6,, 62, 0, € (—m, x] such that 


v; = (cos 0;)u, + (sin 6,;)Ju; 


where u; = &;(i)/||,(i)|| for i e (1, 2, 3}, v; = &i+ .(i)/ ||. 1 (i)|| for ie (1, 2), and 
v5 = &,(0)/||&,(0)|| (see Figure 21.4). In fact, 0 < 0; < x for each i since ø is 
orientation preserving. 


Uy 


Image o; Image o 


Image a, 


Image a, 


Figure 21.4. The exterior angles of a regular triangle. 
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Theorem 2 (Local Gauss-Bonnet Theorem). Let S be an oriented 2-surface in 
R? and let o: A — S bea regular triangle in S. Then 


Kc | p Xe 


where K is the Gaussian curvature of S, (, is the volume form on S, B: [a, b] - +S 
is a unit speed reparametrization of dg, K, is the geodesic curvature of D, and 
0,, 02, 0, are the exterior angles of 9. 


Proor. Since o is the restriction to A of a one to one local parametrization @, 
there exists a smooth unit tangent vector field X defined on an open set U 
in S containing Image oq. Indeed, we may take U = Image @ and 
X = E, ° 97 !/|E, » 9^ !| where E, is the first coordinate vector field of @. 
Let w be the conection form on U associated with X. Then, by Lemma 3 
and the local version of Stokes’ theorem, 


[xt- - Lo -Lo- -[o- -f 0- f 0f 


where the f: [a, , bj] ^ S are the three smooth segments of f. By Lemma 2, 


un jojin- 


where ġ; is the total angle of rotation of Jj with respect to X. But, choosing 
0, so that 


B,(a,) = cos s 6 X(Fa.) + sin 09 JX(B(a;)), 
we see that (see Figure 21.5). 
B, (by) = cos(8y + $1)X(B(a2)) + sin(®o + 7X (Blas)) 
B2(a2) = cos(0o + $i 01)X(f(a;)) + sin(B, +, + 0,JX(f(a2)) 
B2(b2) = cos(0o + 1 +1 + 2)X(B(as)) + sin(8o + 1 + 02 + 2 X(B(as)) 


bila1) = cos(8, + Y, i + Y, 8)X(B(a,)) + sin(O + X i + Y 0)JX(B(a.)) 
Comparison of the two formulas above for $, (a,) shows that 
Y. à, + Y, 0, = 2nk for some integer k. 


Hence 


[xe 


P 


-E [+E 0, 


b 
-Í Ky + 2nk — > 0, 
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Bay) 


X (B(a,)) X(B(a2)) 
Image 9 


Figure 21.5. The angle of rotation of f with respect to X increases by ¢; along fj; 
and increases by 6; at the ith vertex of 9. 


SO 
SEEN, «*x&j-: 


for some integer k. 
To see that k = 1, consider the singular triangle g,: A > R? defined for 
each t e [0, 1] by 


Q(tx,, tx) — (0, 0) 


(0, 0) + ; 


exi, X2) = 


fO<t<1 


0p 0p TM 
o(0, 0) + x, ax, © 0) + x; ox; (0,0) ift=0. 


Then 9, is in fact a regular triangle in the oriented 2-surface S, = Image @, 
where $,: W — R? is the parametrized 2-surface obtained by replacing ọ 
everywhere in the above formula by a local parametrization 9: W > S of S 
with $ |, = ọ, the open set W being chosen so that tp e W whenever p e W 
and 0 < t < 1. The 2-surfaces S, (0 < t < 1) describe a continuous deforma- 
tion of the 2-surface S, = Image @ onto the 2-surface Sọ which is a portion 
of a 2-plane (see Figure 21.6). Letting K' and (* denote the Gaussian curva- 
ture and volume form of S, and x: [a,, b,] ^ R and 6; denote the geodesic 


Image po 
So 
Image 91 


Sy 


Figure 21.6 The deformation q, deforms the regular triangle ọ to 
the plane triangle po. 
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curvature and exterior angles associated with the regular triangle q,, the 
argument above shows that 


xL e + [* +5 a) =k 


where k is an integer. But the left hand side of this equation varies contin- 
uously with t, hence so must the right hand side. Since k‘ is always an integer, 
kt must therefore have the same value for all t € [0, 1]. But when t = 0, the 
regular triangle ¢, is just an ordinary plane triangle bounded by straight line 
segments, so K? = 0, «0 = 0, Ý 6? = 2n, and hence 1 = k? - k! =k. 0O 


Remark. The formula in this theorem can be rephrased in terms of the 
interior angles 6, = n — 0; of ọ as follows: 


[s s -(4)-^ 


This formula has an interesting interpretation for geodesic triangles. A 


geodesic triangle in S is a regular triangle o: A— S such that each smooth 
segment of dg is a reparametrization of a geodesic. For such triangles, 
f? x, = 0 so the local Gauss-Bonnet formula becomes 
3 
f Kt = (xa)-» 
. P iz1 
Since (Y ô;) — 1 = 0 when S is a 2-plane (and, in fact, whenever K = 0), this 
formula says that f, K¢ measures the excess (in comparison with the geodesic 
triangles of plane geometry) angular. content of the geodesic triangle o. In 


particular, if K > 0 everywhere then geodesic triangles in S have angle sum 


> n, and if K < 0 everywhere the geodesic triangles in S have angle sum 
« m. 


The Gauss-Bonnet theorem in its global form expresses the integral |; K 
of the Gaussian curvature of a compact oriented 2-surface S as 2x times a 
certain integer associated with S. If there is a smooth nowhere zero tangent 
vector field on S, this integer must be zero: 


Theorem 3. Let S be a compact oriented 2-surface in R?. Suppose there exists a 
smooth nowhere zero tangent vector field on S. Then |, K = 0. 


Pnoor. If X is such a vector field then X/|X || is a smooth unit tangent vector 
field on S. Letting œw be the connection form associated with X/||X || we have, 
by Lemma 3 and the global version of Stokes' theorem, | 


[K-] t» - [ 4-0. D 


Corollary. Let S be a compact oriented 2-surface in R? whose Gaussian curva- 
ture is everywhere > 0. Then there can be no smooth nowhere zero tangent 
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vector field on S. In particular, there is no smooth nowhere zero tangent vector 
field on S?. 


Pnoor. By Theorem 4 of Chapter 12 there must be a point p e S with 
K(p) » 0. K must therefore be 0 on an open set in S about p and since 
K > 0 everywhere it follows that fs K > 0. oO 


To get some insight into what happens when there is no smooth unit 
tangent vector field on S, consider the case where S is the sphere S? oriented 
by its outward normal. Although there can be no smooth unit tangent vector 
field on S?, there is one on S? — {p} where p = (0, 0, — 1) and there is 
another on S? — (q) where q — (0, 0, 1). For example, we can define X, on 
S? — {p} by X, = Ef! » 91 !/|Ef! © 9; !|| where 9,: R? > S? — (pj is the in- 
verse of stereographic projection from the south pole p of S? and E?! is its 
first coordinate vector field, and we can similarly define X; on S? — (q) by 
X;-Ef»9;l/|Ef? » p3 +|| where o;: R? > S? — {q} is the inverse of ster- 
eographic projection from the north pole q. Letting œ, and œ, be the con- 
nection forms associated with X, and X, respectively and letting 


Si = {(x1, x2, x3) E€ S?: x3 20} and S? -((x,x,,x,)eS?:x4 <0} 


we see that S2 and S? are 2-surfaces-with-boundary whose union is S? and 
whose intersection is the equator in S?. Furthermore, c, is defined on S2 
and œ, on S? . Applying Lemma 3 and the global version of Stokes’ theorem 
yields 


J.k-| x-| K+ kt--[ de -| do; 


=-| o, - | o=- | 0, 4 | M2 
es? 0S2 ast as? 


where the last equality is due to the fact that 0S? and 0S2 are the same 
1-surface in R? but provided with opposite orientations. Letting a(t) = 
(cos t, sin t, 0) for O € t x 2r, we see that a |; 2, is a local parametrization 
of ôS? whose image misses only one point of ôS? and hence 


f k=-| o, 4 | o= -fo + fo. 
s? es? es? a a 


But, by Lemma 1, — f, «, is equal to the total angle of rotation of Z relative 
to X, along a, where Z is any parallel vector field along « (we could take 
Z = a), and f, œ is equal to the total angle of rotation of X; relative to Z 
along a; ie. [s K = — fa 0, + fa 2 is equal to the total angle of rotation of 
X, relative to X, along a. Since X,(a(2z)) = X,(a(0)) and X;(a(2n)) = 
X,(«(0)), this total angle of rotation must be an integer multiple of 27; i.e., 
(1/27) fs: K must be an integer. From Figure 21.7 it is easy to see that this 
integer is 2 (as expected since [5; K = [5:1 = V(S?) = 4x). 
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Figure 21.7. The rotation angle of X; with respect to X, increases by 2x along each- 
half of the equator. 


"The global Gauss-Bonnet theorem is obtained by generalizing the above 
, construction to an arbitrary compact oriented 2-surface S c R?. We shall 
first establish an integral formula for the total angle of rotation, along a 
parametrized curve, of one unit tangent vector field relative to another. Then 
we shall study this total rotation angle along closed curves which encircle 
* singularities " of one of the vector fields. 


Lemma 4. Let X and Y be smooth unit tangent vector fields defined on an open 
set U in an oriented 2-surface S. Let wyy be the smooth 1-form on U defined by 


Oxy = fdg — gdf 
where f = X + Y and g = X + JY. Then 


(i) doxy = 0 
(ii) f, Oxy, where a is any parametrized curve in U, is equal to the total angle 
of rotation of X relative to Y along a. 


Remark. Some insight into why this lemma is correct may be gleaned 
from the observation that wyy = d tan" '(g/f) wherever f is not zero. 


PROOF OF LEMMA 4. 
8 By Lemma 1 of Chapter 20, | 


doxy — df ^ dg — dg ^ df = 2df ^ dg. 
But f? + g? = 1 and hence 
0 = d(f? + g?) = 2fdf + 2gdg. 
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Taking exterior products of this equation with dg and with df yields 
0-— 2fdf^dg and O0 - 2gdf^dg. 
Since f and g are never simultaneously zero, this implies that 
0 = 2df ^ dg = dayy. 
(ii) Let 0: [a, b] ^ R measure the angle of rotation from Y to X along « 
so that 
X o a = cos 0 Y o æ + sin 0 JY oa. 
Then f » a = cos 0 and g » a = sin 0 and hence 
Oxy(&) = (f° a)dg(a) — (g ° adf (&) 
= (f ° a)(g ° ay — (g ° a)(f ° ay = e. 
Integrating yields 


i Oxy = | PET - | "9 = 6(b) — 6(a). o 


Let X be a smooth unit tangent vector field defined on an open set U in 
an oriented 2-surface S. An isolated singularity of X is a point p € S such that 
p € U but V — {p} c U for some open set V in S containing p. Given an 
isolated singularity p of X, we may choose 


(i) £ > 0 so that the exponential map exp of S maps the open ball B, of 
radius ¢ about 0 in S, diffeomorphically onto an open set U, c U u {p}, 
(ii) u € S, with |u|| = 1, 
(iii) r e R with 0 <r < e, and 
(iv) Y a smooth unit tangent vector field on U,. 


The existence of such an e is guaranteed by Theorem 2 of Chapter 19; the 
vector field Y can be obtained, for example, by applying d exp to any smooth 
non-zero vector field on B, and normalizing the result. Having chosen e, u, r 
and Y, we define the index 1(X, p) of X at the isolated singularity p to be 1/27 
times the total angle of rotation of X relative to Y along the closed curve o, , 
where a,: [0, 2x] > U, is defined by 


a,(t) = exp(r cos t u + r sin t Ju) 
(see Figure 21.8). 


Lemma 5. The index 1(X, p) is an integer which depends only on X and p (and 
not on the choices of c, u, r, and Y). 


Proor. 1(X, p) is an integer because if 0,: [0, 2x] > R measures the angle of 
rotation from Y to X along a, then the equation X » a,(2z) = X » a,(0) im- 


EN 
"WC 


1= -1 1=1 1-2 - 


Figure 21.8. Isolated singularities of vector fields. In each case the integral curves 
aré shown and the index is indicated. 


plies that 
cos 0,(2n)Y » a,(2n) + sin 0,(2x)JY © a, Men) 
= X o a,(2z) 
= X o a,(0) 
= cos 0,(0)Y o a (0) + sin 0,(0)/Y o a,(0) 


and, since Y o a,(2n) = Y » a,(0), this can happen only if 6n) — 6,(0) is an 
integer multiple of 2z. 

~- Independence of Y. Suppose Z were E smooth unit tangent vector 
field on U,. We must show that the total angle of rotation of X relative to Z 
along «, is equal to the total angle of rotation of X relative to Y along a, . The 
. difference of these angles i is just the total angle of rotation of Y relative to Z 
which, by Lemma 4, is equal to fa wyz, so we must show that fa, wyz = 0. 
But since wyz is defined on all of U,, and a, is the boundary of the singular 
disc g,: D U, defined by .9,(x1, x5)  exp(r(x,u + x; Ju), Stokes’ 
theorem and Lemma 4 imply that 


[ow |. Me, dwyz = 0, 


as required. | 

Independence of r: Let cxy be the 1- form on U, — — {p} defined as in 
Lemma 4. Then i(X, p) = (1/27) fa, € W® yy. This formula shows that 1(X, p) 
varies continuously with r. But since :(X, p) is. always an integer, this can 
happen only if :(X, p) is constant as a function ofr, i.e. (X, p) is independent 


of r. 
2 
< a 


Independence of u: For 0 <r < e, let 
Then $, is an oriented 2-surface-with-boundary, oriented by the restriction 


-1 
spenden 
to S, of the orientation on S. Moreover, a,: (0, 27) ^ 0S, is a local parametri- 


qeU,: 
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zation of 0$, whose image misses just one point of 0S, . It follows that 
(X, p) 2 | @yy=| xy. 
)= | oxy =| oxy 


This last integral does not depend on the choice of u. 

Independence of £: If exp maps both B,, and B,, diffeomorphically onto 
open sets in U u {p} then we can choose r less than both c, and e; and use 
this r to compute 1(X, p); the choice of €€ (e, £2} is then clearly irrelevant. 


L] 


Theorem 4 (Global Gauss-Bonnet Theorem). Let S be a compact oriented 
2-surface in R? and let X be any smooth unit tangent vector field defined on S 
except at isolated singularities (p,, ..., pj. Then 


k 
(1/2n) | K = Y (X, p). 
s i=1 
In particular (1/27) (s K is always an integer. 


Remarks. This theorem can be read in two ways. On the one hand it says 
that (1/27) (s K is always an integer, a remarkable result. On the other hand, 
it says that the sum of the indices of any smooth unit tangent vector field 
defined on S except at isolated singularities is the same as the sum of the indices 
of any other such vector field, another remarkable result. This common 
integer is called the Euler characteristic y of S. It can be shown that y is equal 
to 2-2g where g is the genus (the “number of holes”) of S (see Figure 21.9). 


Ce» Coe» ee» 


D= 1 g7 2 g7 3 
Figure 21.9. 2-surfaces with genus g e (1, 2, 3}. 


(The theorem that (1/27) fs K = x is actually the Gauss-Bonnet theorem. 
The theorem that Y' 1(X, p;) = x is called the Poincare-Hopf theorem.) For 
another interpretation of y see Exercise 21.4. 

We have implicitly assumed here that there is at least one smooth unit 
tangent vector field defined on S except at isolated singularities. That this is 
so is left as an exercise (Exercise 21.5). Note that compactness of S guaran- 
tees that there can be only finitely many isolated singularities for any given 
vector field. 


PROOF OF THEOREM 4. For each i e (1, ..., k} choose e; > 0 so that the ex- 
ponential map exp maps the ball B,, of radius e; about 0 in S, diffeomor- 
phically onto an open set U; about p; in S. We may also insist that the ¢,’s are 
chosen small enough so that U; ^ U;isempty whenever i 7 j. Choose r > 0 
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| | such that r < e, for all i. Let 


k 
S, x U Si, where S, = a E U; 


i=1 


[ZEE 


-1 ` 
(l, | ol > r whenever q € U; for some | 
ei , 


and let 


s- = hes: 


(see Figure 21.10). Then S, and S_ are compact oriented 2-surfaces-with- 
boundary in R?, oriented by restricting the orientation on S, and 


SL 


Figure 21.10. S is the union of two 2-surfaces-with-boundary, one (S..) a union of 
discs about the singularities of X, and the other (S ) consisting of the complement of 
the interiors of these discs. 


ôS, = 0S_ =S, ^ S... Note however that the induced orientation on ôS, 
is opposite to the induced orientation on ôS. 

Now let Y be a smooth unit tangent vector field on UE, U,. (Y can be 
obtained, for example, by applying d exp to smooth non-zero vector fields 
on each B,, and normalizing the result.) Letting œw, be the connection form 
associated with Y and c; be the connection form associated with X, Lemma 
.. 3 and Stokes’ Theorem imply that — 


[k-[&-]| «| K : Sin do, = | do. 
m RE MIT Jo =- Sa " j. d 


i CL Lo) Cp 


| 
where a: [0, 27] ^ 0S, is defined by a(t) = exp(r cos t u, + r sin t Ju,), w a 
unit vector in S,,. But if Z, is any parallel unit vector field along o; then, by 
Lemma 1, a oi + fa 2 equals the total angle of rotation of Z relative to 
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Y along a; plus the total angle of rotation of X relative to Z along a; which is 
the same as the total angle of rotation of X relative to Y along a;. This last 
angle is just the index of X at p;, so 


| K= 2 (X, pi). L] 


S ixl 


The Gauss-Bonnet formula generalizes to compact oriented n-surfaces S 
of any even dimension as follows: (2/V(S")) [s K = x where V(S") is the 
volume of the unit n-sphere S", K is the Gauss-Kronecker curvature of S, 
and y is the Euler characteristic of S, an integer. One proof (see S. S. Chern, 
A simple intrinsic proof of the Gauss-Bonnet formula for closed Rieman- 
nian manifolds, Annals of Mathematics 45 (1944) 747—752) is by a argument 
which directly generalizes the argument used in the proof of Theorem 4. 
Another proof is based on the following fact. 


Lemma 6. Let S be an oriented n-surface in R"* !, let be the volume form on S, 
and let € be the volume form on the unit sphere S" with its standard orientation. 
Then 

N*Š = KC 


where N: S —^ S" is the Gauss map and K is the Gauss-Kronecker curvature 
of S. 


PROOF. For v,,..., v, E Sp» p e S, we have, using Theorem 5 of Chapter 12 
together with the fact that dN(v) and V, N have the same vector part for all 
veS,, 


(N*£)(v,, ..., ¥,) = €(dN(v,), ..., dN(v,)) 


dN(¥,) V,,N Y 
-de| , NW.) = (—1)" det v. y | = K(p)det : 
N*(N(p)) N(p) N(p) 
= K(pX(v,, ..., Vn) [s] 


For S c R"*! a compact connected oriented n-surface with K > 0 every- 
where, the fact that (2/V (S")) fs K is an integer is now immediate because, in 
this case, N is an orientation preserving diffeomorphism and hence, using 
Exercise 17.15, 


|x = i Kt = | N*é = jz = V(S") 


so (2/V(S")) fs K = 2. In the general case, if p € S is such that K(p) # 0 then 
dN, will be non-singular so there will be an open set U, about p which is 
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mapped diffeomorphically by N onto an open set in S". If K(p) > 0 this 
diffeomorphism will be orientation preserving, so. 


[ K=] net=[ &-V(N(U)). 
Up Up N(Up) 
If K(p) < 0 the diffeomorphism N |y, will be orientation reversing so 
[ K=[ N*=-f €=-V(N(U,)). 
Up Up N(Up) i 


It can be shown (see J. Milnor, Topology from the Differentiable Viewpoint, . 
The University Press of Virginia, 1965) that “ most” points q of S" are regular 
values of N in that dN, is non-singular (K(p) # 0) for all p e N^ '(g) and, 
furthermore, that the integer 


` d= s(pe N^ !(g): K(p) > 0) — #{pe N79: Kod 


-is independent of the regular value q, where #{—} denotes the number of 
points in the (finite) set (—). The number d is called the degree of the Gauss 
. map N: $5 S". For a sufficiently small open set U about a regular value q of 

N it follows that N^ ' (U) consists of #(N~ ' (a)) disjoint open sets in S, each 
- mapped diffeomorphically by N onto U, and that 


l J TS : [Us F d E ~ dV(U) 


Since the regions where K = 0 contribute nothing to the integral, a careful 
-choice of partition of unity will yield fs K = dV(S"), or (1/V(S")) [s K = d. 
For n even, d = y/2 where y is the Euler characteristic of S. 


EXERCISES 


21.1. Let S be an oriented 2-surface in R°. Suppose g: D S and y: D S are 
singular discs in S such that dg = dw. Show that the holonomy angle of ọ 
differs from the holonomy angle of y by an integer multiple of 27. 


212. A singular rectangle in an oriented 2-surface S is a smooth map o: O >S 
where 


D = (x, x2) € R?: 0 < x; < 1,0 < x2 < 1}. 


Its boundary is the piecewise smooth parametrized curve a: [0, 4] - => R? 
defined by. 


((0  if0<t<1 

— '(Lt-1) if1«t«2 
=" G41) if2«r«3 
(04—:) if3<r<4 
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q is regular if it is the restriction to 1) of-a one to one local parametrization 
of S. Prove the Gauss- Bonnet theorem for regular rectangles: 


| xe + fix, =2n- X 


where x,: [a, b] > R and 6; (i e (1, 2, 3, 4j) are defined in the same way as 
for regular triangles (see Theorem 2). 


21.3. Let X and Y be smooth unit tangent vector fields defined on an open set U 
in an oriented 2-surface S and let h: U— R? be defined by h(p)— 
(X(p) - Y(p), X(p) - JY(p)). Show that wyxy = h*n where @xy is the 1-form on U 
defined in Lemma 4 and 7 is the 1-form on R? — {0} defined in Theorem 3 of 
Chapter 11. 


21.4. Let S be a compact oriented 2-surface in R?. Suppose there exists a finite 
collection of regular triangles g;: A > S(i e (1, ..., m}) such that 
(i) Utes Image o; = S 

(ii) If pe S is in the image of more than 2 of the ọ; then p is, for each 
such i, the image under q, of a vertex of A. 

(iii) If p is in the image of exactly two of the g; then the intersection of 
the images of these p; is equal to the image of a smooth segment of the 
boundary of each. 

Such a collection (9o,, ..., Øm} is called a triangulation T of S (see Figure 
21.11). Points of type (ii) are called vertices of T and subsets of the form Image 
9; ^ Image 9; as in (iii) are called edges of T. The q; themselves are called the 
faces of T. 


Figure 21.11. A triangulation of the 2-sphere. 
Show that 
(uz |K-v-e*£ 
S 
where v is the number of vertices, « the number of edges, and / the number 


of faces, of T. [Hint: Apply the local Gauss-Bonnet theorem to each 
triangle ¢;.] 
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21.6. 


Let S be an oriented n-surface in R"*!. For q ¢ S, let f: S 9 R be the smooth 
function defined by f,(p) = ||q — p||?. 

(a) Show that p e S is a critical point of f, if and only if q — p = AN(p) 
for some A € R, where N is the Gauss map of S. 

(b) Show that if p eS is a critical point of f, and veS,, v#0, then 
V, grad f, = 0 if and only if L,(v) = (1/A)v where L, is the Weingarten map 
of S at p and A is as in part (a). 

(c) Conclude that if q does not lie on the focal locus of S then all critical 
points of f, are non-degenerate and hence isolated. (It follows then that 
grad f,/||grad f,|| is a smooth unit tangent vector field defined on S except at 
isolated singularities.) 


Let S be an oriented 2-surface in R? and let X be a smooth unit tangent 
vector field defined on an open set U in S. Let 0, be the 1-form on U dual 
to X, let 0, be the 1-form on U dual to JX, and let œw be the connection 
1-form on U associated with X. Show that 


d0, - 0^0, 
dð, = -w ^0, 
do = — K0, ^0; 


where K is the Gaussian curvature of S. 
(These equations are called the Cartan structural equations.) 


Rigid Motions 
and Congruence 


A rigid motion of R"*! is a map y: R"*!1 5 R"*! such that |v(p) — 
V(a)l = |p — q|| for all p, q € R"**. Thus a rigid motion is a map which 
preserves distances between points. 


EXAMPLE 1. For a e R"*!, define y: R"*! ^ R"*! by y(p) = p + a. Then y 
is a rigid motion of R"* !, called translation by a. 


EXAMPLE 2. For 0 € R, define y: R? > R? by 


V (xis x2) = (x4 cos 0 — x, sin 0, x, sin 0 + x; cos 0). 


Then y is a rigid motion of R?, called rotation through 0 (see Figure 22.1). 


p 


Figure 221 Rotation of R? through 0. 


210 


22 Rigid Motions and Congruence 211 | 


Figure 222 Reflection through the n-plane H. 


ge For a € gt al 1, and be R, define y: R'* ^ RT? by 
(see Figure 22.2) 


V(p) = p  2(b — p- aja. 


T V is a rigid motion of Rm called ics through the n-plane 
-ÍxeR'*!:a:x-2b. - 


EXAMPLE 4. Let y: R+! R'*! be a linear transformation such that 
lu(v)| = lvl] for all ve R"*!. Then y is a rigid motion because ||y(p) — 


v(a)] = lv(p — a)l = i p— q|| for all p, qe R"*!. y is called an orthogonal 
transformation of R"**. Note that a linear transformation of R"* ! is a rigid 
motion if and only if it is an orthogonal transformation. 


The composition y, » y, of two rigid motions of R"*! is a rigid motion. 
In particular, an orthogonal transformation followed by a translation is a 
rigid motion. It turns out that every rigid motion can be obtained this way. 


Theorem 1. Let y be a rigid motion of R^*!. Then there exists a unique 
orthogonal transformation Vi and a unique translation V4 such that 


V — ao pr 


‘Proor. Let a = y(0), let P be translation by a, and let y, = wy! » y. We 
shall show that y, is an orthogonal transformation. Clearly V, is|a rigid 
motion with y,(0) = 0. y, preserves norms because 


IU.) = Iya) — Y0) = lle — Of] = lel 


for all v e R"*!. Thus we need only show that y, is linear. First observe that 
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V, preserves dot products: 


yl): ylw) = HIO? + IIa QI? — Iyl) — ViQ)D?) 
= Kol? + Iwl? — le — wl?) 
—U'W, 
for all v, w e R^* !, Finally to establish linearity, we must show that 
Vi(eiti + C202) = eii (01) + C2102) 


or, equivalently, that 


W1(c, 0, + C202) — C14 (01) — C2¥1(v2) = 0 


for all v,,v. € R"*! and c,,c; € R. For this it suffices to show that the vector 
Ví (c v, + C202) — €,W1(v1) — C2 Wi (v2) is orthogonal to every vector in 
some basis for R"* +. But if {e}, ..., €,,,) is any orthonormal basis for R+! 
then {y (e1), ..., W(e,+1)} is also an orthonormal basis for R"* since y, 
preserves dot products, and 


[V1i(civ1 + 0203) — c1 Y1) — c3V1(v2)] * V1(e) 


= (cv, + C202) * ej — C1(v1 * e) — ex(vz * ej) 2 0 


forie (1,...,n + 1}. Thus y, is linear. | 

Uniqueness of y, and y, follows from the requirements that the transla- 
tion y, must satisfy V;(0) — V; ° V,(0) = v(0) and that y, must equal 
Vi o» y. 5 


Corollary. Let y: R"*! > R"*! be a rigid motion. Then 


(i) v is smooth. 
(ii) y maps R"*! onto R"* !, and 
(iii) dy (v) - dy (w) = v: w for all v, we R;*, pe R'**. 


Pnoor. (i) Linear transformations and translations are smooth, hence so are 
rigid motions. 

(ii) Translations are onto, as is any orthogonal transformation of R"*! 
(the kernel must be zero, since norms are preserved). Hence rigid motions 
are onto. 

(iii) First note that if V = V; ° V, is the unique decomposition of the 
rigid motion y into an orthogonal transformation y, followed by a transla- 
tion y; then 


(*) dy(p, v) = (Vp). vi(v)) 


for all (p,v)e R^*!, pe R"*!. Indeed, setting a(t) — p+ tv, so that 
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0) = (p, v), we have (where y; is translation by a) 
aj s) e a) - (vts $| vto m) 


Ya o Vile + to) 
0 


= (vt $ 


= (vo £L 0) mt a) 
= (9p) v. (9) 


Hence, for v = (p, v) and w= (p, w) e Rz*!, 
dy(v) : dw(w) = (Vp) ¥i(e)) - HO), Yw) 
= yi) ato) = o wv m n 


; Two n-surfaces S and S in R^*! are congruent if there exists a rigid motion 
y: R"*! + R^*! such that y(S) — S. The differential dy of such a rigid 
motion maps the tangent space S, to S at each p € S onto the tangent space 
S,» to S at V (p) so, since d preserves dot products, dj (N(p)) = +Ñ(y(p)) 
where N and Ñ are any given orientation vector fields on S and $ respec- 
tively. Note that an orientation N. can always be chosen on S8 so that 
dy(N(p)) = +N((p)) for all p e S (i.e., so that dy > N = Ñ ° y) 
Theorem 2. Let S and Š be congruent n-surface in R"*!, let y: m*1 5 g"*! 
be a rigid motion such that (S) = S, and assume that S and Š are oriented 
so that dj o N= N oy. Then — | i 

(i) dy (v) - d(w) 2 v: w for all v, w€ Sp, pE S,and _ 

(ii) the second fundamental forms 5^, of S at pe S and P yp of S at y(p) are 
. related by S p = S yy ° dy. i | 
Proor. (i) is immediate from the corollary above. 

(ii) Let y, be the orthogonal part of y as in Theorem 1. Given p € S and 
ve S,, let a: I S be such that á(to) = v. Then div) = v »a(to) so the 
value of the Weingarten map L5, of $ at y(p) on d/(v) is 

L, (di (v) = — Vau Ñ 
= -(N ^y »a)(to) 
= —(d oN ° a)(to) 
= —(V(p) (Wie N ° a)(to)) (by equation (*), above) 
= — (Vp), Vi((N © a)'(to)) (by linearity of V.) 
= —dý(p, (N © a)(to)) (again, by equation (*)) 
= —dy(V,N) 


= dy(L,(v )} 
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where L, is the Weingarten map of S at p. Thus 


F u» (d(v)) = Lo (ab(v))  dV(v) = dV(Ly(v)) - dV(v) 
= Liv): v= 9v) oO 


Corollary. Let S and § be congruent oriented n-surfaces in R"* +. Then S and s 
have the same geometry in that if Y is a rigid motion mapping S onto $ with 
No y = dy © N and y, is the orthogonal part of V then 


(i) the length of a: I — S is the same as the length of V » a: I> $, 

(ii) the Gauss map N of S is related to the Gauss map Ñ of S by N oy = 
V, » N, and in particular the spherical image of S is the image under Y, 
of the spherical image of S, 

(iii) «: I — S is a geodesic in S if and only if V » æ is a geodesic in $, 

(iv) a vector field X along a: I — S is parallel if and only if dy © X is parallel 
along V » a, 

(v) the Weingarten maps L, of S at p € S and Ly, of S at V (p) are related 
by 


Liw i dy, = dy, e Lp» 


(vi) the normal curvatures k of S and K of S are related by k = k » dy and in 
particular the principal curvatures of S at p € S are the same as the 
principal curvatures of S at w(p), 

(vii) the Gauss-Kronecker and mean curvatures of S at p € S are equal to the 
Gauss-Kronecker and mean curvatures of S at (p), 

(viii) S is convex at p € S if and only if S is convex at W(p), 

(ix) the focal locus of S is the image under y of the focal locus of S, 

(x) the volume of S equals the volume of S, 

(xi) S is a minimal surface if and only if S is a minimal surface, and 

(xii) the conjugate locus of v(p) in S is the image under V of the conjugate 
locus of p in S. 


PROOF. 


G) My © a) =f, IW è all = fr [av all = f; Je] = Ha) 
(ii) Immediate from the equation N » y = dy oN. 
(iii) Follows from (iv) since « is a geodesic if and only if à is parallel. 
(iv) (dV  X)(t) = dy(X(t)) is a multiple of N(V(a(t))) = dv(N(a(t))) if and 
only if X(t) is a multiple of N(a(t)). 
(v) This is contained in the proof of Theorem 2. 
(vi) K(du(v)) = Sy p(db(v)) = (v) = k(v). That the principal curvatures 
are the same follows from this or from (v), since L, and 
L, = dj, ° Lp » dy, ! have the same eigenvalues. 
(vii) Follows from (vi). 
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ya (a) — v(p) * N(9(p)) = (19) — Yi?) - Vi(N(p)) 
= (q — p): N(p). 
=) V(p + (1/k(p))N(p)) = Vi(Vi(p) + (1/ki(p) Ws (N) 
= Vi(p) + (1/ki(p)W(N(p)) + a 
| = (p) + (U&(U(p) (p). 
(x) à 2 "id local parametrization o of S, y » o is a local parametrization 
det(Ef * - EY“) = det(dV(Ef) - dj(E7)) = det(Ef - Ej) 
so the volume integrands are equal. 
(xi) Follows from (vii). | 
(xii) V » exp = exp » dy where exp and exp are the exponential maps of S 
^ , and $ since, by (iii), y maps geodesics to geodesics. Hence maps 


conjugate points along the geodesic exp(tv) in S to conjugate points 
along the geodesic exp(idy(v)) i in S. m 


. The converse of Theorem 2 is also true: 


Theorem 3. Let S and 8 be connected oriented n-surfaces in R"**. Suppose 
there exists a smooth map y from S onto § such that 


(i) dy(v) - di(w) = v * w for all v, w € S,, pe S and 
(ii) the second fundamental forms S , of S at p and Pyp of S at y(p) are 
related by S p= Py, ^ dy, for all pe S. 


Then S and Š are congruent and, in fact, Vü is the restriction to S of a rigid 
motion of R"* 1, 


Proor. Let p, é S and define a rigid motion V of R"* ! by J = y; » y, where 
V, is the unique orthogonal transformation of R"*! such that 


(a) v.(N(po)) = N(W(Po)) 
(b) (Po, Wi(v)) = dY (po, v) for all v e R"*! such that v L N(po) (i.e. such 
' that (po, v) e Spo) 


and y, is the translation of R"*! which sends v, (po) to Y (po). We shall show 
that e As ° Vp) = p for all p e S thereby establishing that y = y |. 
Let p = j^! » y. Then ọ maps S onto the n-surface S = J^ 6, ad 
(i) do(v)  do(w) = v- w for all vy, we S,, pe S, 
(ii Aes = P pp ° do for all p € S (7, = second fundamental form of S at 


(iii) Mi = po; 
(iv) do(v) = v for all v € Sp. 
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From (i) and (ii) we can conclude that the Weingarten maps L, of S and Lyp 
of $ are related by Lyp » do = dọ ° Ly, for all p € S. Indeed, 


Lx (do(v)) : do(w) = (Ff opae(v + w)) — FP op(4e(v)) =F op (de (w)) 
= HS (Vv + w) IS S^ yv) = S yw) 
= L,(v) + w = de(L,(v)) + do(w) 


for all v, w € S, and, since dp maps $, onto Sm for all pe S (dp maps 
orthonormal bases for S, to orthonormal bases for Sep» by (i)), this implies 
that L,.»(de(v)) = de(L,(v)) for all v e Sp. 

We shall show that if a: I —^ S is any parametrized curve in S such that, 
for some to € I, o(a(to)) = alto) and dq, = identity (this will be the case, 
for example, if «(to) = po) then g(a(t)) = a(t) and do, = identity for all 
te I. Let X,,..., X, be smooth vector fields parallel along « such that 
(X (t), ..., Xa+ 1(t)} is an orthonormal basis for S, for each t e I. Such 
vector fields can be obtained by choosing an orthonormal basis {x,, ..., X.) 
for Saro and defining X, to be the unique vector field parallel along « with 
X,(to) 2» xj. Let Y,,..., Y, be the vector fields along 9 » « defined by 
Y,(t) = de(Xi(t))for t € I. Then (Y ;(t), .... Y,(t)) is an orthonormal basis for 
Sp.a for each teI (by (i)), Y:(to) = Xi(to) for each i (since dQ.) = 
identity), and 


ono Yo 2) YDY: = 2606)  do(X)Y. 


= 


= Xe : Yi. 


If we could show that Y, = X;, where Y: I> [^ *! is the vector part of Y; 
and X,: 1 — R"*! is the vector part of X;, we would have 


d ME LER da 
"T (pọ ° a)= 2, XY = 2, Xj)X,- "m 


so ọ » a and a could differ at most by a constant. Since (9 © a)(to) = a(to), 
we could then conclude that (o » a)(t) = a(t) for all t € I and, furthermore, 
that 


do(X(t)) = Y:(t) = (elet), Kt) = (a(t), X:6)) = X«t) 


for each i so d, = identity, for t € I, as required. 

So we shall show that X; = Y; for i e (1, ..., n}. For this, set X41 = Now 
and Y,,,=Noqoa, so that (X,(t) ..., Xa+ 1(t)} is an orthonormal basis 
for Rtg and (Y,(t), ..., ¥,+1(¢)} is an orthonormal basis for R51, for 
each t e I. Then 


n+1 n+1 


j=l j=1 


JJ 
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where a,; = X; * X; and b;; = Y, - Y, are real valued functions on I. We shall 
show first that a;; = b;; for all i and j. Since 


d 
07 4 (X X) Xi X, Xi X, ay + ay 


we have that a; = — a;;for all i and j, and similarly bj; = — b;;for all i and j, 
so it suffices to check that a;;= b; for i<j. But the vector fields 
Y; = dọ ° Xi, ie (1, ..., n), are parallel (in S) along 9 » a. This follows from 
(i) and from the fact that the vector fields X, are parallel along a; we will, 
however, delay the verification until the next chapter (Corollary 2 to 
Theorem 1, Chapter 23). Assuming this, we have that Y; is normal to S, just 
as X, is normal to S, for i < n, and hence 


bj =Y;°Y;=0=X,;°X;=a, 
for 1 <i, j < n. Furthermore, for i < n, 
E basim Yit Ya = Yit Nopoa- -Y No oan 
= Y,: L(p*a) = Yi: L(do(&)) = do(X;)  do(L(&)) 
= ;L()- X: N èa = X;- o a [= Xi; Xoaa— aen 


where L(&) is the vector field along a defined by (L(x))(t) = L4 (X(t)) and 
L(ọ ża) is defined similarly. We conclude, then, that a;; = b,,; whenever 
1<i<j<sn+1andhencea,=b,,for all i andj — 
We can now complete the proof that X; = Y, for alli e (1, ..., n + 1}. For 

Y, = 511 c X;, where cj = Y, * Xj: 1 R, (cij(to)) is the identity matrix, 
and | 

doi Hr. , aX, 

dt de tg 


n+1 n+1 | 
= (xax): X; * Y, (Fax) 
kz1 k=1 
n+1 
= 2. (ai c; + a Ci)- 


- This system of first order differential equations, with initial conditions 


1 ifi=j 
Cij(to) = O iix 
is satisfied by the functions 
B idfi-j 
a) = ly iiy 


since d;; + a; = 0, so, by the uniqueness of solutions of first order differential 
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equations, (c;,(t)) is the identity matrix for all t e I. In other words, Y,(t) = 
X,(t) for all i e (1, ..., n + 1} and all t e I. 
Finally, we must show that o(p) = p for all p e S. Let 


U = {pe S: ọ(p)=p and dg, = identity}. 


Then U is an open set in S since each point p e U is contained in an open set 
of the form $(V), where $ is a local parametrization of S and V is an open 
ball in R”, and p can be joined to any point of @(V) by a parametrized curve 
in ¢(V), so @(V) = U by what has just been established. On the other hand, 
the complement S — U of U in S is an open set in S since g and dg are both 
continuous. Since S is connected, this can happen only if either U or S — U 
is empty. (If a: [a, b]] 9 S were a continuous map with a(a)¢ U and 
a(b) e S — U then a(t;) could belong neither to U nor to S — U, where t, is 
the least upper bound of the set {t € [a, b] e a(t) e UJ). Since po € S S — U 
must be empty so U = S and, in particular, o(p) = p for all p e S. o 


EXERCISES 


22.1. Verify that each of the maps described in Examples 1, 2 and 3 of this chapter are 
indeed rigid motions. 


22.2. Show that if y, is an orthogonal transformation of R"*! and y, is translation 
by a (a € R^*!) then y, ° V; = V2 » y, where y; is translation by w, (a). 


22.3. Show that each of the following statements is equivalent with the statement 
that the linear transformation yw: R^*! — R"*! is an orthogonal 
transformation: 


(a) v(vr)  V(w) 2v: w for all v, we R"*!. 

(b) V maps orthonormal bases to orthonormal bases; i.e., if (e,, ..., e, +1} is an 
orthonormal basis for R"*! then so is (V(ei), .... W(en+1)}- 

(c) the matrix for y relative to any orthonormal basis for R"*' is an orthog- 
onal matrix (i.e., its transpose is equal to its inverse). 


22.4. Arotation of R"* ! is an orthogonal linear transformation with determinant + 1. 


(a) Show that a linear transformation y: R? — R? is a rotation if and only if 
there exists a real number 0 such that the matrix for y with respect to the 
standard basis for R? is 


En 0  —sin o 
sin 0 cos 6} 


(b) Show that every rotation y of R? leaves a direction fixed (i.e., V has a unit 
eigenvector with eigenvalue 1). 

(c) Show that if y is a rotation of R?, e, is a unit vector with y(e,) = e;, and e; 
is a unit vector perpendicular to e,, then the matrix for y with respect to 
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the orthonormal basis (e;, e;, €, x e;) for R? is of the form 


1 0 0 
0 cos —sin60 
0 sin 0 cos 0 


for some 0 e R. 
22.5. Show that the hyperbolas x, x2 = 1 and x? — x$ = 2 in R? are congruent. 
22.6. Let y be a rigid motion of R"*! and let F denote the set of fixed points of y, 
F = {q e R"*': W(q) = gh. 
For p ¢ F let l 
H, = (xe R'*':|x — v(p)l = |x — pl}. 


(a) Show that H, is an n-plane in R"* !. 

(b) Show that F c H,. 

T (c) Letting V, be reflection through H,, show that the set of fixed points of 
V.» V contains (p) o F. 

(d) Show that if Oe F then S%., cp, e F whenever p, ..., Pk E : F and 


Cis». CX € R. ; 
(e) Show that there exists a k < n + 2 and reflections y, ..., V, of R"*! such 
that y = Wi 0 +1 o Va. 
22.7. A rigid motion y of R^*! which maps an resurface S onto itself is called a 
symmetry of S. 


(a) Show that the set of tigid motions of R**! forms a group under composi- 
tion, and that the symmetries of S form a subgroup. 
(b) Show that the symmetry group of the unit n-sphere S' is the group of all 
| orthogonal transformations of R"* +. 
(c): Describe the symmetry group of the cylinder x? + x2 = a? in R°. 
. (d) Describe the symmetry group of eap: 


x} 
FIIIT 


in R?, (i) when b = c # a and (ii) when a, b, and c are distinct. 


Isometries 


As inhabitants of the earth, we are (or, at least, we were until the invention of 
air and space vehicles) forced to deduce the geometry of the earth from 
measurements made on the earth. We can measure distance along curves, 
and by taking a derivative with respect to time, we can measure velocity and 
speed. The geometry which can be derived from such measurements is called 
intrinsic geometry. 

The primitive data needed to be able to compute distance along curves in 
an n-surface S is the dot product of tangent vectors. Indeed, given the dot 
product on each tangent space S,, p € S, the length I(«) of a parametrized 
curve a: [a, b] ^ S can be computed from the formula 


i) = | ON de= [ EO D? à 


Conversely, if we can compute the length of arbitrary smooth curves in S$ 
then we can compute norms of vectors in S, (for v € S,, take a: [a, b] > S 
with à(t;) = v and let s(t) = the length of a from a to t; then ||v|| = ||é(to)|| = 
(ds/dt)(t)). From the norms we can then compute all dot products; e.g., via 
the identity 


v- w= Aly + wl? — IP? — Inl?) 


Thus the intrinsic geometry of an n-surface S, the geometry which can be 
derived from length measurements along curves in S, is the same as that part 
of the geometry of S which can be derived from a knowledge of the dot 
product on the tangent space at each point of S. 

A smooth map w from one n-surface S c R"** to another $ c R"*' is 
called a local isometry if it preserves dot products of tangent vectors; that is, 
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df | 
dy(v) + di(w) 2 v w 


for all v, we $,, p € S. The differential dy,: S, > $, at p of such a map is 
necessarily non-singular for each p € S so, by the inverse function theorem, 
y must map some open set about each point p in S one to one onto an open 
set about y (p) in S. It follows from this that y(S) is an open subset of $. But 
V(S) need not be the whole of S, nor must y: S > (S) be one to one. A local 
isometry which maps an n-surface S one to one onto an n-surface $ is called 
an isometry of S onto S. 

Since an isometry is by definition a one to one map y: $5 $ which 
preserves dot products of tangent vectors, it preserves all the intrinsic 
geometry of the surface. Thus, for example, if a: [a, b] > S is a parametrized 
curve in S then the corresponding curve y » « in $ has the same length: 


My =a) = f NO 50] de= f JAMG d 


= [ IKON at = i) 


In fact, intrinsic geometry can be described as that part of the geometry of 
surfaces which is preserved by isometries. Two surfaces S and § such that 
there exists an isometry y: S — S are said to be isometric; they necessarily 
have the same intrinsic geometry. 


EXAMPLE 1. Let y: R"** > R"** be a rigid motion and let S be an n-surface 
in R"**, Then y |s is an isometry of S onto y(S). | 


EXAMPLE 2. Let y: R? > R? be defined by (0, u) = (cos 0, sin 0, u). Thus y 
maps the plane around (and around) the cylinder x? + x3 = 1 in R? (see 
Figure 23.1). V is a local isometry since, for each (0, u) e R?, dy maps the 
orthonormal basis {(6, u, 1, 0), (0, u, 0, 1)) for RZ, ,, to the orthonormal basis 


{E, (0, u), E;(0, u)) = ((o(0, u), —sin 8, cos 6, 0), (o(0, u), 0, 0, 1)) 


for Image dy qs, u so dY o, ,, must preserve dot products. By restricting y to 

the open set U = ((0, u) e R?: — n < 0 < n} we obtain an isometry y |y from 

the infinite strip U in R? onto the cylinder with a line removed. | 

. EXAMPLE3. The map q from the plane to the torus ((x? + x2)? — 
a)’ + x3 = b? (a > b > 0) given by 


9(6, 0) = ((a + b cos Xos 0, (a + b cos sin 6, b sin $) 
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Figure 23.1 v(0, u) = (cos 0, sin 0, u) is a local isometry from R? onto the cylinder 
x? + x3 = 1 in R?. The restriction of y to the infinite strip U is an isometry from U 
onto the cylinder with a line (dotted) removed. 


is not a local isometry because, for example, 
|de(&, 0, 0, 1)|| = |(@(¢, 0), — (a + b cos )sin 6, (a + b cos $)cos 6, 0)| 
=a + b cos ġ 
is not equal to ||(¢, 8, 0, 1)| = 1 for all ($, 6) € R?. On the other hand, the 
map y which maps the plane onto the torus 
[xit x21 
— \x3 + x2 = 1 
in R* by W(¢, 0) = (cos ¢, sin $, cos 0, sin 0) is a local isometry because, for 
each (@, 0) € R?, the vectors 
dy/(Q, 0, 1, 0) = (W(¢, 0), —sin $, cos 9, 0, 0) 
dy ($, 0, 0, 1) = (W(¢, 0), 0, 0, —sin 0, cos 0) 
do form an orthonormal basis for Image diy, o. By restricting V to the open 


set U = {(¢, 0) R?: —n < $ < n, —n < 0 < n) we obtain an isometry |p 
from the square U in R? onto the torus in R* with two circles removed. 


EXAMPLE 4. Let S be the punctured plane R? — ((0, 0)) and let S be the cone 
3x2 + 3x2 — x1 = 0, x, > 0, in R?. Define y: S ^ $ by 
y(r cos 6, r sin 0) = K cos 29, 5 sin 26, y 


where (r, 0), r > 0, are polar coordinates on R? — ((0, 0)}. Then y is a local 
isometry. For if U = ((r, 0) € R?: r>0} then the maps g: U— S and 
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9: U — S defined by | 

g(r, 9) = (r cos 0, r sin 0) 

P(r, 0) = K cos 20, 5 sin 20, x) 
are parametrized 2-surfaces mapping U onto S and § respectively, and 
9 = Y ^q (see Figure 232). The coordinate vector fields E, along 9 and É, 
along @ are given by 
|^ E.(r0)- (ot. 0), 2? (r, a) = (or, 0), cos 0, sin 0) 
E;(r, 0) - (oc. 0), a (r, 2] = (o(r, 0), —r sin 0, r cos 0) 


£9 (56.0, £6, 0) = [p oe 0 an *) 


E,(r, 0) = CODY: 0) 56 ab (n DE | = (ét. 0), -r sin 20, r cos 26, 0) 


Moreover, for each p € U, dy (E;(p)) = £,(p) for i e (1, 2}, since 
_ AV(E(p)) = di(do(e)) = dl © o)e) = db(e) = Eg) 


| Figure 23.2 y is a local isometry from the punctured plane S onto the cone S. The 
restriction of y to the upper half plane x, > 0 is an isometry onto the cone with a line 
removed. 
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where e, = (p, 1, 0) and e; = (p, 0, 1). Finally, dot products of tangent vec- 
tors are preserved by V because dot products of the basis vectors are 
preserved: 


dy (E.(p)) : 4/(E;(p)) = E,(p) - E,(p) 


WW m 
=‘0 if (i, j)= (1, 2) or (i, j) = (2 1) 
r? ifi=j=2 


= E,(p) : E,(p) 
for all p = (r, 0) € U. 


Remark 1. Example 2 is an example of a special class of isometries called 
bendings. Roughly, the cylinder with a line deleted is obtained by bending 
the strip ((x1, x2, x9) e R?: — 7 < x, < m, x; = 0}, without stretching, tear- 
ing, or glueing, into the shape of a cylinder. This process clearly leaves length 
measurements along curves in the surface unchanged; ie. two surfaces 
which can be obtained from one another by bending are isometric. À precise 
definition of bending is as follows. An n-surface § in R"** is obtained 
from an n-surface S in R"** by bending if there exists a smooth map 
y: [a, b] x S ^ R"** such that 


(i) for each t € [a, b], the map V,: S > R"** defined by w,(p) = y(t, p)isan 
isometry, 
(ii) v, (p) = p for all p € S; ie, Ya = identity map on S, and 
(iii) V, is an isometry of S onto S. 


The 2-torus in R^ with two circles deleted and the cone in R? with a line 
deleted (Examples 3 and 4) are also obtained by bending portions of 
2-planes. 


Remark 2. Example 4 illustrates a useful technique for checking that a 
map y: S > $ of n-surfaces is a local isometry. For p € S, let o: U > S bea 
local parametrization of an open set of S about p. If y is a local isometry, 
then @ = y » 9 will be a parametrized n-surface, with Image 9 c S, and the 
coordinate vector fields E; along « and E, along $ will be such that 
E, E;-ÉE. E,. Conversely, if for each p e S there is such a o: U — S, with 
p € Image q, then y is a local isometry. 


Those features of the geometry of an n-surface S which are part of the 
intrinsic geometry of S (i.e., which can be determined from measurements on 
the surface) are the ones that are preserved, or invariant, under isometries. 
We have seen that the length of curves is an isometry invariant. It follows 
then that geodesics are isometry invariants, since a parametrized curve a is a 
geodesic if and only if it has constant speed and is such that the length 
integral is stationary at a with respect to fixed endpoint variations. Volume 
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is also an isometry invariant since the volume integral V(ọ)= 
fu det(E; - Ej)? of a parametrized n-surface p depends only on the dot 
products of the coordinate vector fields. On the other hand, the spherical 
image, the principal curvatures, the mean curvature, the focal locus, and the 
property of being a minimal surface in R"** are not isometry invariants 
since, for example, none of these features are preserved under the isometry 
V (x4, x2, 0) = (cos x,, sin x,, X2) mapping the strip x3 = 0, 1 «x, < m, 
onto the cylinder x? + x2 = 1 with a line removed (Figure 23.1). We shall 
see that, contrary to intuition, the Gauss-Kronecker curvature K of an 
n-surface in R"*! is an isometry invariant, whenever n is even. Thus, even 
though the principal curvatures are not invariant under isometries, their 
product is, in even dimensions. This theorem so pleased Gauss, who dis- 
covered it for n — 2, that he called it a “theorema egregium" (a “most 
excellent theorem"). We shall see also that parallel transport is invariant 
under isometries. The key to all of these facts is the observation that co- 
. variant differentiation is intrinsic. 
Let us recall the concept of covariant differentiation and extend it to 
n-surfaces in R"**, Given an n-surface S in R"** and a smooth vector field X 
tangent to S along a parametrized curve a: I — S, the covariant derivative of 
X along a is the vector field X’, tangent to S along a, obtained by projecting 
X(t) orthogonally onto the tangent space San, for each t e I. Thus X’(t) is 
the tangential component of X(t). For X a smooth tangent vector field on the 
n-surface S c R"**, and ve S,, pe S, the covariant derivative D,X of X 
with respect to v is the tangential component of the derivative V, X. Sim- 
ilarly, for X a smooth tangent vector field along a parametrized n-surface 
g: U^ R^**, the covariant derivative D, X of X with respect to ve R5, 
p € U, is the tangential component of V, X; that is, D, X is the orthogonal 
projection of V, X into the tangent space Image do, . These covariant differ- 
entiation operations are related to each other as follows. 
If X is a smooth tangent vector field on the n-surface S c R"** and x isa 
. parametrized curve in S, or if X is a smooth tangent vector field along the 
parametrized n-surface o: U > R"** and a is a parametrized curve in U, 
then 


Dim X = (X » a)'(t) 


for all t in the domain of a. 
If X is a smooth vector field on the n-surface S c R"** and g: UA S isa 
parametrized n-surface in R"** whose image is contained in S, then 


Diw X = (X ° a)'(t) 


for all ve R'*}, pe U. | 

Given two smooth tangent vector fields X and Y on an n-surface 
Sc R"** the covariant derivative of Y with respect to X is the tangent 
vector field Dx Y on S defined by (Dy Y)(p) = Dy, Y for p e S. Similarly, 
given the smooth tangent vector fields X and Y along a parametrized n- 
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surface p: U — R"*!, the covariant derivative Dy Y is the tangent vector 
field along ọ defined by (Dy Y)(p) = D,,, - :(xi) Y. for p € U. 

The covariant derivative of one smooth tangent vector field with respect to 
another is a smooth tangent vector field. Furthermore, covariant differ- 
entiation has the following familiar properties: 


(i) Dix. y £ = DZ + DyZ 

(ii) Dj; Y 2 fDyY 
(iv) Dx(fY) = (Vx f) + fDx¥ 

(v) Vx(¥ : Z) = (DxY): Z +Y + (DxZ) 
for all smooth tangent vector fields X, Y, and Z on S (or along ọ) and all 
smooth functions f on S (or along o). In (v), the derivative of Vy h of the 
smooth function on h = Y * Z is defined to be the smooth function on S 
given by (Vxh)(p) = Vx (or along o given by (Vxh)(p) = Vapp- xp» h). 
Verification of these properties of covariant differentiation is left as an 
exercise. 


Theorem 1. Let g: U— R^** be a parametrized n-surface and let E,, 
i € (1, ..., n}, be the coordinate vector fields along «. Then, for peU and i, 
j, kel ...,n]. 


nk) Eco 3x. + ax, Oxy 


where the g;;: U > R are defined by g;; = E; : E;. 
ProoF. Note first that Dg, E; = Dg,E; for all i and j. Indeed, for each p € U, 


E,(p) = (o) x 9) 


abs 0g. - 22u) 


and 


(Vg E;)(p) = (on. XA e) 


By the symmetry of the second partials, we have (Vg, Ej)(p) = (Ve,E;)(p). 
Projecting orthogonally onto Image dg, then establishes that 
Dg, E; = Dg, E;. 

Using this symmetry, we compute the partial derivatives of the gi,: 


0gi 

o. = Ve(E; : E,) = (Dg, E) : E, + E; * (Dg, E.) 
J 

Ca: 

99^ _ v, (E, Ey) = (DE) E, + E; (Dy Ey 

09i © 


ax, (Dg, E;) ? E; + E, F (Dg, E;) = (Dy, Ex) $ E; + E; E (Dg, E,). 
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0gu , On Ogi e 3 ! 
ôx; + ax; ax, — (Dg, E;) E, + (Dg, Ej) E, 


= 2(Dg, E;) x E,. L] 


Corollary 1. Covariant differentiation is intrinsic. 


Proor. It suffices to check this along a parametrized n-surface o: U > R"**. 
Given a smooth vector field X along pọ, we may express X as a linear 
combination of the coordinate vector fields E, of 9, 


X= y A E, 
imi 
where f;; U > R for i e (1, .... so Thus, for v e R^, pe U, 
i= i 
= Y (V, J)E(p) + f(p)D, E) 


È 
i=1 
= p | (V, f)E 9p) + Jip) p "Deo E) 
where v = (p, vis ..., Un). Since all the quantities in this last expression can 
be computed from intrinsic information along o (De 45 E, can be determined 


from the set of dot products ((Dg p E,) - E,(p)} which can be calculated from 
the formula of Theorem 1), D, X is intrinsic. — — o 


l Corollary 2. Parallel transport is intrinsic. 


PROOF. Immediate from Corollary 1 since X is s parallel along a if and only if 
X -0. [] 


Theorem 2. The Gauss-Kronecker curvature of an ore n-surface S in R"*! 
is intrinsic, for n even. 


PRoor. It suffices to work with a —— n-surface 9: U — S. For E, 
the coordinate vector fields along » and Z any smooth tangent vector field 
along q, we have 


(v v«.290)- (00) zer- Z_4) AA 


SO 
Vg, Vg, Z = Ve, Vg, Z = 0 
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for all i and j. We shall compute the tangential component of the left hand 
side of this equation; the theorem will follow from the fact that this tangen- 
tial component must be zero. Since 


Vg Vg, Z = Ve (De, Z + ((Ve, Z)  N)N) 
= Dg Dg,Z + ((Ve,Z) : N)Vg N + (a multiple of N) 
= Dg Dg, Z — (Z : Vg, N)Vg, N + (a multiple of N), 
we find that, for p e U, 
(Vi, Ve, Z)(p) = (De,De, Z)(P) — (L,(E;(p))  Z(p))L,(E.(p)) 
+ (a multiple of N(p)). 


Interchanging i and j, subtracting, and using the fact that the tangential 
component of the result must be zero, we obtain the equation 


(Dg, Dg, Z — Dg, Dg, Z)(r) = (L,(E,(P)) © Z(p)L(E.(») 
- (L,(E,(p)) © Z(P))L,(E,(P)). 
Since the left hand side of this last equation is intrinsic, so is the right, for all i 


and j. Using the linearity of L,, we see that given any three vectors x, y, 
Z E€ Sp, p € S, the vector R(x, y, z) e S, defined by 


R(x, y, z) = [L,(y) * Z]L,(x) — [L,(x) * Z]L,(y) 


is intrinsic. This map R which assigns to each triple (x, y, z) of vectors in S,, 
p € S, the vector R(x, y, z) in S, is called the Riemann tensor of S; it belongs 
to the intrinsic geometry of S. 

Now, if n = 2 and {e,, e2} is an orthonormal basis for S,, p e S, then the 
Gaussian curvature K at p is given by 


K(p) = det L, = [L,(e1)° e:][Lp(e2) * e2] — [L,(e2) * er ][L,(e1) * e2] 
= R(e;, e, ei): € 


so K is intrinsic, as claimed. If n > 2, but n even, and {e,,..., e,} is an 
orthonormal basis for S,, expansion of the determinant 


K(p) = det L, = det[L,(e;) * e;] 
in terms of its 2 x 2 minors yields 


K(p) = ((— 15/2780), &(c)e(x)[R(esa». €» €) * €] 


tS [Rhen Cotas @(n—1))* €] 


where the sum is over all permutations c and t of (1, ..., n} and e(c) denotes 
the sign of the permutation c. Hence K is intrinsic, for n even. 
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EXERCISES 


23.1. 
232. 


/ 233. 
234. 


23.5. 


23.6. 


23.7. 


23.8. 


Show that if y: S — S is an isometry, then so is y !: $25 S. 
Which of the following maps are local isometries? 


(a) The Ld y defined by v) : = 2p, mapping the n-sphere x? ++ 
 +x?,,= 1 onto the n-sphere x? + °°: + x2,, = 4. 
(b) The „map y defined by y(p)- —p, mapping the n-sphere x T 
+ x2,, = 1 onto itself. 
(c). The map defined by 


V (cos 6, sin 0, u) = ((a + b cos u)cos 0, (a + b cos u)sin 6, b sin u} 


mapping the cylinder x2 + x3 = 1 in R? onto the torus ((x1 + x3)"/? — ay 
+ x3 = b° in R? (a >b > 0). 
(d) The map vy defined by 
V (cos 0, sin 0, u) = (cos 0, sin 0, cos u, sin u), 
mapping the cylinder x? + x} = 1 in R? onto the torus 


x? +x3 = 1 
E x3 +x = 1 
in R*. a A 
Show that the cylinders x? + x2 = 4 and x? + x3 = 1 in R? are not isometric, 
but that the map v defined by y(2 cos 0, 2 sin 0, t) = (cos 20, sin 26, t) is a 
local isometry from the first cylinder onto the second. i 


Show that if V = {(x,, x2) e R?: x2 > 0}, then the restriction y |y ofthe map y 
in Example 4 to V is an isometry of the upper half plane onto the cone 
3x1 + 3x2 — x3 = 0, x3 > 0 in R? with a line removed. 


Sketch the images of the parametrized 2-surfaces y and y in R? de- 
fined by V(0, p) = (sinh 0 cos ¢, sinh 0 sin $, ¢) (helicoid) and (0, $) = 
(cosh 0 cos.¢, cosh 0 sin $, 0) (catenoid). Show that the map which sends 
v($, 0) to (d, 0) is a local isometry from the first onto the second. 


(a) Show that given any connected plane curve C, there exists a local isometry 
V: 1 — C, for some open interval I c R. 
(b) Show that two compact connected plane curves are isometric if and only 
. if they have the same length. 


Let X = )7., f, E, be a tangent vector field along the parametrized n-surface 
9: US R"**, and let a: I — U. Show that 

asl funr È meaai] a 
where a(t) = (x,(t),...,x,(t)) and the T}: U-+R are ibn that 
Dy, E; = Yie1 Tfj Ex. (The Tf, are called Christoffel symbols along q). 


Show that if h: S —^ R is a smooth function on the n-surface S c R"*! then the 
vector field grad h and the Hessian #, at a critical point p of h are both part 
of the intrinsic geometry of S. 
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23.9. 


23.10. 


23.11. 


23.12. 


23.13. 
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Show that the Gauss-Kronecker curvature of an oriented 1-surface in R? is 
not intrinsic. 


Let S be an oriented n-surface in R"*!. For X and Y smooth tangent vector 
fields on S, let [X, Y] denote the Lie bracket of X and Y (see Exercise 9.12) 
defined by 


[X, Y] = Vx Y - V, X. 
Show that [X, Y] is also given by the formula 
[X, Y] = Dy Y — D,X 
and hence the Lie bracket is part of the intrinsic geometry of S. 


Show that the Riemann tensor R of an oriented n-surface S c R"*! has the 
following properties: 


(a) R(x, y, z) © w = R(z, w, x) ° y, 
(b) R(x, y, 2: w = —R(y x, z): w= — R(x, y, w) : z and 
(c) R(x, y, z) + R(y, z, x) + R(z, x, y)20 


for all x, y, z, w € Sp, p E S. 


Let S be an oriented n-surface in R"* ! and let x, y, z € Sp, p € S. Show that the 
value on x, y, z of the Riemann tensor R of S at p is given by the intrinsic 
formula 


R(x, y, z) = DxDyZ = DyDyZ = Dix. nZ 


where X, Y, and Z are any smooth tangent vector fields on S such that 
X(p) = x, Y(p) = y, and Z(p) = z, and [X, Y] is the Lie bracket of X and Y 
(Exercise 23.10). [Hint: Choose a local parametrization o of S with p € U = 
Image q, express the restrictions to U of X, Y, and Z as linear combinations 
(with smooth coefficients) of the coordinate vector fields E; of «, and 
compute.] 


Let S be an oriented n-surface in R"*! (n> 1), let p e S, and let P bea 
2-dimensional subspace of S, . 


(a) Show that the real number c(P) defined by 
c(P) = R(e;, C2, e2) j C1, 


where {e,, e2} is an orthonormal basis for P, is independent of the choice 
of orthonormal basis. [Hint: Use Exercise 23.11 to show that if {€;, &;) is 
another basis for P then R(é,, čz, é;): č; = (det a;;? R(e;, e;, ez) : e, 
where (a;;) is the change of basis matrix.] 

(b) Show that if n = 2 then o(S,) is equal to the Gaussian curvature of S at p. 


The number o(P) is called the Riemannian curvature, or sectional curvature, of 
S on P. 


Riemannian Metrics. 


The intrinsic geometric features of an n-surface S depend only on dot prod- 
` ucts of vectors tangent to S and derivatives along parametrized curves in S 
- of functions obtained as dot products of vector fields tangent to S along 
these curves. In other words, given the dot product on each tangent space 
Sp pE S, the intrinsic geometry of S can be studied without reference to the 
way in which S sits in R"* !. If we are told what the dot product i is on each S, 
then we can compute, for example, the lengths of curves in S, the volume of 
S, the geodesics in S, parallel transport along curves in S, and the Gauss- 
Kronecker curvature of S (if n is even) without any knowledge of how S 
curves around in R" * !. In fact, if we are given a dot product on each tangent 
space S, different from the one which comes from R;* +, we can still do these 
intrinsic computations but of course the results of our computations will 
depend on the dot products used, and the geometry we find will in general be 
quite different from the geometry we are familiar with. The geometry ob- 
tained from such dot products is called Riemannian geometry; the collection 
of dot products on the tangent spaces S, from which the geometry is derived 
is called a Riemannian metric 

=. A Riemannian metric on an n-surface S is a funded g which assigns to 
each pair (v, w} of vectors in S,, p € S, a real number g(v, ") such that for 
each v, w, and x € S,, pe S, and Ae R, 


. (i) av, w) = g(w, v) | 
(ii) g(v + w, x) = g(v, x) + g(w, x), g(v, w + eer w) + g(v, x) 

(iii) g(Av, w) = Ag(v, w), g(v, Aw) = Ag(v, w) 

(iv) g(v, Y) z 0, g(v, v) = 0 if and only if v = 0 


and such that for each pair (X, Y] of smooth tangent vector fields defined on 
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an open subset U of S the function g(X, Y): U > R defined by [g(X, Y)](p) 
= g(X(p), Y(p)) is smooth. 

Properties (i)-(iv) are familiar properties of the dot product and, in fact, 
given g we can define a dot product on each S, by v: w = g(v, w). The 
smoothness property of g assures that we can do the differential calculus 
computations required to investigate the geometry of (S, g). 


EXAMPLE 1. Let S be an n-surface in R"**. For pe S and v, we Sp, define 
g(v, w) by g(v, w) = v * w (usual dot product of vectors in R5**). Then g isa 
Riemannian metric on S. This g is called the usual metric on S. 


EXAMPLE 2. Let y: S' — {q} > R" denote stereographic projection from the 
north pole {q} of the unit n-sphere S" c R"*! onto the equatorial hyperplane 
R” c R"* !, Define a Riemannian metric on S — {q} by 


g(v, w) - dj(v): d(w) (v. we S, pe S' — (aj) 


where the dot product on the right hand side is the usual dot product in 
Rip. Thus the metric g is defined precisely so that y is an isometry (dy 
preserves dot products) from S" — (q) with the metric g to R" with its usual 
metric. From the fact that y is an isometry, and hence preserves all intrin- 
sic geometric features of the surface, we can deduce the following facts 
about the geometry of (S" — (4), g): 


(i) The geodesics of (S" — {q}, g) will be the images under the isometry 
9 = y! of the geodesics of IR" (see Figure 24.1). Hence the family of 


Figure 24.1 A typical geodesic on the 2-sphere S? (north pole deleted) with its 
stereographic metric. 


maximal geodesics in (S" — {q}, g) will be the family of (appropriately 
parametrized) circles in S" passing through q, with the point q removed. 
(ii) The length of each parametrized curve a: (a, b) - S' — {q} with 
lim,» a(t) = q will be infinite since [(y » x) = oo for all such a. 
(iii) For n even, the Gauss-Kronecker curvature K of (S" — {q}, g) will be 
identically zero. 
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EXAMPLE 3. Let o: R" 2 S? denote the inverse of stereographic projection 
from the north pole q of the unit n-sphere S" to the equatorial hyperplane. 
Define a Riemannian metric g on R” by | 


: (v. w) = do(v): do(w)  (v,we R, pe R’) 
where the dot product on the right hand side is the usual dot product in 


Slip c Rig}. Thus ọ is an isometry from (R°, g) to S' — (qj with its usual 


metric. From the fact that ọ is an isometry we can deduce that: 


(i) The geodesics of (R", g) will be the images under the isometry V = 9^ 5 
of the geodesics of S" (see Figure 24.2). The maximal geodesics radiating 


, Figure 24.2 A typical geodesic on the plane R? with its stereographic metric. 
from the origin will be straight lines in R”, suitably parametrized; each of 
these geodesics will have finite length (27x) relative to the metric g. All 
other maximal geodesics will be circles in R”, suitably parametrized (see 
Figure 24.3 and Exercise 24.1); each of these geodesics will be periodic 
with period 27. E : 

(ii) For n even, the Gauss-Kronecker curvature K of (R", g) will be 
constant, equal to 1. 


The most interesting Riemannian metrics will not be related by isometries 
to *usual metrics". We shall consider now one of the most important of 
these, the hyperbolic metric on the unit disc in R4. This metric is suggested 
by the stereographic metrics on R”. 

Let S be the n-sphere x? + --- + x2,, = r° of radius r > Oin R"* +. Just as 

with the unit n-sphere S", we can use the usual metric on the n-sphere S 
together with stereographic projection to define a Riemannian metric on R”. 
Let us derive an explicit formula for this metric. For p € R", the line through 
(p, 0) and the north pole q = (0, ...,0, r) in S is a(t) = (tp, (1 — t)r). This line 
cuts S when |a(t)|? = r^; that is, when t = 2r?/(||p||? + r°), so the map 
o: R? 5 S inverse to stereographic projection onto the hyperplane x, ., = 0 
is given by 


o(p) = (2r*p, r(lpl? — ^)/(lpl? + r°) 
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X) 


Figure 24.3 Geodesics passing through (1, 0) in the plane R? with its stereographic 
metric. 


For v = (p, v) € R5, pe R”, 
d 
dob) - (otv) | o+) 
0 


= (2r?/(|\p||? + PF olp), (|p ||? + r^)» — 2(p > v)p, 2r(p + v) 
so, for v, w € R5 we find 


4 
do(v) : do(w) = (3 (PERS W. 


Thus the Riemannian metric g on R" obtained from the usual metric on the 
sphere S of radius r via stereographic projection into the equatorial hyperplane 
is given by 
g(v, w)= : vew 
'"— (E+ (ply 


where the dot product on the right hand side is the usual dot product on R}. 
When n = 2, this formula can be rewritten as 


4 
Gexppy'" ertet 


(v, we R5, pe R") 


g(v. w) = 
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where K = 1/r? is the Gaussian curvature of (R?, g) (since 1/r? is the Gaus- 
Han curvature of $ and Q is an isometry) 

The above discussion shows that a Riemannian metric g on R? with 
constant Gaussian curvature K > 0 can be obtained by defining 


4 
——— V R2 R2). 
g(v, w) ü KD" w (v, we R3, pe R?) 


If we take K = 0 in this formula we obtain a constant multiple of the usual 
metric on R? and it is easy to check that (R?, g) for this g has Gaussian 
curvature identically zero. One would hope that if we took K to be a con- 


stant <0 in this formula then we would find that (R?, g) had constant . 


negative Gaussian curvature K. This is indeed the case, except that this 
formula defines E Riemannian metric not on R? but only on the disc 
{(x1, x2) e R^: x? + x3 < 1/| K|}. 


^ Theorem 1. Given K c R, K <0, let U = ((x,, x2) e Rx? 4x < 1/|K|}, 
and let 9 be the Riemannian metric on U defined by 


4 
U+ Kipy " (v, we R5, peU) 
where the dot product on the right hand side is the usual dot product in R2. 
Then (U, g) has constant Gaussian curvature K « 0. 


Proor. Let h: U — R be defined by h(p) = 41 + K |||?) so that g(v, s 
(1/(h(p))?)v - w for all v, we R2, pe U: Using the intrinsic formulas of 
Chapter 23, we shall derive a formula for the Gaussian curvature of (U, g) in 
terms of the function h and its derivatives. | 

Note that the identity map from U into itself is a global parametrization 
of U with coordinate vector fields given by E,(p) = (p, 1, 0) and E;(p) = 
(p, 0, 1) for p € U. The metric coefficients g;: U > R of g are given by 


911 = (Ey, E,) = 1/h? 912 = 9(E,, E;) - 0 
921 = g(E;, E,) =0 922 = g(E;, E2) = 1/h? 


so, using the formula of Theorem 1, Chapter 23, we find 


g(v. w) E 


¢ 


1 éh- 
g((Dz, E;), E,) = = Box, 


1 oh 


g((Dg,E;) E,) = TE 


1 oh 
g(Dz, E,), E,)= =m h? ax, 


1 oh 
g((Dg, E;) E,)= = ij? ax, 


1 oh 
9((Ds, E,), E,)= h? x, 

1 ô 
g((Dg, E2), E;) = — h? ox, 

1 oh 


(Ds, Es) E;) 7 — ix 


1 oh 
g((Ds, E2), E2) dcm hx, 
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Since (E,, E;) is orthogonal (but not orthonormal!) with respect to the 
metric g (g,; = g(E,, E;) = 0), each vector field X on U can be expressed as 


X =f, E, -f;E; where f, = (1/g11)g(X, E,) and f; = (1/922)9(X, E2). In 
particular, 


1 oh 1 oh 
Delos ag E TIO. 
1 oh 1 oh 
Dg, E, = Dg, E, = ~ hax, Dk A 
1 oh 1 oh 
Da Eam LE MS 


Hence the Gaussian curvature of (U, g), according to the intrinsic formula 
for Gaussian curvature derived in Chapter 23,.is equal to 


g(R(E;/|E, |, E; /|E, |, E./|E. ||), E2/|Ez ||) 
= (1/|E, |^ ||E; | )g(R(E;, E,, E1), E2) 
= (1/911922)9(De, De, E, = Dg, De, E, E2) 


1 ch 1 oh 
= (a eoe Pe, - hax, E1 + te Es] 


1 oh 1 oh 
- De(- pa E pax, BB 


T +5) (e| + (2 j 
^ Aex?  oxà Ox, 0x5] T 


Finally, since h(x,, x.) = 4(1 + K(x? + x$)), we find that the Gaussian cur- 
vature of (U, g) is precisely K. MEN 


When K = — 1, Theorem 1 describes a Riemannian metric g with con- 
stant Gaussian curvature —1 on the unit disc x? -- x2 «1 in R? by 
g(v, w) = 4v - w/(1 — |p||?Y. This metric is called the hyperbolic metric. 
In order to gain insight into the geometry of this metric, it is convenient, if 
not absolutely necessary, to use some of the ideas from the elementary 
theory of functions of a complex variable. Rather than do that here (see, 
however, Exercises 24.5 and 24.6) we shall study a related metric on the 
upper half plane. 

For p = (x, y) e R? with y » 0 and v, we R2, define g(v, w) = v: w/y? 
where the dot product on the right hand side is the usual dot product on R2. 
Then g is a Riemannian metric on the upper half plane U = {(x, y)e 
R2: y > 0}. This metric g called the Poincaré metric on U. Note that (U, g) 
has constant Gaussian curvature — 1 since, taking h(x,, x5) = x2, we have 
g(v, w) = (1/h(p)?)v - w for v, w€ R7, p € U, and hence, just as in the proof 
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of Theorem 1, the Gaussian curvature is given by 


Qh 8h ôh Y? ‘oh Y 
Ks + et) (lees) (o )- 7 
. Each of the following maps y: U — U is an isometry from the upper half 


plane U with its Poincaré metric onto itself: 
(i) w(x, y) = (x + A, y) where å is any real number, 
(ii) w(x, y) = (Ax, Ay) where 4 is any positive real number, 
(ii) w(x, y) = (—x, y), and 
(iv) W(x, y) = (/G? + y?) v/(x? + y?) 
Indeed, let v, w € Rẹ, p e U. For y defined as in (i) or (iii) we have 
g(dV(v), dy (w)) = di (v) : dy(w)/y? = v - wiy* = gv, w) 
and for y defined as in (ii) we have 
g(dV (v), dy (w)) = dy(v) - dy(wy/(ay)? 
= Av: Aw/A?y? =v: w/y? = g(v, w), 


as required for an isometry. For y defined as in (iv) we have, where 
E, (x, y) = (x, y, 1, 0) and E,(x, y) = (x, D 7 


Eal, y)- (ve. Y) Vu (x TIN SA e rum) 
946 yD = (v6 9 rry e es») 


(Aes) dé Gs = rg | (enu -3 


= g(E,(x, y) E,(x, y)) 
for i= 1 or 2, and 


g( AVE. (x. y)) dU (Ex. y))) = 0 = g(Ex(x, y), Ex. y): 


thus dy preserves dot products of basis vectors, and hence of all pairs of 
tangent vectors, as required for an isometry. - 

One consequence of the fact that the maps (i) and (ii) are isometries is 
that, just as the geometry of S* looks the same from every point of|S" as it 
does from the north pole (0, 0, 1), the geometry of U with the Poincaré 
metric looks the same from every point of U as it does from the point 
(0, 1)e U. This is because given any point pe U there is an isometry 
V2 ° V, of U, where y, is an isometry of type (i) and y, is one of type (ii), 
which sends (0, 1) onto p (see Figure 24.4). In particular, all points of U must 
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X) 


p= w20,(0, 1) 


Figure 244 For each point p in the upper half plane U there is an isometry from U 
with its Poincaré metric onto itself which sends (0, 1) to p. 


be the same (intrinsic) distance from the edge of U (the x-axis). This per- 
haps surprising phenomenon is due to the fact that, in the geometry of the 
metric g, these distances are infinite. Thus for example, if we compute the 
length, relative to the Poincaré metric, of the curve a: [0, 1) > U defined by 
a(t) = (0, 1 — t) we find 

1 


ie) = | NaON de= (636) 500)? de = fae = 


We can use the fact that the maps (i)-(iv) above are isometries also to 
identify the geodesics in U relative to the Poincare metric. 


Theorem. Let U be an open set in R?, let g be a Riemannian metric on U, and 
let y: UU be an isometry of (U,g). Suppose the fixed point set 
F = (p e U: y(p) = p) of V is a connected plane curve. Then F is (the image 
of ) a geodesic of (U, g). 


Proor. Let a: I > F be a unit speed (g(à, à) = 1) global parametrization of 
F, constructed as in Chapter 11. We shall show that « is a geodesic, thereby 
establishing the theorem. 

It will suffice to show that for each t; € I the restriction of æ to some 
interval about t, is a geodesic. So let t, € I, let v = a(to), and let a, denote 
the maximal geodesic of (U, g) with initial velocity v. We shall show that 
a(t) = a,(t — to) for all t € I such that t — to is in the domain of «,. 

Note first that Image a, c F. This is because y » a, is a geodesic (since y 
is an isometry) with initial velocity v pd Y |r is the identity map and hence 
dy |», is the identity map so y © a0) = dy(3(0)) = dy(v) = v) so V oa, and 
ay are geodesics with the same initial velocity. By uniqueness of geodesics, 
woa, =a, and so Image a, c F. 

Now a and «,, being unit speed curves in F with (tọ) = &,(0), are integral 
curves of the same unit tangent vector field on F. By uniqueness of integral 
curves, a(t) = a,(t — to) for all t in the interval 


(t e I: t — ty € domain a,} 
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about t, . It follows that the restriction of a to this interval is a geodesic, and, 
since t, € I was arbitrary, that « is a geodesic. Oo 


Remark. We have implicitly used, in this proof, the fact that the existence 
and uniqueness theorem for geodesics is valid for surfaces with arbitrary 
Riemannian metrics. Although our proof of this theorem in Chapter 7 is 
valid only for the usual metric on an n-surface, it can be modified to work for 
any Riemannian metric. The important observation here is that the intrinsic 
geodesic equation & =0 is still a second order ordinary differential 
equation. : 


Corollary. The geodesics in the upper half plane U relative to the Poincare | 
metric are (i) vertical lines, and (ii) semi-circles centered on the x,-axis, 
suitably parametrized (see Figure 24.5). 


Figure 24.5 Typical geodesics in the upper half plane with its Poincaré metric. 


Proor. Applying the theorem to the isometry y(x,, x2) = (— X1, X2) we see 
that the line x, = 0, x; > 0, suitably parametrized, is a geodesic. Similarly, 
from the isometry (x1, x2) = (x, /(x? + x3), x2 /(x? + x2)) we see that the 
semicircle x? + x2 = 1, x; > 0, suitably parametrized, is a geodesic. Since 
every vertical line in U is the image of the line x, = 0, x; > 0 under an 
isometry y(x,, X2) = (x4 + A, x2} it follows that every vertical line in U isa 
geodesic. Similarly, since every semi-circle in U centered at the origin is the 
image of the semi-circle x? + x2 = 1, x, > 0 under an isometry y(x,, x2) = 
(Ax,, Ax2), A > 0, these semicircles are geodesics. Finally, every semi-circle in 
U centered on the x,-axis is the image of a semi-circle in U centered at the 
origin under an isometry Y (x1, x2) = (x, + A, x2) so they too are geodesics. 
Note that every geodesic in U relative to the Poincaré metric must belong 
to this family since given any point p of U and any tangent direction v at p 
there is a geodesic in this family passing through p in the direction v. © 
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Remark 1. The upper half plane U with its Poincaré metric is geodesically 
complete; that is, every maximal geodesic in U has domain the whole real 
line. See Exercise 244. 


Remark 2. The upper half plane U with its Poincaré metric g provides an 
example of a geometry in which Euclid's parallel postulate fails. The parallel 
postulate asserts that given any straight line | and any point p not on l there 
is a unique straight line through p which does not meet l. If we define the 
straight lines of (U, g) to be the images of maximal geodesics, then all of 
Euclid’s axioms for geometry except the parallel postulate are valid for 
(U, g). But, given any straight line I in (U, g) and point p not on I, there are 
in fact infinitely many straight lines of (U, g) through p which do not meet l 
(see Figure 24.6). 


M 


Figure 24.6 Euclid’s parallel postulate fails in the upper half plane with its Poincaré 
metric. 


EXERCISES 


241. Let y: S? — {q} > R denote stereographic projection from the north pole q of 
the unit 2-sphere S? onto the equatorial plane. 


(a) Show that (x, y, z) = (x/(1 — z), y/(1 — z)) for all (x, y, z)e S? — {q}. 

(b) Let e, = (1, 0, 0), e; = (0, cos ¢, sin $) where —7/2 < $ < n/2, and let 
a: R — S? be the geodesic in S? given by a(t) = (cos t)e, + (sin t)e;. Show 
that the image of the parametrized curve y » a: R — R? is the circle 


x? + (x2 — tan $)? = sec? @. 


(c) Use the symmetries of S? to show that each great circle in S? not passing 
through q is mapped by y onto a circle in R? obtained by rotating about the 
origin one of the circles described in (b). Conclude that the geodesics of R? 
relative to the stereographic metric of Example 3 are as in Figure 24.3. 
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24.2. 


24.3. 


24.4. 


24.5. 


24.6. 


Find the length of the circle «,(t) = (r cos t, r sin t, 0 < t < 2z, relative to the 
stereographic metric 


= 4 | | 2 2 
a. = qp" w (v, weR;,peR?) 


on R? and show that lim, ,, I(«,) = 0. 


Let S be the 2-sphere x? + x2 + x3 = r? of radius r > 0 in R? and let 9: R? > 
in {q} be the inverse of stereographic projection from the north pole 

= (0, 0, r) of S onto the tangent plane x, = —r at the south pole (0, 0, —r) 
of S. (Thus, for p € R?, o(p) is the point of S different from q which lies on the 
line through q and (p, —r) in R?.) Show that the Riemannian metric on R? 
defined by 


g(v. w) 2 do(v) do(w) (v we R?, pe R?), 


where the dot product on the right hand side is the usual dot product in 
Sop) € Ri, can be described explicitly by the formula 


1 


g(v, w) = x svV°w  (v, we R?, pe R2?) 
| ETO 


where K is the Gaussian curvature of S. 


Let U be the upper half plane and let a: [0, 1)—> U and f: [0, 1/2) + U be 
defined by a(t) = (0, 1 — t) and A(t) = (sin t, cos t). Show that both « and f 
have infinite length relative to the Poincaré metric on U and use this fact to 
show that the upper half plane with its Poincaré metric is geodesically 
complete. 


Show that each of the following maps is an isometry from the unit disc 
x? + x3 < 1 with its hyperbolic metric onto itself: - 


(i) y(x, y) = (x cos 0 — y sin 0, x sin 0 + y cos 0) (0 c R) 
(ii) y(x, y) = (x, —y). 


Using the isometries (i) and (ii), show that radial straight lines in the unit disc, 
suitably parametrized, are geodesics relative to the hyperbolic metric. 


(a) Viewing R? as the set C of complex numbers by identifying (a, b) with | 
a + bi, show that, for each A e R with —1 <A < 1, the function 


ZA 
ve)- 1404 
is an isometry from the unit disc U with its hyperbolic metric onto itself. 
(b) Show that the image under y of thé radial line x, = Oin U is the intersec- 
tion with U ofa circle centered. on the x,-axis, passing through (4, 0), and 
meeting the unit circle x? + x7 = 1 orthogonally. í 
(c) Combining (b) with the result of Exercise 24.5, show that the geodesics in 
the unit disc U relative to its hyperbolic metric are the intersections with 
A of (i) radial straight lines and (ii) circles meeting the unit circle 
x1 + xj = 1 orthogonally (see Figure 24.7). 
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24.7. 


24.8. 


24.9. 
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Figure 24.7 Typical geodesics in the unit disc with its hyperbolic metric. 


Viewing R? as the set C of complex numbers by identifying (a, b) with a + bi, 
show that the function 


v(z) = 


is an isometry from the unit disc with its hyperbolic metric onto the upper half 
plane with its Poincaré metric. 


Let g be a Riemannian metric on an open set U of R”. Suppose y: U > U is an 
isometry of (U,g) whose fixed point set F = (pe U: ẹy(p)= p} is an 
(n — 1}-surface in R". Show that F is totally geodesic in U; that is, show that if 
a: I — U is any geodesic of (U, g) with a(to) € F and à(to) € Fata for some 
to € I then a(t) e F for all t € I. 


The Poincaré metric on the half space U = ((x,, ..., Xn) e R": x, > 0} is 
defined by 


g(v, w) = v: w/x2 


for v, we R5 and p = (x,, ..., Xa) e U, where the dot product on the right 
hand side is the usual dot product on R5. 


(a) Show that each of the following maps is an isometry of (U, g): 


(i) ee wey Xp) = (0x, ..., Xn-1) Xn) where o is any rigid motion of 


(ii) ioe Ap, where 4 is any positive real number, 
(ii) V(x;, ..., Xn) = (X1, ..., —Xjs - Xn), Where j e (1,..., n — 1}, 
iv) vp) = p/lpl?. 

(b) Use Exercise 24.8 to show that if F,, ..., F, are fixed point sets of isome- 
tries V, ..., V, of U of types (iii) and (iv) above and if à: I— U is a 
geodesic of (U, g) such that a(tj)e F; and &(t9)e (F;j)4, for all 
j € (L ..., k} then a(r) e $=; F; for all t e I. 

(c) Conclude that the maximal geodesics of the half-space U with its Poin- 
caré metric are 


(i) vertical (i.e., parallel to the x,-axis) straight lines in U, and 
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(ii) semi-circles centered on and orthogonal to the (n — 1)-plane x, = 0. 
[Hint: First show that unit speed parametrizations of the plane curves 


x ett = X,- = 0 
xX, >0 
and 
X= = X__2 =O 
i +x2=1 l 


X, >0 


are geodesics of (U, g) and then consider the images of these geodesics 
under isometries of types (i) and (ii), part (a).] 


24.10. Let S be the n-sphere x2 +-+: + x24, =r? of radius r > 0 in R"* with its 
usual metric. 


(a) Show that the Riemann tensor R of S is given by 
1 
R(x, y, z) = zz (y: z)ix - (x2). . 


(b) Show that the Riemannian sectional curvature (Exercise 23.13) of S is 
constant: o(P) = 1/r? for each 2-dimensional subspace P of S,, p e S. 

(c) Conclude that the metric on R” obtained from the usual metric on S via 
stereographic projection onto the equatorial hyperplane has constant sec- 
tional curvature K — 1/r? and that this metric is given by the formula 


d. v7 xxii vew (v,we Ri, pe R’) 


where the dot product on the right hand side is the usual dot product on R}. 

(Remark. This formula with K < 0 defines a metric g of constant negative 

sectional curvature K on the n-disc x? + + + x? < 1/|K|. When K = — 1, 

this metric is called the hyperbolic metric in the unit n-disc x? +: 
+x? <1) 
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Curve 

coordinate 114 
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plane 16 

space 127 

Cylindar 18 
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164, 


Subject Index 


Height 1 

Height function 96 

Hessian 98 

Holonomy 

angle 194 

group 52 (Ex. 8.7) 
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Local 91 
Gauss-Bonnet theorem 197 
isometry 220 
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Stokes’ theorem 18 
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of a surface 123, 180-181 
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Orthogonal transformation 211 
Outward-pointing 179 
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Levi-Civita 46 


n-planes 17 
on a surface of revolution 44 (Ex. 
7.8) 
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transport 49, 50 
vector field 46 
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See also local parametrization 
Parametrized 
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surface 110 
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Singular 
disc 184 
nali-disc 184 
rectangle 207 (Ex. 21.2) 
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form 73, 148 
function 7, 23, 128, 129 
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of a parametrized curve 163 
of a parametrized surface 156 
vector field 159, 163 
Vector at a point 6 
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